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PREFACE, 



Ik the following Treatise^ it has been the aim of the Author to 
render the various investigations and processes as simple^ natural, 
and easy as possible, and to establish and illustrate the principles 
in a plain and familiar manner. He trusts, in particular, that the 
modes in which he has established the rule for subtraction (not 
' new, he admits, in principle), and the rule for the signs in mul- 
^ tiplication and division, and also the methods which he has em- 
^ ployed in explaining the theory of fractions and radicals, will 
v[ divest those subjects of much of the mystery and difficulty which 
have unnecessarily been thrown around them. In a similar 
manner, using fteely, but not servilely, what has been done by 
previous writers, he has endeavoured to simplify the elementary 
principles and processes in the resolution of equations; and he 
hopes that the views and explanations which he has given re- 
garding infinite quantities and the sums of infinite series, will 
remove much of the difficulty which is very generally and very 
naturally felt in reference to those subjects. Of the binomial 
theorem, he has given a proof which he considers simple and 
easy ; and the experienced algebraist will recognise various other 
improvements in the course of the work, which it is unnecessary 
here to particularise. 

Much absolute novelty, unless in the mode of exposition, can- 
not now be expected in a work on algebra. Some things, how- 
ever, the Author believes are new altogether, while others are now 
for the first time fully developed, and extensively and advan- 
tageously applied. Of this kind is the method of detached co^ 
egkientSf which is explained and exemplified in pages 26. 35. 
8^ &c ; a method which is at once greatly shorter and easier 
than the common one, and which, throughout the operation, re- 
lieves the mind from the trouble and fatigue of considering what 
powers of the quantities are to be written in the several terms. 
It prepares the student also for many of the investigations con- 
nected with the theory and resolution of equations, and it is 
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IV PREFACE. 

employed with advantage on many other occasions. He be- 
lieves also, that the methods of resolving quadratic equations by 
means of the rules in pages 135. and 139* will be found to be 
much superior, in point of fadlity and simplicity, to any other 
method ihat has yet appeared ; as those rules preclude the ne- 
cessity of '' completing the square/' extracting the square root, 
and transposing ; and they prevent all trouble in the manage- 
ment of fractions ; while, in the common method^ the fractional 
operations often constitute the principal part of the labour.* In 
page 63. there is given a new method of finding the greatest com- 
mon divisor, by means of which the required result is of^n ob- 
tained much more easily than by the common method, according 
to the rule in page 59* In pages 49* and 73.^ the advantage of 
employing negative indices in certain cases, so as to prevent. the 
necessity of performing fractional operations, is pointed out and 
exemplib&ed ; and a new and easy method of " proving " opera- 
tions in multiplication and division is given in the notes in pages 
24. and 33. 

In Chapter X. a brief outline of some of the principal subjects 
comprehended in the theory of equations is given ; and, along with 
it, the beautiful method of resolving numerical equations, dis- 
covered by the late Mr. Homer, is exhibited at considerable length, 
and in a mode which it is hoped will be found to be very simple 
and easy, both in its theory, and in practice. That die brief 
introduction to the theory of equations here given must be very 



* The first of these rules was publbhed by the Author in a Belfast 
periodical in 1825, and the second occurred to him at a later period. A 
particular case of the second rule is given by Bonnycastle in his larger 
Algebra, The BiJaGanita, a Hindoo work on algebra of the twelfth or 
thirteenth century, contains a method of solution which is much superior, 
in many instances, to the one which is commonly employed in Europe, 
as it prevents firactions from arising in the course of the operation. It 
requires, however, the formal completing of the square the extraction of 
the square root, &c. The rules here given combine the advantages of 
both these methods, and are free from their disadvantages, giving in every 
case the values of the unknown quantity without any intermedmte work, 
and always in the simplest and best form. It is strange, that,' while the 
modem analysts have so zealously and successfully exerted themselves in 
deriving easy rules for practical purposes in numberless eases, they should 
not have thought of establishing similar rules for the solution of quadratic 
equations, but should have gone on in the old way, always dividing by 
the coefficient of the highest power, completing the square, extracting the 
square root, and transposing. 



imperfect will be readily anticipated^ if it be considered' that Pro- 
fessor Young of Belfast baa published a work in five hundred 
Octavo pages on the Theory and Solution of Algebraical Equations 
of the higher Orders, What is here given on this curious and 
interesting branch of analysis will perhaps be sufficient for the 
greater number of mathematical students ; but those who may 
wish to obtain a more extensive knowledge of the subject^ and to 
devote the time and labour necessary for accomplishing that object^ 
may have recourse to Mr. Young's work above referred to. 

The examples and exercises are^ in the great majority of in- 
stances^ new. Several^ however^ have been taken from foreign^ 
and particularly German, works ; and some are from English 
writers of past times, but none from living English authors, ex- 
cept in a few instances in which improved solutions are given or 
indicated. Several instances of this kind will be found in the 
Chapter on the Diophantine Analysis. 

As to the mode of employing the work as a text-book, the 
teacher must be guided mainly by his own judgment. It may 
be remarked, however, that in a first course, unless the pupil pos- 
sess more than ordinary ability, the more difficult parts may be 
omitted, and may be taken up afterwards, when the learner has 
acquired more power in the management of algebraic quantities^ 
ana in the performance of operations. Thus, there are portions 
of Cb(^ter III., which, however important and valuable, will at 
first be found by most learners to be somewhat abstract, and not 
so easily followed out as many subsequent parts of tiie work, 
and wldch may therefore be postponed. For the same reason, 
several things regarding fractions, radicals, involution, erolution, 
and some other subjects, may at first be omitted with advantage ; 
and tile same may be done, with great propriety, r^arding several 
of the more difficult exercises in the various Chapters. What has 
now been said will be applicable, in a still greater degree, in re- 
ference to those who may study tiie work without the aid of a 
teacher. 

The learner, whether he has a teacher or not, should by no 
means be dispirited by feeling at first some difficulty in the study 
of algebra. Few studies are free at tiieir commencement from 
sometiiing that is unattractive, or even forbidding : and though 
in algebra, from its peculiar symbolical language, and its abstract 
and general character, some difficulty will often be felt for a short 
time, this will soon be removed by steady application, and by 
continued practice ; and the student, on returning to investiga- 
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tions or onhrciset which, when first attempted, had suipasaed hi» 
powen, will often he at a loss to disGOYer how they ooold for- 
merly have presented any difficulty. He ought to he encou- 
raged, also, hy reflecting on the extreme ralue of the science. In 
itself, indeed, and in its application and extension in the diflbrential 
and integral calculus, and in other branches of pure mathematics, it 
is a most powerful, an indispensable, instrument for prosecuting 
investigations in mechanics, astronomy, and other subjects in phy- 
sical science ; and, without its aid, it is impossible to understand, 
or duly to appreciate, the discoveries of Newton, Laplace, and the 
other great men who have done such wonders in extending the 
boundaries of modem science. 

From the compressed manner in which the work is printed, it 
contains a very large amount of matter in proportion to its size. 
At the same time, the Author has been obliged to omit a few sub- 
jects (not, indeed, of primary importance), whidi he would 
have liked to insert, had it not been that both he and the Pub- 
lishers wished to supply a useful and comprehensive elementary 
work at as moderate a price as possible. The student, however> 
who shall make himself acquainted with what is here given, will 
feel no difficulty in reading any thing additional that will be found 
in the more extended treatises on the subject. 

Throughout the work, the Author has carefully kept dear of 
every thing of a metaphysical or disputed character. With r^ard 
to aU the practically useful applications and interpretations of 
algebra, there is no diffisrence of opinion among men of sound 
science and judgment ; and it is only wiUi such matters that the 
mere learner should have any concern. Those who may wish to 
know something of the other subjects referred to, such as what 
has been called " symbolical algebra," and the interpretation of 
imaginary quantities, may have recourse to Peacock's Algebra, or 
to his Paper in the Report of the British Association for 1833 ; 
and to a very acute and sensible artide, controverting Dr. Pea- 
cock's views, which will be found in the form of a note at the end 
of Bryce's AJgehra. 

Gkupow College, Mag 18. 1844. 
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CHAPTER I. 

DEFINITIONS AND ELEMENTARY PRINCIPLES. * 



1. The term quantity is used in mathematics to denote whatever 
is^ or may he^ expressed by means of a number. Thus^ 5 days^ 
8 gallons^ 20 acres^ and a line of any length are all quantities. 

S. Algd»ra is the science in which investigations regarding ma- 
thematical quantities are conducted by means of general symbols 
or characters, t 

3. The symbols employed in algebra are used to denote (1.) the 
quantities tuider consideration ; (2.) the comparative magnitudes 
of quantities ; and (3.) the operations which are indicated as being 
performed upon them. 

4. The letters of the alphabet have been adopted^ by common 
consent^ as the first of those classes of characters : and, in the so- 

* See Note A. at the end of the volume. 

f In common arithmetic, characters are also employed as well as in 
algebra : in it, however, each character has merely one signification. Thus, 
5 always represents the number five, such as five hundred, five thousand 
(in the expressions 500 and 5000), five men, five days, &c. In algebra, 
on the contrary, the symbols representing quantities may have an infinite 
variety of significations. Thus, in an investigation regarding a triangle, 
the letter a may be employed to denote a side, whether that side be 6 
inches, 10 yards, or. 100 miles in length. In an historical point of view, 
algebra is an extension and generalisation of common arithmetic ; and 
hence it has been called tmiveratd arithmetic. This definition has been re- 
garded by many as too limited for the science in its present state. It is 
impoflsible, indeed, to give any definition that will convey an adequate 
idea of the nature of the science to those who are unacquainted with it ; 
and it is, perhaps, equally impossible to give one that would be generally 
fatis&otory to algebraists themselvesi, nor is it necessary. 
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2 DEFINITIOmU 

lution of problems, it has been the practice of the later mathema- 
ticians to express the given or known quantities by the first letters^ 
a, by Cy &c.; and the unknown by the last^ such as w, y, x. When 
only the solution of a particular question is required^ the known 
numbers are often expressed by means of the common notation^ 1^ 
2, 3, 100^ &c When letters are so used^ each of them may be 
regarded as expressing a certain number of the units concerned in 
the subject of inquiry. Thus, suppose an investigation regarded 
distance in miles, then a would represent a certain number^ such 
as 10^ or 20, of those miles ; a mile .being the unit.* 

5. The comparative magnitudes of quantities are denoted by 
placing between them one of the characters or signs y =, >, < ; 
the first of which is read equal tOy or simply equal; the second, 
greater than ; and the third, less than : the opening in each of the 
two latter being turned towards the greater quantity. Thus, 
o=12, o>10, and a<20 express respectively, that a is equal to 
12, that a is greater than 10, and that a is less than 20. The 
marks of proportion, : : ; : , serve likewise to express the re- 
lative magnitudes of quantities. 

6. The operations of addition and subtraction are expressed by 
the characters or signs, -f , called plus, and — , called minus; the 
former denoting, that the quantity after it is to be added to the 
quantity or quantities with which it is, or may afterwards be, con- 
nected ; while the latter signifies, that the quantity which follows 
it, is to be subtracted from the quantity or quantities with which 
it is now, or with which it may afterwards be, connected. Thus, 
5-1-3:= 8 is read, 5 plus 3 equal to 8 ; that is, 5 more by 3 equal 
to 8 : while 9 — 3=6 is read, 9 minu^ 3 equal to 6 ; that is, 9 fe«* 
by 3 equaJ to 6. A quantity which is preceded by — , is said to 
be negative J while one which has -f , or neither -f nor — before 
it, is called a positive quantity, or, by the older writers, an affirma» 

* In investigations, when there are two or more quantities which have 
any peculiar relation to each other, such as when each is constantly de^ 
rivable from the one preceding it by the same process, it is often of much 
advantage to represent them by the same letter, marked, for the sake of 
, distinction, with accents, or with numbers or letters placed, commonly, to 
the right of them, and lower than the general line; thus, x*, x", &c., or 
aTj, x^ Xg, x^, &c. This notation will be frequently employed hereafter, 
particularly in the sections on Series and Equations. For brevity, x', x"y 
&c., are generally read, x dash, x dotible dash, &c. ; and x^, x^, &c., may 
be read, x one, » two, &c., ox, first x, second x, &c. We shall see in § 11. 
that the notation for one most important class of quantities differs in 8om« 
degree from what is here pointed out. (The mark § refers to, the num« 
bering of the paragraphs.) 
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iive one. When two or more quantities are added together^ the 
result is termed their sum; hut if one quantity he taken from 
another^ the remainder is called their difference, 

7. The multiplication of quantities expressed hj letters, is ge- 
nerally denoted hy writing the letters in succession^ as in a word. 
Tbus^ ab, which for hrevity is read a into 6, or simply ab, de- 
notes the result obtained by multiplying the number expressed by 
a by the one expressed by b; so that, if 10 were denoted by a, 
and 5 by b, ab would be equal to 50. The result ab is called the 
product of a and b ; and a and b the yac^or« of that product In 
like manner, chc denotes the result obtained by multiplying the 
product of a and & by c / so that if a were eqwd to 2, 6 to 3, and 
e to 4, €bc would be equal to 24. In this and similar cases, in 
which there are more than two factors, the result is called the con* 
Hnual or continued product of those factors. On the same prin- 
ciple of notation, the multiplication of a quantity by a number, is 
expressed by prefixing the number to the quantity. Thus, 4a and 
5bc denote respectively four times a and five times be. 

In some cases, multiplication is expressed by interposing a point, 
or the sign x , between the factors. Thus, the product of 2 and 
3 is denoted by 2 X 3 ; and the continual product of 2, S, and 4, 
by 2.3.4, or by 2 X S-x 4. These modes of denoting multiplication 
are seldom used, except when the factors are numbers expressed 
in the common notation ; in which case the simple writing of the 
factors in succession is obviously inadmissible ; the pre-established 
meaning, for instance, of 234 (two hundred and thirty-four) being 
very different from the continual product of 2, 3, and 4. 

8. Division is generally expressed by writing the dividend over 
the divisor with a line between them, after the manner of a frac- 
tion. The same operation is sometimes denoted by writing the 
dividend before the sign -t- or : , and the divisor after it. Thus, 

-, a-^b, 01 a I b, each of which is read briefly a by 6, signiiies the 
b 

quotient obtained by dividing a by b. We shall hereafter see 
a mode of expressing division different from both of these. 

9* The number, whether whole or fractional, which is placed 
before a quantity, as a multiplier, is often called its eoejficient 
Thus, in the expressions, 3a, na, the multipliers 3 and n are co- 
efficients of a : the first a numeral or numerical one ; and the se- 
cond, being expressed by a letter, a literal one. In like manner, in 
the expression \Xf the coefficient of of is \, When no coefficient 
is written, 1 is to be understood. Thus, a is the same as la.' 

B 2 



4 BEFIMITIONS. 

10. When a quantity is employed any number of times as fac^ 
lor^ the product is called a power of that quantity ; the seccmd 
power, if the quantity be used twice as factor ; the third, if three 
times; ihe fourth, if four times; and in general^ the nih power, 
if n times, n being any whole positive number : and, in reference 
to any power of a quantity, the quantity itself is called the root of 
that power. Thus, aa, acta, aaaa, aaaaa, are respectively the 
second, third, fourth, and fifth powers of a ; and a is called the 
second root of aa, the third root of aaa, the fourth root of aaaa, 
&c. So also, the second, third, fourth, and fifth powers of 3 are 
9, 27) 81, and 243 ; while 3 is the second root of 9* the third 
root of 27, the fourth root of 81, and the fifth root of 243. The 
second power of a quantity is generally called its equare, and the 
third power its cube * : and in like manner, its second and third 
roots are commonly called its square and cube roots. The fourth 
power of a quantity is sometimes called its hiquadrate^ and the 
fourth root its biquadratic root. These latter terms, however, 
are properly falling into disuse. 

Hence it appears, that the second or square root of a quantity 
is that quantity which, used twice as factor, will produce the ori- 
ginal quantity ; the third or cube root, that which, employed three 
times as factor, will produce the same quantity ; and so on« Thus, 
the square root of 9 is 3, because 3xS=^; and the cube root of 
64 is 4, because 4 X4 x 4=64. 

The square root of a quantity is commonly denoted by prefixing 
to it the sign \/. Thus, a/ 100 and a/ a indicate respectively the 
square root of 100 and the square root of a. Jn like manner, 
^100 denotes the third or cube root of 100 ; .(/lOO its fourth 
root, &c. Another, and, in general, a preferable, notation for roots 
will be explained in a subsequent section. 

We shall see hereafter, that there are important extensions of the 
simple and primitive meaning of powers here given. 

11. The notation for poiirers employed in the last § would 

* These very improper names for the second and third powers, had their 
origin in the circumstance, that the area of a square is computed by mul- 
tiplying the number expressing the length of one of its sides by itself, 
while the content of a cube is found by multiplying the number express- 
ing the length of a side of its base by itself and the product by the same 
niunber. The terms, square root and cube root, applied to abstract num- 
bers, are equally improper. All these terms, however, as well as several 
other inappropriate ones, have got to be so universally employed, that 
their use is not likely to be discontinued. The term biquadrate signifies 
that .the operation of squaring is twice performed. 



.DEFINITIONS. 5 

.^videiitly be very inconvenient^ especially for the higher ones. To 
obviate this^ the root is written but once^ and^ to the right of it^ 
and a little higher^ a number is placed^ showing how often the 
;root is employed as factor^ and thus poin ting out the order of the power. 
Thus, flfl, aaa, aaaa, and aaaaay are written a-, a^, a^, w* ; and> 
in general^ if n be put to denote the number of times a is employed 

3i& factor^ we shall have the nth power of a, that is^ aaaa ,a 

being repeated n times^ expressed by a". These expressions, a^, 
d^y a^, a^3 a*», are therefore powers of a ; and the numbers^ 2, S, 4i 
5, and n, are called the indices or exponents of those powers. * 

By assigning different positive whole values to n^ it will be seen 
jthat a" is a general expression, comprehending all such powers sA 
we have been considering. Thus, by taking it successively equal 
to 2, 3> 4, and 5, we get a^y o^, o*, and a*, the particular powers 
above considered t and if we take n equal to 1, we have a^, which, 
as we shall see hereafter, is the same as a itself. 

I2« A quantity which consists of two or more quantities com- 
bined by addition or subtraction is called a compound quantity, A 
quantity which is not so composed is called a simple quantity. 
Thus 5 and a are simple quantities ; as are also Shx and \y'% : 
while 6^d^Shx'\'^y^x is compound. The simple quantities 
which form a compound one are called its terms. Thus, the terms 
of the foregoing compound quantity are 5, a, —Shx, and \y'^»* It 
is plain that the value of a compound quantity is not affected by a 
change in the order of its terms, provided every term retain its 
proper sign. Thus, 6+4 is the same as 4+6, and a +6 the 
same as 6 +a / the value of the compound quantity in each instance 
being equal to all the units contained in the two simple quantities 
composing it. So likewise, h—a-\-d^c may be written —a + 6 
— c+d,or6+rf— a— c, &c.; the meaning being, that in whatever 
order the terms are taken, h units and d units are to be added to- 
gether, and that from the sum a units and c units, or a +c units, 
are to be taken. 

13. If a compound quantity consist of two terms, such as 0?+^ 
or x—yy it is called a binomial; if of three, such as a7+^-f isr, 
x—y'\-Zy &c., a trinomial; and if of four terms or more, a polyno^ 
miaL In comparison of such quantities, a simple quantity, such 
as a, or Sa^b^, is termed a mononomialy or, as the word is usually 
contracted, a monomial, 

14. When any operation is indicated as being performed on a 

* Learners should be careful to avoid the common mistake of calling 
indices powers, 
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compound quantity, that quantity is placed between the marks ( ), 
which, when thus used, are called a vificulum. Thus, a(jr4-y) 
denotes that the compound quantity ap+y h multiplied by ar 
while, without the vinculum, ax-^-y would mean that jp alone is 
multiplied by a, aiid that y is added to the product 

When one vinculum is to be enclosed within another, the ex* 
terior one is expressed, for the sake of distinction, by the marks 
{ }, or sometitoes by Q ]. Thus, the expr^sion, {a -(- ^/ (a-^ + 6^) }2, 
means, that the square root of o^ -f- ^ is added to a, and that the re- 
sult is raised to the second power. * 

15. Quantities which are all positive, or all negative, are said 
to have like signs ; but, if some be positive and others negative, 
they are said to have unWce signs. 

16. Like qiianHties are those which are expressed by the same 
letters, similarly combined ; others are unlike. Thus, a, 4a, ^ 3a, 
are like quantities. So, also, are dd-h^ — 3a-b, and 4a^6 ; each set 
of quantities differing only in signs or coefficients. On the con- 
trary, d^b and ab^ are unlike, as (§ 11.) they may be written aab 
and abb; in which expressions, though the letters are the same, 
they are differently combined. 

1 7> An equation is an algebraic exprestdon, which, by means of 
the sign =, denotes that two quantities are equal. Thus, ^-^-5 
:=z9>5, aaP''\'bx=c, and dr*^— «w?-f &=0, are equations. The quan- 
tity before the sign = is called the first or left-hand member of 
the equation, and the one after it, the second or right-hand member. 

J 8. An identical equation is one which is universally true, what- 
ever values may be assigned to the quantities contained in it, its 
members differing only in form. Such, we shall hereafter find, 
are 

(d7H-a)2=a?2-f 2aa?+a2, and (.r— fl)2=(a?-fa)2— 4«Mr. 

19. An equation is said to be of the first, second, third, or nth 
degree in relation to one of the quantities contained in it, and which 
is generally regarded as unknown, according as the highest power 
of that quantity is the first, second, third, or nth power. Thus, 
with respect to x, ax -\-b^:^c is an equation of the first d^ree; 
ax^ -{-bx — c=0, one of the second ; ax^ -f bx^ -f- cx^-^-d, one of the 
fourtii; and ao^ -^-bx^s^e, one of the nth degree. An equation of 

* Instead of the characters here pointed out, the older writers used 

lines drawn over the quantities. In this way, the expression in the text 

2 

would take the form, a + v^a^ + 6^ . This clumsy and inelegant form of 

the vinculum is now little used. 
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the second degree is often called a quadratic equation, or a quadra- 
tic ; and one of the third degree^ a cuhic equation ; while an equa^ 
tion of the fourth degree is sometimes called a biquadratic equation. 

20. If an equation contain but one power of the unknown quan. 
tity^ it is said to be a simple equation ; but if it contain more 
than one^ it is compound, Thus^ in reference to ^^ a^+5=:c.z', 
aa^-^b^sicar^, aaf*—h^=:3 are simple equations ; while ax^ +bai=zc, 
fla?*+6fl;+o=0, andd7* + a^=& are compound equations. 

21. As it is of the utmost importance^ that the student should 
have an accurate knowledge of the meaning of the algebraic charac- 
ters and sigiis^ so far as they have been explidned, it may be proper 
to give some instances of the numerical computation of algebraic ex* 
pressions. Thus, suppose^ that at the commencement of an inves- 
tigation, 10 had been denoted by a, 6 by b, and 5 by c, and that at 
the conclusion we had found /r=|ac+^— 6c+S6/ by substi- 
tuting in this expression the foregoing values of a, b, and c, we 
get d;^=^X 10x5+^x6-^ — 6x5 + 3x6; or,'by performing the 
operations, flr=25 + 12—30 + 18. Hence, by adding together 
25, 12, and 18, and taking 30 from the sum, we get ^=25. 

Suppose again, that in another question, a, by c, and d had been 
put respectively to represent 5, 3, 8, and 7> and that we had found 

fl^-62 4Mb-cd . 12c ^^ 
oz=. 2a: 

then, by substituting for a, b, c, and d, theur values, we get 
25-9 4x5x3-8x7,12x8 ^^„ l6 4,96 

'=837- 2x3-5 +5+3-^^^^=T'i + -8-^^ 

= l6 - 4 + 12 — 14 ; or, by contraction, a? = 10. 

For practice, the learner may compute the values of the fol- 
lowing expressions, taking a^:^5y d=4, <^=2, and <f=l. 

b-\-d d 6+c+d 

a-^-b^-d ^26+c 2c+rf 

a+6 — c+o 4oc 

4. y=v(«^+^-5)-Sv^(a2-&2-.c3-d2). Ans. y^O. 

22, The following examples and exercises are given as a con- 
clusion to this section, with the view of introducing the student to 
the mode of applying algebra in the solution of problems, iind of 
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making him acquainted with the principal elementary processeailt 
the resolution of equations. 

Eaiam. 1. To find a number such that if 3 be added to its dou- 
ble, the siun shall be equal to what remains when the number itself 
, is taken from 21. 

To solve this question^ let the required number be represented 
by «; then (§ 7*) its double is 2^; to which if 3 be added, the 
sum (§ 6.) is 2ar-{-3. Again, by taking the required number hb 
from 21, we get (§6.) 21 — a?* Now, by the question, these 
two results are equal; that is, (§5.) 247+3=21—^; which 
(§§17* and 20.) is a simple equation: and this equation is plainly 
a translation, so to speak, of the conditions of the question into 
the brief and concentrated language of algebra. It now remains 
that we find the value of the unknown quantity a from the fore* 
going equation : and this is effected by means of certain simple 
and obvious processes. Thus, let at be added to both members ; 
then, because the second member is less than 21 by o?, we shall 
have, by § 6., the new equation, 47+2^+3=21, or, by an ob- 
vious contraction, 347+3=21. From each member of this take 
3 ; then (§ 6.) we get the equation, 34?=21 — 3 ; or, by contrac- 
tion, 347= 1 8. Divide these by 3 ; dien 4?=6 ; which, therefore, is 
the required number. * This answers the conditions of the question ; 

* In mathematical operations, it is often of consequence to employ par- 
ticular forms or types, suited to the nature of the subjects of inquiry. 
This is peculiarly advantageous when many operations are to be con- 
ducted according to one general rule or principle ; such &s in the com- 
putation of lunar observations for finding the longitude, in the resolu- 
tion of the higher equations, and in many other instances. This will 
be exemplified in the form given in the « , 

margin for the resolution of the equa- 3« — --ss2x-\ + 1 .... (1) 

tion marked (1 ). In this operation * * 

(and the same will bedone in many other 3x— 2a:— — s^^^^ + 1 .... (2) 

cases )i the several lines, or steps, are dis- 7 2 

tinguished by the numbers 1 , 2, 3, &c., ^2x_ x+l - . 

enclosed in parenthetic marks, for the 7 2 ^ ^ 

sake of easy reference to them in illus. 14ar— 4ar=7a? + 7 + 14 (4) 

trating the process. In the reduction 10;r=:7x + 21 (5) 

of the present equation, (2) is derived Sx=21 (6) 

from (1) by transposition, and (3) from a:=7 (7) 

(2) by contraction. Equation (4) is 

then obtained by clearing (3) of fractions; (5) from (4) by contraction; 
(6) ftt>xn (5) by transposition and contraction; and (7) from (6) by 
division. It is scarcely necessary to remark, that the numbers (1), (2)» 
&c., need not be employed in algebraic operations, unless when the opera* 
tlons are to be illustrated by comments. 
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since if 3 be added to the double of 6, the sum is 15 ; and if 6 be 
taken from 21^ the remainder is also 15. 

Exam* % Required a number^ such, that if it be multiplied by 
7^ and 1 be taken from the product^ one third of the remainder 
diall be greater by 17 than the number itself. 

Here, denoting the required number by a, we get, successively. 
By performing the operations mentioned in the question^ by means 

of §S 1> 6, and 8.^ 1x, 7^—1, and — - — ; which last is to be 

equal to ^ increased by 17* that is, to a? +17. We have, there- 
fore, for th^ algebraic expression of the question, the equation, 

Ix-^ 1 

— - — =d?-|-17. To find the value of a? from this equation, let 

both its members be multiplied by S : then, since S times the third 
part of 7^— 1 is evidently 7^— Ij we get 7^—1 =&» + 51. By 
adding 1 to both members of this, we obtain 7^=3^7 4-51 + 1* or 
7d7=3^ + 52. From these equals take 3d;: thep 7^ — Sa?;=52 
or 4^=52. Lastly, since the fourth part of 4^ is evidently 
d?, we get, by dividing these equals by 4, ^=13, the number 
required. To try the correctness of this result, we multiply, ac- 
cording to the question, 13 by 7? and from the product, 91> we take 
1 ; then, dividing the remainder by 3, we get 30^ which is equal 
to 13 and VJ, or is greater than 13 by 17. 

23. From a review of the operations in the two preceding ques- 
tionS; it wiU be seen that we have employed the following axioms : — 

Axiom 1. If equals, or the same be added to equals, the wholes 
or sums are equal. 

Ax. 2. If equals^ or the same be taken from equals^ the re- 
mainders are equaL 

Ax, 3. If equals be multiplied by the same, or by equals, the 
products are equal. 

Ax, 4. If equals be divided by the same, or by equals, the quo- 
tients are equal. 

24. To resolve an equation, that is^ to find the value of som^ 
assigned quantity contained in it, and regarded as unknown, it is 
necessary to separate the required quantity and the others. This, 
as we have seen, is effected in the foregoing examples by means of 
the axioms in the last § ; and the same can be done in every 
like case^ in a similar manner. From these principles, however, 
technical rules may be derived^ which will be found to be more 
convenient for practical use. Thus, from the equation «+p= <}, 
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-we derive another equation, af=q—p,hy subtracting p from both 
members; while, had the original equation been w—p^q, we 
should have got a!=^q-\-p, by adding p to both its members. It 
appears, therefore, that whether the sign of any term, such as p, be 
+ or — , another equation will be obtained by removing that term 
to the other member and changing its sign. Hence, 

25. A quantity may he transposed /rom one member of an equa» 
tion to the other, by changing Us sign. It is plain, also, that any 
number of terms may be transposed in a similar way at a single 
operation , Thus^ if 4a? — a + 6 = 3d? -]- c, we shall have 4ap — 3*^=: 
a^b+c, or d7=:a — 6+c. 

26. Again, if d«= 12, we get the new equation 47=4, by di- 
viding both members by 3 ; and it is plain that a lik€ division 
might be made, if, instead of Sop, we had 5a!, 10^7, or, in general, 
ajp. Hence, in an equation a multipUer of any term may be re- 
moved by dividing both members by it, 

OB 

27- -If -=4, we get the new equation a? =20, by multiplying 

each member by 5 ; and if, instead of 5, the divisor were 3, 1, Or 

any other number, such as a, the divisor would be removed by 

multiplying by 3, 7^ or a. We have, therefore, the following rule : 

— In any equation a divisor or denominator may be removed by 

multiplying both members by it. This process is generally called 

the clearing or the freeing of an equation effractions. 

28. If there be tspo or more fractions in an equation, they may all 

be removed at a single operation ( 1 . ) &y multiplying by them all at once 

(or by their product), or (2.) by their least common multiple. The 

first of these two processes is effected most simply by multiplying 

each numerator by all the denominators except its own, and then 

omitting its own, and by multiplying all the quantities which are 

not fractions by all the denominators successively, or by their pro- 

2^ a? 2d? 
duct Thus, if we have — — 2+'F-==^*9* we multiply So? by 4 

3 T? O 

and the product by 5, or 2d7 at once by 20(=4 X 5); — a? by 3 
and 5, or by 15 ; 2d? by 3 and 4, or by 12 ; and 49 by 3, 4, and 
5, or by O0(=3x4x5). We thus get 40d?— 15d?-h24d?= 
2940, or 49d?=2940; whence (§26.) ^=60. It is plain, 
that in this process each term is multiplied by 3 x 4 X 5, or by 
60 : and therefore all the parts of the first member being increased 
sixty-fold, and the second member being increased in the same 
degree, the two resulting members (Ax, 3. p. 9 ) must evidently 
be equal. 
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It may be remarked^ that, for completing the elementary theory 
of the redaction of equations^ it would be necessary to give the 
method of freeing equations fVom radical quantities^ when they 
occur. This^ however^ will be given with more advantage in a 
subsequent section^ 

Exam* * S* Find the value of a? in the equation 

6a? — 5=15— 4«r. 

Here^ by transposition (§ 24. )j 6^+4^== 15 +5^ or 10^=20. 
Hence^ by dividing by 10 (§ 26.) we get 07=2. 

To prove the correctness of the result^ if we substitute 2 for ^ 
in the given equation^ we get 6 X 2 ~ 5, or 12 — 5, that is 7, for the 
first member ; and for the second, 15— 4x2=15 — 8= 7« Henco 
the value found for a; is correct, as it makes the two members of 
the given equation equaL The student will find it useful to prove 
his operations in the manner that has now been pointed out. 

Exam* 4. Resolve the equation a?- 7=— i — . 

4 

By clearing this of fractions (§ 27.) we get 4d? — 28=a'— 1 ; 

whence, by transposition (§ 24.), 4o7— zp=28— 1, or Sa?=27. 

Dividing, therefore, by 3 we get o?=9^ the answer. 

X "^ 1 fB ^~ 1 

Exam. 5. Resolve the equation — ^ — | — — =4. 

•Here (§27.) by multiplying a?+l by 5, and omitting the 
denominator, we get 5<a7 + 5 ; by multiplying x—l by 6, and 
omitting 5, we find .Gx — G; and, by multiplying 4 by 6 and the 
product by 5, or 4 at once by SO, we obtain 120. Hence the equa- 
tion is changed into 5x-\-5 + Gx-' 6= 1 20. Hence, by transpo- 
sition, Bx-^-Gx^ 120 — 5+6, or, by contraction, 1 lx=z 121; 
whence, by dividing by 1 1, we get 07= 1 1, the answer. 

When there are fractions it is generally best to commence by 
removing them, as was done in the last example. Sometimes, how- 
ever, especially in the more complicated expressions, it is preferable 
first to transpose certain terms, as by this means contractions may 
often be made. The following equation exemplifies this. 

* As it is of great consequence for the student to acquire facility and 
expertness in the performance of algebraic operations, some numerical 
examples are here given ; and a number of exercises are subjoined, which 
can aU be wrought by the principles that have been established. To the 
examples he ought to attend, till he can work them without assistance 
from the book or from his teacher ; and he will then find it easy to work, 
the ei^ercises. 
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Exam. 6. Resolve the equation 3«— -+5=2j7 + 8. 

From this we get, hy transposition, Sj?— 2j?— -=8 — 5; or, by 

X 

contraction, j?^ -=3. Then, by multiplying by 2, to dear the 
equation of fractions, we get 2^—07=6, or or =6, the answer. 

kxam, T* l^ind the value of y in the equation -^— 6:^---. 

. Here, since 12 is a multiple of 6, instead of multiplying by 6 
and 12, we multiply only by the latten In this way, the first term 

becomes-^, or lOy ; and the equation is changed into 10^—72 

=7^ ; whence, by transposition, &c., we get ^=24. In multi^ 
plying the first term by 12, we might have multiplied by 6, which, 
by removing the denominator 6, would give 5y ; the product of 
which by 2, the remiuning factor of 12, gives 10jf,as before. A 
like process is admissible in every similar case. 

X 5x 7x 
Exam. 8. Resolve the equation-- -f ■je — 'r- =22. 

Here, by multiplying by 4, the product by 6, and that product 

20x 28.V 
by 9» we get, successively, ^H---^ 5-= 88; 

6^+20^- ^-=528, or 26x.J^=528; 

and 2S4iP- l68a7=4752, or 66^=4752 ; 
the division of which by 66 gives a; =72, the answer. 

To solve this according to the second method mentioned in 
§ 28., we have {Arith. p. 83.) 36, the least common multiple of 
4, 6 and 9* Multiplying, therefore, the first fraction by 36 
(=4x9)^ we get Qx ; multiplying the second by S6 T =6 x 6 ), 
we find 30x/ and multiplying the third by the same (=9x4), 
we obtain —28x. Multiplying also 22 by 36 we get 792, and the 
equation is changed into 9a? 4-304? — 28^7=792, or 1 147=792 ; 
whence, by dividing by 11, we get ^=72, as before, 'ifhis me- 
thod has the advantage of keeping the numbers smaller and more 
manageable. 

Exam. 9* Find two numbers differing by 2, and such that the 
greater and four times the less may be together equal to 27. 
Let X be put to denote the less; then, by the question, x+2. 
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will be the greater. By the question^ also^ d7+2 + 4«> or 5jr+^ 
=27 ; whence^ by transposing 2 and dividing by 5, we get dps 5^ 
the less number ; and therefore the greater is 7« We might hei« 
have assumed » to denote the greater number^ and then « — 2 would 
represent the less^ and the work would proceed in almost. the same 
manner as before. 

Exam, 10. A farmer rents 100 acres of land for 150/., part at 
27'. and part at 37'. per acre. How many acres has he of each 
kmd? 

Let X denote the number of acres of the dearer kind, and 100 — d^ 
will he the acres of the other. To find the rents of these in 
shillings, multiply the former by d7> and the latter by 27 ; the re- 
sults are 37^ and 2700—27^. Now, by the question, the sum 
of these rents must be 3000, the shillings in 150/. We have, 
therefore, S7*»+ 2700— 27^=3000 ; whence by transposing 2700 
and contracting, we get 10^=300; and, by division, a^=30, the 
number of acres of the dearer kind; by taking which £rdm 100> 
we get 70 acres, the quantity of the cheaper kind. ^ 

Exam. 1 1. Divide 51 into four parts, such that one half of the 
first, one third of the second, one fifth of the third, and one seventh 
of the fourth may be all equaL 

Let X denote each of the equals, one half of the first, one third 
of the second, &c. Then will the required parts be 2a;, Swy 5x, 
and 7^. But, by the question, the sum of these is to be 51 ; that 
is, 2j7 + 3a7 + 5d7+7^> or 17^?= 51 ; whence, «=3 : and by mul. 
tiplying this successively by 2, 3, 5, and 7> we get 6> 9> 15, and 
21, the required numbers. 

Exam. 12. If one person. A, start from a certain place, and 
travel at the rate of 9 miles an hour ; and if, two hours and twenty 
minutes after, another person, B, start in pursuit of him, and 
travel at the rate of 1 1 miles an hour ; how far will each have tra- 
velled before A is overtaken ? 

To solve this question, let x be the number of hours that B 
travels before overtaking A. Then, in that time B will^ travel 1 lor 
miles, and A 9^ miles. Before B started, however, A had tra- 
veiled two hours and a third at the rate of 9 miles per hour ; he 
must, therefore, have travelled twice 9 and the third of 9> <>f ^1 
miles. Hence, by the nature of the question, 1 1 a? — Qx, or 24'=2 1 ; 
whence, by dividing by 2, 07= 10^ hours, the time travelled by B, 
and the product of this by 1 1 is 1 15^ miles, the distance travelled 
by each. By adding 2 hours 20 minutes to 10 hours 30 minutes, we 
get 12 hotm 50 minutes, or 12| hours, th^. time A travelled ; the^ 
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product of which by 9 is 1 1 5^, the space travelled ; and this proves^ 
the correctness of the result. In this solution^ instead of ^ being 
put to represent the required distance^ it has been put to denote 
the time diat B travelled ; and by this means the solution has been 
considerably facilitated. This is one instance^ out of many^ in 
which it is better to put of to represent^ not the quantity ultimately 
required^ but one from which Uiat quantity may be derived. 

Exam. 13. If a p^-son each year double his capital except aa 
expenditure of 400/., and at the end of three years find himself 
worth three times his original capital^ what had he to commence 
with? 

Let x be his original capital in pounds : then at the end of the 
first year^ he wiU have 2^—400, which is his capital at the be- 
ginning of the second. From the double of this, 4cr— 800, take 
400, and theremainder,4.v-800 — 400^or4^— 1200^ will be his 
capital at the beginning of the third year. Double this in like 
manner and subtract 400; and the result 8^^ — 2400—400^ or 
Sx— 2800, will be the amount of his property at the end of the 
third year. Then, by the question. So?— 2800= So?; whence, by 
transposition, &c 07=560/., the answer. 

Proof, 560 X 2 = 1 1 20, and 1 1 20 - 400 =720, his property at 
the end of the first year. 720x2 = 1440, and 1440—400= 
1040, his capital at the end of the second year. Lastly, 1040 x 2 
=2080, and 2080 - 400=1680, what he was worth at the end 
of the third year ; and as this is exactly treble of the original capi- 
tal, 560/., the answer is correct. 

Exercises in Numerical Equations of the First Degree, 
Besolve the following equations : — 

1. 6j?+31=281-4a?. Ans.x=z25. 

2. lH-a?=319-Sx. Ans.x:=z77. 

3. 2o?-9=72+^. Ans.x=:4f5. 

5 

j?4-2 

4. 07— 11 = -—--!- 7. Ans, x=z23. 

5 

5. ^'"^~« + ^' Ans. x=zl2^ 

6. 11— fsslS-"^. ^n*. 07=40. 

5 4 
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J74-1 SB — 1 

7. ^4-^ +^-^-=8. An%, d7= 19. 

4 o 

,^ a?— 1 ,07—2 a?— a >, . 

10. —^H — q jT"^ -4n*. 07=11. 

11. Divide 11 into two parts^ such that the sum of twice the 
first and half the second may he l6. Ant, 7 and 4. 

12. Divide 39 into four parts^ such^ that if the first be in- 
creased by 1, the second diminished by 2^ the third multiplied by 
3^ and the fourth divided by 4^ the results may be all equaL 

AnB. 5, S, 2, 24. 

13. Suppose two coaches to start at the same hour, one from 
London for Glasgow, and the other from Glasgow for London, the 
former travelling 10^ and the latter 9^ miles per hour: where 
will they meet^ the distance between &e two cities being 400 
miles ? Ans. 210 miles from London. 

14. Suppose every thing to be as in the last question, except 
that the coach from Glasgow starts two hours earlier than the other; 
where will they meet ? Ans. 200^ miles from London. 

1 5. A dealer purchases 60 yards of cloth for 302. ; and by sell- 
ing one part of it at 12«., another, twice as great^ at 14«., and the 
rest at 10«. per yard^ he gains SL How many yards were in the 
several lots? Ans, \6, 32, and 12. 

16. Suppose two dealers each annually to double his capital 
except an expenditure of 100/. ; and^ that at the end of three 
yearS; the capital of the one is found to be doubled^ while the other 
has only half what he had at first: how much had each to com- 
mence with ? Ans. 11 6/. ISs, 4<^. and 93/. 6s. Sd» 

17. If a person each year double his capital except an expendi- 
ture of 300/. the first year, 400/. the next year, and 500/. the 
third, and at the end of three years be foimd to be worth 5500/., 
what was his original capital? Ans. 1000/. 

IS. A father's age is now treble of his son's, while five years 
ago it was quadruple : what are their present ages ? 

Ans. 45 and 15 years. 
19. Divide 1000/. between A, B, and C, giving A 100/. more, 
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and B 50/. less^ than C. Am. A'a share 416/ 13s, 4id, ; 

B's 266/. 13*. 4d.; and C's Sl6/. IS*. 4d. 

20. A spirit merchant finds that if he add 10 gallons of water 
to a cask of brandy^ the mixture will be worth 21*. per gallon ; 
bat that if he add 10 gallons more^ the value will be reduced to 
18*. How many gallons were in the cask p Ans* 50*^ 

21. Find a number^ such that if it be divided successively by 
2, S, 4, 5, 6, 7, 8, 9, and 10, half the sum of the first four quo- 
tients increased by 20 shall be equal to the sum of the remaining 
^"fe. Am. 5040. 

22. find two numbers differing by 6, and such that three times 
the less may exceed twice the greater by 7. Ans: 25 and 19. 

23. Find a number such^ that if it be increased successively by 
}, Q, and 3, the sum of one half of the first result and one third of 
the second shall exceed one fourth of the third by 8. Am. 13. 



CHAPTER II. 

FUNDAMENTAL OPERATIONS. 



ADDITION. 

29. To oM together unlike quantities^ write them in succes-* 
sion^ prefixing to each its proper sign. 

Thus^ (§ 6.) the sum of a and b is a-f&; while that of a-^y 
and v—z isd?— y+o— «, the sign + being omitted in the one 
sum before the first term a, and in the other before the first term a;. 

Like quantities might also be added in a similar manner. Thus, 
the sum of a and a might be expressed by a+a, that of 2a and 
3d by 2a + 3a, &c. Such quantities, however, may be incorpo^ 
rated, that is, may have two or more terms combined into one> by 
tneans of the two following rules. 

30. To add quantities which are like, and have like signs; add 
the coeflScients together, and to their sum prefix the common sign, 
and annex the common quantity. 

Thus, the sum of 3a and 5a is 8a ; and that of 2a — 3b and 
6a — 46 is 8a ~7&* The reason is plain. The sum of 3 times 
any quantity a and 5 times the same will be 8 times that quantity. 
Thus, the sum of 3 days and 5 days is 8 days^ and 3 shillings and 
5 shillings are together equal to 8 shillings. In the second ex- 
ample^ the sum of 2a and 6a is 8a : but the first quantity is less 
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than 2a by Sb^ and the seoond is less than 6a by 46. The sum Sa 
mast> therefore^ be diminished by the sum of 3b and 46^ that is 
76, to find the correct sum of 2a — 3b and 6a — 4^, 

If the coefficients be literal^ they may be added according to § QQ., 
and the common quantity annexed to their sum placed in a yincu- 
lum. Thus^ the sum of ax, bse, and ex, may be written either 

aa?+6jr+ca?, or {a-^-b-^e^x. 

In the two following examples^ the like quantities are placed in 
the same column ; an arrangement which facilitates the process^ 
and lessens the chance of falling into mistakes ; and which ought^ 
therefore^ to be adopted in other cases^ as far as it conveniently can.* 

Exam* !• Exam, 2«. 

3a^x^'-4aa^''3x l-2a? + S«2-.4^ + 5^ 

5oV-2aa^«- jv 2-3x + 4a^^ — 5a?3 + 6x^ 

AM^afi^ aa^-ox 3-^ + 5x^ -- 6a^ -^ 7x^ 

Sum =:12oV-7a^-9a? Sum =6-9^+ 124?*-*- 15*8+ 18^ 

31. To add quantities tohich are like, but which have unlike 
Hgne; add together first the positive^ and then the negative co^ 
efficients ; subtract the less sum from the greater ; to the re* 
mainder prefix the sign of the greater; and annex the common 
quantity. 

Exam, 3, Exam. 4. Exam, 5, 

4^— 5<w!2— o2a?4-3«^ SoT-^y— 4^^^^+ «y* — oH-6-|-o 

--34f»+ ajfi--3a^x+5(^ x''y-r-3jfif^i-3xy^ a— 6^-c 

24?3+6aa^2+5a2*— 2a3 —3x^P'\- a^'^—6xi^ 0+6— c 

/r^— Sa^ — 4sa^x— 3a^ a^y — 2iry* a-j-6-fc 

4d?*— aafi--3d^x-\'3d^ or ar'y^^xtf 

In the first column of the first of these examples^ the sum of 
the positive coefficients^ 1^ 2^ and 4^ is 7 ; from whidi we take 3, 
the only negative coefficient: the remainder 4 is positive^ and 
therefore the sum of the quantities in the first column is 4^, to 
which^as it is the first term^ it is unnecessary to prefix the sign +• 
In the second column^ the sum of tiie positive coefficients is 1, and 
that of tiie negative 8. Taking the former from the latter^ we 

*' In common arithmetic we commoice operations in addition, subtrac- 
tion, and multiplication, at the right-hand side, and proceed towards th« 
left, on account of ** carrying *' from column to column. In algebra no 
advantage would b^ gained by following that order ; and therefore, in 
these rules, we commence at the left ude, and proceed in the order in 
which quantities are written and read: 
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get 1> to wliich the sign <— ^ tliat of the greater, is to be prefixed ; 
and, therefore, the sum of the quantities in the column is — Icue'^,' 
or as it is written, — ax^. The other columns are added in a 
similar manner. 

The reason of the process is plain. In the first column, the 
positire terms amount to 7^'^, which is to be diminished by the 
subtractive term — S^. In the second column, the amounts of the 
positive and negative terms are respectively 7o^ and -^Sax'^. 
Wliat is to be subtracted, therefore, exceeds what is to be added 
by once (ue^ ; and this is accordingly written down, with the sign 
of subtraction prefixed. 

In Exam. 4. the amounts of the positive and negative co- 
efficients in the second column are equal. Hence, the positive 
and negative terms neutralise each other, as much being subtracted 
as there is added ; and, therefore, the sum of the quantities in 
that column is nothing. 

32. In a great proportion of cases in Exam. 6. 

actual practice, all the three foregoing Sa^^r— 3<up+4 
rules, or two of them at least, must be em- q^i^ _^ 4^1^ . 5 
ployed. Thus, in the annexed example, d^x — 2cup'\'2c 
the first column is added according to 8a2^-a^-d+2c4.4» 
§ 30., the second by § 31., and the third 
by § 29- 

Exercises.* — Required the sums of the following quantities: — 

1. (w2, a^x, y\ and Sftjr^. Ana. €uii^'ra'^x-\-^^SbyK 

2. a8-2a26-Sa6? + 263, Safi-ti^h'-Mif^'^'lOt^, 2a»-Sa2* 
-60^2^.53^ and5a»-4a2ft_o62^.353. 

Ans. Ila3-10a26-i4a62+i663. 

3. ^-5a?2-3a7 + l,2af3-f 6^2^5^_|.3^3af3_2af'2-d7-l, and 
4^_a?2^.2^_5, Ana. ia»3-2j7'2+3d?-2. 

4. — a+ft+c+i^, a— 6-|-c+d, a+6— c+d, and o+ft+c— d. 

Ana. 2a+26+2c+2d. 

5. a— 2ft, 26— 3c, 3c— 4d, 4d— 5c, and 5e—6f. Ana. a — 6f. 
s 6. ^^-^f^x-Syz^, 2y3 + 2y^«+5yi»2, and 3y3-4y%-2yaf'^. 

Ana. 6y^. 

']f.cufi-\-hx'^,bx^—cx'^,B,ndcx^-^dx\ 

Ana. (a4 64-c)4?3+(6-cH-d)j?2, 

8. ms^—nof, nz^^-px, and 9,z^—z. 

Ana. (m4-n+2>2-(»-|.p+i)af. 

* The number of exercises given here, as well as in subtraction, is 
purposely small ; as ample practice, and of the best kind, is supplied in 
multiplication and division. 
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SUBTRACTION. 

35. To subtract one quantity from another; conceive the sign 
or signs of the former to he changed (4- into — , and — into -|-)^ 
and proceed as in addition. 

To prove this important rule^ hy means of which, without any 
diversity of cases, we are enabled to perform the suhti^aetion of 
quantities by the roles of addition already given^ let ns aaenme 
twe quantities, ir — y and a — f>, each having one term positive and 
the otber ^legstive, and thus presenting every variety of signs^; and 
let it be required to subtract the latter from the former. Now^ 
if from ^— y we take z, the remainder (§ 6.) is x—v 

tc — y — z. The quantity to be subtracted, however, ^ ^ 

is not z but z—v, that is, a quantity less than z by y_^__ , 
V, Having thus, therefore, taken away too much ^ 

by 97, we have left too little by the same quantity, and we must 
accordingly add v. Hence (§ 6.) the true result is a-^y^z-j-v. 
Comparing this with the original quantities, a? — y and z—v, 
we see that the signs of x—y remain the same as they were, but 
,that the signs of z — v, the quantity to be subtracted, are changed, 
the first from + to — , and the second from — to + ^ <^d> finally, 
we see, that after these changes are made^ the quantities are con* 
nected as in addition. '^ 

Had the given expressions consisted of like quantities, instead 
pf being unlike, as those above employed, every thing would have 
proceeded on the same principle ; but in such a case, the e _ q^ 
like quantities would admit of incorporation according to o^ _ q^ 
§ SO. or §31. Thus, in the annexed example, by pro- r-— — 
ceeding as before, we shoidd get 5a— i^o?— 2o + 347, or, ^^t"^ 
by contraction, 3a ■\- x, the same that would be obtained by changing 
2a into — 2a, and — 3^ into 3^, and then adding the columns ac- 
cording to § 31. 

In case of like quantities, having like signs, when the coeffi* 
cient of the one to be subtracted is the less, we may simply sub- 

* Since a— a=tO, and — a + as=0, and since in subtraction the re- 
mainder must be such, that if to it the quantity subtracted be added, the 
result must be the other one of the proposed quantities ; the rule for sub- 
traction may be easily established on this principle. Thus, if from x we 
aie to subtract y — .ar, the remainder must be ar— y +« ; since by adding 
3f—z to this we get ar— y + z + y— «, or, by contraction, x: and hence we 
see that the signs of y and —2 must be changed. 
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tract the less coefficient from the greater^ and to the remainder 
prefix the common sign^.and annex the common quantity. Thus^ 
in the last example^ hy taking 2a from 5a we get So. So also^ if 

— 7^ he taken from — 1 2d7, the remainder is — 5a7. In other cases 
the general rule is to he employed. When there are literal co- 
efficients^ let the operation he performed on them^ and to the re- 
mainder annex the common quantity, employing die yinculum, if 
necessary. Thus, if hy be taken from (a'\-b)y, the remainder is 
ay; and if nof he taken from nup^ the remainder is nuc—nx, or 
(wi— n)d7. So likewise, if from aas we take («-6)j», we get bz» 

Exam, 1. Exam* 2. Eaatn, 3. 

4^«^-a«+6« Sor^y +8a?y» a3-4a*4-ll(i» 

Exercises. 

1. From fl-f 6+c, take — a-f 6-|-c. ^n*. 2a, 

2. From 4^ - Sd^x + <M?2 - 2t\ take 2o8 _4o2^ -ax^-^xK 

Ans, Zcfi+a^x+^axi^—a^n 

3. Take a;8-3^2^S^_l from d?»-f 3^3+307+1. 

4. From aj?2+6y2 take ca;2—rfy2, ^n*. (a — c)j?'^4-(6+rf)y2^ 

34. We have thus far considered negative quantities only in 
connexion with positive ones in compound quantities. Such quan- 
tities, however, often occur in a detached form, and it may be 
proper here to enter into some consideration of their nature and 
character. 

If from a we take 6, the expression for the remainder is a— 6/ 
and so long as a is not less than &, the meaning is plain. Thus, 
if a3s5 and &=:2, we have a — b=:i5—%^3. In this case we may 
put b under the form 5^3; and hy taking this from {a=)5y by 
the rule for subtraction, we get 3 for remainder, as before. If, 
however, a be less than b, the subtraction, though it may be indi- 
cated to the eye, can no longer be performed in the ordinary arith- 
metical sense. Thus, if a=5 and 6=8, we should have a—b=5 

— 8, which, in the arithmetical sense, denotes an operation that 
cannot be performed. Puttings however, 8 under the form 5+3, 
and subtracting this from 5 by the rule for subtraction, we get for 
remainder — 3. To interpret this expression, we have to consider, 
that, by an extension of the rule for subtraction not originally con- 
templated, we have gone through the farm of subtracting 5 + 3 
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from 5, The first term of 5+3 we can subtract from 5, and tlw 
remainder is Q j but there still remains 3 to he subtracted ; and this 
18 what is indicated by the expression ^ 3. This expression^ there- 
fore^ denotes a defect^ and shows that 3 still remains unsubtracted^ 
and that it must be subtracted afterwards^ if there be opportunity. 
Thus, if a^5y b=^S, and c=7> the expression, a— &+c, becomes 
5 ^ 8 -f 7 ; and by taking 8 from 5, as above, we get ~3, a nega- 
tive or subtractiye quantity. Taking this, therefore, from 7> we 
get 4 as the value of a— 6+c, the same that would be obtained 
by taking 8 from 5+7.* 

* As a fiirther illustration, if a person have an income of 10002L a yeaf, 
and spend 6002., he makes a saving of 400Z. ; if he spend 9002L, his saving 
is reduced to lOOl. ; and if he spend 10002., it becomes nothing. If, how* 
ever, he spend 1200Z. there is no longer a la/oing in the ordinary meanings 
but a defect, or a reduction upon his other savings, of 2002. This the alge- 
braist, still keeping up the idea of a saving, regards as subtractive or 
negative, and m this way he still arrives at the same final result. By this 
means, the number of rules for the performance of operations is greatly 
diminished, and a uniformity of conception and process is obtained, which 
is of high importance. 

From these views it will be seen, that the adding of a negative quan- 
tity, in the algebraic sense, is the same as the subtracting of it, in the 
arithmetical sense. Thus, in the foregoing illustration, the savings in the 
first three years amount to 5002 ; and if to this we add —2002., the saving 
in the algebraic sense, in the fourth year, we get 3002., the entire amount 
of the savings in the four years. On the other hand, the subtraction of a 
negative quantity is, in the arithmetical sense, the same as the addition 
of that quantity taken as positive. Thus, to make use of the same illus- 
tration, if we suppose the person to have employed his savings in the gra^ 
dual extinction of a debt, that is, if he paid every year 10002. diminished 
by his expenditure, he would have reduced the debt by 4002. in the first 
year, by lOOL in the next, and by nothing in the third ; while in the fourth ' 
he would have increased it by 2002., his negative saving taken positively. 

These considerations will lead us to see, that, of two negative quanti- 
ties, the one which is less in absolute value, that is, the one which contains 
fewer units, is greater than the other, in comparison with positive quan- 
tities. Thus, if from 5 we take successively 1, 3, 8, and 10, we get the 
renuunders, 4, 2, —3, and —5, each of which after the first, is evidently 
less than the one before it ; so that —3 is greater than — 5. 

Hence also, according to the same views, we shall see the correctness 
of the somewhat startling assertion, that a negative qwmtity is less than O. 
Thiis will be plain firom considering, that if to a we add 0, we have still a ; 
while if, in the algebraic sense, we add — &, the result is a— 6, which is 
less than a; and therefore — &, the quantity last added, is less than 0, 
which was added in the former case. In a similar sense, it is often said 
in common language, that if a man's debts exceed his property, he is worth 
less than nothing. 
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MULTIPLICATION. 

35. When factors are multiplied together^ the product is the same 
in whatever order the operation is performed, Thus^ 3 times 5 is 
the same as 5 times 3. To illustrate this^ let dots be 

assumed to represent obj ects^ and let three lines^ each 
containing five dots^ be placed as in the margin. We 
have thus 15 objects represented^ which may here- * * '. ' 
garded either as 3 times 5joljects, when we take the three hori- 
zcmtal rows ; or as 5 times 3 objects, when we take the five ver- 
tical columns, each of which contains 3 dots ; and a similar illus- 
tration may be given in every case. 

In like manner, the continual product of 2, 3, and 5 will be the 
same, in whatever order, these factors are taken. Thus, by what 
we have seen, it will be either 2.3.5 or 2.5.3, that is, 2x15; or, 
as we have seen, 15 x2; or, which is still the same, 3.5.2, or 
5.3.2 : and other variations would be obtained by putting these 
last under the forms, 3x10 and 5x6. 

On the same principle we should have, universally, ab the same 
as ha ; and aboy acb^ bac, bca, cab, and cba are all equivalent "* 

36. When quantities are multiplied by a positive term, their signs 
are retained in the product ; but when by a negative one, they are 
changed. 

To prove this most important rule, let us multiply a?— y by 
«— 6, each of these quantities exhibiting every variety of signs. 
Now, if we multiply a?— y by o, the product will be a times a? 
minus a times y, that is <M7— ay.f The multiplier, however, is 

* To show this otherwise, and by more general reasoning, we have a 
tHtues 1 unit obviously the same as a units, or once a units ; and a times 2 
units will be double of this or will be 2a units ; that is, a x 2=2 x a. In 
like manner, we should have ax3 = 3xa, ax4=4xa; and, in general, 
a X 6»2> X a, or a&s=&a; so that it is the same whether we take a as the 
multiplicand and b as the multiplier, or the reverse. Put now p to denote 
ab or ba, and multiply by c : then, by what we have seen, we have pc — cp; 
whence, by restoring the values of j», we getabc=cab = bac=cba : and, by 
regarding ca and cb, in the second and fourth of these, each as a single 
fector, we should have bca and eusb each equivalent to any of the other pro- 
ducts. By multiplying by other factors, such as c^ e, &c., the principle 
would be shown to hold universally. 

t That the product of a:->y by a is oo:— ay may be illustrated by addi- 
tion, as in the margin, where the amount ofx—y taken 3 times 
is shown to be Sx—3y : and the same may be shown regarding ~^ 
X— y taken twice, four times, or in general a times. It would ^ 

appear in the- same manner, that the product of a: +y by a is — "ZK^ 
ax + ay. As a &miliar illustration, if a false pound weight So?— 3y 
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not a, but a— ft^ a quantity less by b than a. Hence we are to 
multiply s—yhyb, and to subtract the product^ bx — by, from the 
former product^ ax — ay. To make this latter subtraction be^r- 
formed by the rules for addition in §§ 29, SO, and 31., we change 
(§ 33.) die signs of bx — by, and then the work stands as in the 
second part of the annexed operation, the ad- x^y 
dition being performed in ^is example by a — b 
§ 29. By examining the two partud pro- ax — av 
ducts, ax— ay and —bx-\-by, in this latter bx—bti 

part, we see, that in the first, which is pro- ^ 

duced by multiplying by the positive term o, ^_« 
the signs of the two terms in the product are /, _ 5 
respectively the same as those oi x—y, the 



multiplicand ; while in the second, which arises *** ~ f ^ • . 
from multiplying by the negative term, — b, — "" ' ^ 
the signs are the opposite of those in the mul- ax—ay^bx-^by 
tiplicand, x—y. The same may be shown in every case; and the 
truth of the rule is thus established. 

This rule is often expressed briefly in the following terms : In 
multiplication, like signs produce plus in the product, and unlike 
signs minus. The mode of expression given above, however, is 
more simple and natural. 

37- To multiply terms which have coefficients ; find the product 
of the coefficients, and prefix it to the product of the other quan- 
tities. 

Thus, the product of 2a and Sb is 6ab, The reason is plain, 
since the product is 2 x a X 3 X ^, or (§ S5,) 2 X 3 X a X 6, or, 
which is the same, Qab. 

SS, The product of two or more powers of the same quantity, Jif 
expressed by writing that quantity with an index equal to the sum 
of the indices of the proposed powers. 

Thus, the product of a^ and a^ is a^ ; and the continual product 
of a^, x^, and x^ is x^K So likewise the product of x>^ and x^ is 
dp^"^, and that of x and j?" is x^"^^ : and, on the same principle, the 
product of a:"»"" and ar" is ar"*. 

The reason of this is evident from §§10. and 7. Thus a^ 
and a^ are the same as aa and aaa ; the product of which is aaaaa 
or a^ ; the mdex 5 being the sum of the indices 2 and 3, the num- 
bers which show how often a is used as a factor in the given powers. 

be a pound' wanting an ounce, two quantities weighed by it would be 
two pounds wanting two ounces, and a quantities weighed by it would 
be a pounds wanting a ounces. 
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Eaampies. * 

Exam, 1. Exam, 2. Exam. S. 

3a i^-tSy — z o^— 5a4+2a^ 

4ix Sa Sa^ 



Exam, 4. Exam, 5, 

3«;» 3ar^ - ax - go^ 

Sjjrm -6j»«+»+9«~+2» Si*-6flur*+12a2d;3 

— <M?^+ Qa^x^ — A^x^ 

3 j?6 -. 7a^ + 1 2a2^ - 8<r»^ 

Exam, 6, 
o3«Sa26+63 
2o2-2flft -362 

-Sgaftg^. 9o268,.3^ 

2a« - 8a46 + 3a:^i^ + 1 la^ft^- 206*- 3&5 

In the first and second of these examples, the work is performed 
by means of § 37. ; and^ in addition to this §^ the 3d, 4th, 5th,. and 
6th examples require the use of § 38. In all of them, likewise^ 
the principle established in § 36, is employed. In £xam. 6. we 
incorporate 2a^b^ in the third column with 9<i^b^ ^ the fourth, 
these terms being like. 

* In the more lengthened algebraic operations in multiplication, the 
following very simple and easy verification of the process, so far as the co- 
efficients are concerned, will be found useful. Find the separate sums of 
the coefficients of the multiplicand, multiplier, and product: then, if the 
last of these be unequal to the product of the other two, the work must 
be wrong ; but, if it be equal to their product, the work may be presumed 
to be correct Thus, in ,£xam. 6., the sum of the coefficients of the mul« 
tiplicand, multiplier, and product are respectively — 1, —3, and 3; the 
last of which is the product of the other two ; and therefore the coefficients 
may be supposed to be correct. Should the complete product be found 
to be wrong, the partial products might be tested in a similar manner. 
Thus, in the same example, by multiplying — 1 successively by 2, —2, and 
•^3, the coefficients of the multiplier, we get —2, 2, and 3, which ought 
to be the sums of the coefficients of the several partial products ; aud thpy 
are found to be so. 
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SQ. 'When ihe factors contain different powers of the same 
quantity, it is advantageoas^ for the purpose of making like quan. 
tities in the several partial products fall as much as possible in the 
same columns, to arrange the terms accord- 
ing to the indices of those powers ; that 2x^ — oj^ + 4a^d? 
is, to place Uiem so that each index may 347^ + 2aj7 — 2a^ 
be less, or that each may be greater, 
than the succeeding one. Thus, if the 4a^x^ a^^+2d^ 
giyen factors were 4a^4?+2a?'*— oa?^ and . — 2fl^ +2a4? -f-Sj?^ • 
2ad?— 2a2 -^ 3x\ either of the arrangements 
in the margin might be used ; and the results would be the same, 
only reversed in order. In the first way, the terms are arranged 
according to the descending powers of ^, and in thie second ac- 
cording to the ascending ones. With r^ard to a, the arrangement 
is the reverse of this. 



Exercises. — Find the products of the following quantities : — 

4. ar* and x^, Ans. x^^. 

5. «* and or". Ans. ^, 



6. a^y^ and x''p\ Ans, ofy*. 



1. box and 3ajf. Ans, IBa^xy. 

2. «»+i and ©"-I. Ans. v^. 

3. 0"^ and t;""'^. Ans. v^"^. 

7» «^— St^y + Sxy^ and axy. Ans. ax^y^ Saa^ + Sax-y* . 

8. 1— 2fl?+S^— 4a;8 and 1+;f. Ans. l--j?+^^— d?»— 4^.. 

9. 4f* + 2<M7 + o^ and x^— 2ax 4- a^. Ans. 47*— 2a^<p2-f- <r*. 

10. «— 2j?-ind2«— S«. Ans. ^ffx-^^^^Svg^dxst. 

11. Required the third power of 2x-\-3y. 

Ans. 8a?S-hS6fl?^y + 54a)y^+27y^» 

12. Find the fifA power of 2d7—3y. 

Ans. 32ar^— 240d?fy^-720a^Y— 1080a7V+ 8lO«y*-^243y\ 

13. Required the continual product of a-^b+c, -.a-{-^-(-o, 
a— 6+c, and a+6— «. Ans. 2a^62+2aV+2*lj^— a^— ft*— c*. , 

14. Fmd the product of afi-^y^+z^^v'^ and ip2-|-y2_^— „2^ 

Ans. ^*—y*— «*+!;*— 2vV^4-2y2af2. 

15. Find the continual product of 2x—y, 2X'\-y, and ^2^y\ 

Ans. l6d?*— y^. 

* This IS obtained by multiplying 2» + 3y by itself, to find its second 
power ; and that result by 2jr + 3y. The next Zeroise may be wrought 
in different ways. Thus, the successive powers, the second, third, fourth* 
and fifth, may be found by repeated multiplications by Sjt — 3y ; or, when 
the second power is found,' it may be multiplied by itself to tind the 
^urth, and that by ^x—Sy; or, lastly, the third power may be found, and 
Aay be multiplied by the second. Let the student cwnpare the third 
power of 2x -3y with the answer to Exer. U . 

G 
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16. Square l+d?+472^^^^. ^ :.• 

'40. When ^ factors consist of powers of the same quantity, it 
is sufficient to perform the operations by means of the coefficients 
alone^ and in the results so obtained to introduce the proper powers 
of that quantity. 

Emm. 7. Required the product of 2^— 5*^— 2^2^ 5^ _ 4 
and 3d7?— 2;F-f 1. 

Here, we write out the coefficients of the multiplicand, 2, —5, 
—2, 3, and —4, in their proper order, and with their proper rigns ; 
and, below the leading terms, ^ n o ^ ± 

2, —5r and —2, we place ?^^"", 3—4 

3, —2, and 1, the coeffi- ^ — ^ j 

cients of the multiplier. We 6-15— ^""^1 
then multiply successively — 4 10 4—6 8 

by 3, — 2, and 1 , setting the 2 -, 5 ^ 2 3^4 

first term of each product 6—19 6 8 —20 11—4. 
under the coefficient of the 

multiplier which produces it, and attending to the signs, accord^ 
ing to § 36. In the last place, we find the sums of the several 
columns by the rules for addition ; and, as the product of ^ ,and 
a?2, the highest powers of a?, is afi, we insert*® softer the first 00-* 
efficient 6, and the successive inferior powers after, the others till 
we come to —4, to which no power of m is annexed, as it is the 
product of the terms not containing #. Th^ answer, therefore^, 
is 6»s— i9^«+6ar*+8a?^— 20j?- + 11«^— 4^ 

Emm. 8. Find the product of 4««— 24r^^5*a'4-3«2 and 
2d?'— a?''— 4,17. 

Here, the work proceeds 

as in the last example, ex- 4 —2 0—5 & - •> 

cept that, as ^ does not oc- 2 a —1 — 4 

cur in the multiplicand, we 8—4 0—10 6 

write for its coefficient In —4 2 5—3 

like manner we put as the — 16 8 20 — 1 2 

coefficient of arMn the nml- g —4 —4—24 14 . 5 17 —12- 

tiplier. The answer is found 

to be Sd?!**- 4^— 4a?8— 24a3^+l4^+5arHl7ar*— 12a;3. 

41. The same principle may be employed with equal advantage 
when the terms of the given factors are products of the powers of 
more quantities than one, provided the indices of each set of thesq 
powers successively increase or diminish by equal differences. 
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OF DETACBED COEFFICIENTS. ^J 

JSxam. 9. Multiply x*-'Saa!^+ 410^0;''^ by ^H3ar2-_o-^. 

Here^ the indices of J7 decrease in 1-^3 4 

both factors from term to term by 

unity^ and those of a increase by 

the same. In the final product^ the 

coefficient of the second term^ aa^, 

is O, and therefore that term is , 7i a — rj t 

'. 10 — DID — 4> or 

^^^«' ^7_6aV + 15aV-4aV. 

. Exam, 10. Required the product of ^xy^-^x-y^—Sai^v, SLiid. 

In this example, the indices of x increase by 1 as common difier- 
ence^ while those of ^ diminish by 2 
from term to term. The first term 
of the product is plainly 2ai^y^^ : 
and the slightest consideration of 
the mode in which the terms 
would be obtained in the uncon- 
tracted process, will show^ that, in 
this and all similar questions, the 
indices in the product will follow the same law as in the factors. 
Accordingly^ the answer is Zsfiy^ ^ — 5x^'^ — 4a?^y ^ ^ 1 Oj^y^ — 3 j? '3/ *. 

Ewcan. 1 1 . Multiply xy -|- 2«*y2 H- JF'ffi by a?^y — 4a? V -f .a? V^- 

Here, in the factors, the indices 
of w increase by a common difi^- 
ence of 2, and those of y by 1. 
Therefore, after the coefficients of 
the product are found, and after it 
is seen that the first term is »^y^, 
We determine the powers of x and i _2 —6 —2 
y in the remaining terms by the same 
law ; and the product is a^y^-^Qa^y^—dx^y^—^Jc^ff^i-x^^y^, 

For gaining practice in this extremely simple and easy method of 
performing multiplication, the learner may work according to it the 
5th and 6th examples, and the 8th, 9th, 1 1th, 12th, 15th, and l6tli 
of the last set of exercises ; and also most of the^f olio wing exercises. 

Exercises, — Find the products of the following quantities : — 

17. a?— 2^ + 3;r^ and 4a?*-f 507^—6*^. 

Ans, 4a?* — 3 j?^ — 4a?" + 27a?^ — 1 8a7''>., 

18. 5ir^— 7!/^-8yH3yHy and 7y-8. 

Am. 35y^— 89ir^ + 85y3— 17y'--8y. 
c 2 
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28 mvisiov* 

19. a»— 2a2+8 and tt»+2a— S. 

Am. a«— 2a5 + 2a4— 4a3+6a24-6o— 9^ 
SO. f7<— 4ia«3+6oV— 4a3c+a4 and tfi—Sav^+Sahf—t^. 
Ans. f;7— 7at/»+21aV— S5ii^©4+35aV— 21a5t724.7a«o— o^ 

21. arS— a2#4-2a» and «2_ajp4,2a2. 

22. Required the second and third powers of »^ — 2tfLr — 3a^« 

Ant, a?*— 4ajf»— 2aV-+12a-V-f 9«*, 

and «8— 6fl«5-f-Sfl«a7*+28a«x»— 9o*a;2— 54irV— 27a^. 

23. Find the continual product of j? — 1 , or -f 2, or + 4^ and of — 5. 

^fw. d?4_gs^3_x8a74-40. 

24. Multiply 1— J?+d?2— ar'+j?*— jr^ by lH-d?+«^. 

25. Multiply l+^+^r^+^^^-i^^j;* by 1— ar+a?2. 

26. Multl+J^+^^+^+a^+^'^by I— jp+jt*— *«+ar4— ^V 

27- MuWply 0+26+c by a— c. Ant. d^'\-2ab—2be—i^. 
28. Find the continual product of spy— I, xz—l, and yg — 1« 

29* F^°<^ ^6 continual product of x^ -\- yz, y'^ + stz, and at^ + 4(;y«. 

Ans, U-y^z^-Yit^-^a^s^-{-y^s^'^wyz^^xzy^'^yzx^, 
SO. Multiply fl^+6^+c2— 06— 00— 6c by a+6+c. 

DIVISION. 

42. When quantities are divided by a positive term, their signs 
are retained in the quotient ; but when by a negative one, they are 
changed : or, as the rule is generally expressed^ in division, like, 
signs produce plus in the quotient, and unlike signs minus. 

Since^ by the nature of division, the quotient is to be such^ that 
if it be multiplied by the divisor the product will be the dividend^ 
the rule now given is easily proved on this principle. Thus^ in 
the first line in the margin^ we have every 
variety of signs in*dividing by the positive a^ab a) — 116 

quantity a, one of the dividends being positive "jf 5 

and the other negative ; and the second part 
exhibits the same variety in dividing by the ■—0)06 ^^a ^-'ob 
Uegative quantity — a. Then, in dividing — b b 

ab and —ab, by a, the quotients are respec- 
tively b and -^b, and they can be nothing else ; as, by the nature 
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Df multiplication, the products of these^ and only tbese^ l)y a, will 
be the iespectiye dividends ; aod these quotients^ which are pro- 
duced by diyiding by the positive quantity a, have each the sign of 
the dividend from which it is obtained. In the second part^ the 
quotients, found on the same principle^ are — b and b; which are 
produced by dividing by the negative quantity —a, and which have 
respectively the signs that are opposite to those of the dividends 
which produce them. 

45. When the divisor is a simple quantity, and is a factor of the 
dividend^ the quotient is obtained from the dividend by removing 
that factor. Thus, if ^ be divided by y, the quotient is a? ; and, 
if a!yz be divided by ^, the quotient is jv ; as in each instance 
the product of the quotient by the divisor is the dividend. 

44.^ One term may be divided by another, by placing the divi.. 
dend over the divisor so as to form a fraction ; and if there be a 
factor common to the numerator and denominator, it may be re- 
moved from both to simplify the quodent. * 

Thus, if a be divided by 6, the quotient (§ 8.) is t- ; and, if 

abc be divided by abd, the quotient is -— , or, aimply, -r, by sup- 
pressing the common factor ab. 

abc c obe 
To show that -tj=^ let -Tj=?^ and multiply by dbd; then, 

abe^ssabdq. Divide these equals hy db; then (§ 43.) c^sdq* 
Hence, by dividing by d, and putting the value of q, so found, 
equal to its former value, we have the proof. 

45. To divide one power of a quantity by another ; take the 
index of the divisor from that of the dividend, and place the re* 
mainder as index to the same quantity. 

Thus, if a^ be divided by a^, the quotient is aK For a^rs 
a^ux^;. and dividing this by a^, we get (§ 43.) a/^* The rule 
might also be illustrated by means of § 38. 

So, likewise, d;^-4-/p=£«^; a?"-f-d?=dj«"i ; «*•-*-«"= 4;***, &C. 

* After a little practice, the student will be able, in general, to dis- 
pense with the direct use of this rule ; as, in most instances, he will readily 
discover the quotient by inspection. It is plain, from the note to § 36., 
that in dividing a compound quantity by a simple one the terms of the 
ibrmer are to be separately divided by the latter. Thus, if or— ay be 
divided by a, the quotient is x—y. 
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so EXTENSION OF THE MEANIN9 

Examples in which the Divisor is a Simple QiMntitp* 

fJaam, If 
Sa)6a47— gay — Sax -f 1 2a« 

Exam. 2, Exam. S, 

' — „ c^ o flr^ a^ 

5 2 ' # 

n the second of these examples we may divide a^h by flft^ either 

according to § 44. ; or we may divide oy a, which gives «*6 ; 

then, for dividing by 6'^, we may divide twice in succession by ft, 

which can all be done mentally without difficulty. In Exam. 3.^ 

the second term of the answer might also be written \a\ In like 

Sx 
manner, instead of —, we might write \x ; and so in all similaK 

cases. See ArUhmetie, p* 78. 

Exercises, 

1. Divide db^c^ by ahc, and x^i^ by x-y, Ans, bc^ and xh/*. 

2. Divide a?*""^ and a?"*"** each by a?**. Ans, x^ and d!^~2»»^ 

3. Divide a3d?*-^a^j;3 + oV by o^iT^. -4n«. a^'^—CKC+a^, 

4. Divide Qa^—Sa^-GaY by Sa^. ^iw, |«3— a2y_2ay2^ 

46. When in the application of the rule in § 45., the index 
of the divisor is greater than that of the dividend, the resulting in- 
dex is negative. Thus, x^-^a^:=x~'^y and 3^-^(f^^:=ix~\ We 
thus obtain expressions of a new kind ; which, however, by an ex- 
tension of the meaning of the term power, are stiU called powers, 
andj for the sake of distinction, powers with negative indices. To* 
interpret diete in reference to quantities already explained, we have 
only to perform the division according to § 44. In this way, 

X^ 1.JP* 1 

for a?""^ we get ~, or ' ., or finally, -5:; while, for a7~% we have 

or x^.ar sxr 

Qtf^ 1 .0?*** 1 

— T'y ®^ t:i — > ^^ "!;• ^* ^^^ appears, that a power having a ne- 
gative index is the reciprocal* of the same quantity raised to the 

, * The reciprocal qf a quantity ( Arithmetic, p. 94 . ) t» the quotient obtained 
by dividing unity by the quantity ; and hence it follows, that two numbers • 
or quantities whose product is 1, are reciprocals of each other. Thus> ^ is 
the reciprocal of 2, and 2 the reciprocal of ^. 
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power whkk has 'for its index the tame index taken positively. 
Thus, S-i=5;|; also, 2-3=^, since, 2^=8, 

47. Since jp'^ss—, multiply both by a; then aa?"»=— .• 

I* »i/ 

Hence, a. quantity ^oitk a negative index may be made denofninatar, 

with a positive index, to the factor connected toith it, taken as nu^ 

tnerator ; and a denominator may be written along with the nume^ 

ratofr^ if the sign of its index be changed. 

Thus, r^=^,«'-«=^, <^+*^)-^=o^^ ^^■' «>d I 

> 48. When ft quantity is divided by itself the quotient is unity. 
Now, if ie^ be divided by x^ according to § 45., the quotient is 
«^. Hence^ a quantity having zero as index is equivalent to unity ; 

* By multiplying this by x", we get aa^jT'^^a ; and hence vre obtain 
lur^s— -|. Combining this with what is established in the text, since 
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cur* snd ax~" may be regarded as numerators to. the denominator 1 , we 
see, that, in fractiorUf any quantity may he removtdfrom the numerator to the 
dennminator, or from the denominator to the numerator, if the sign of its index 
be changed; a principle analo|^ous to the transposition of quantities in the 
resolution of equations. Except for generalising the principle, however, 
it is unnecessary- to consider fractions having quantiti^ with negative in- 
(dices'in their denominators, as such fractions do not occur in practice. 

By means of this mode of notation, fractions, especially when their 
tenns are simple quantities, may be written in a condensed form, and 

often more neatly than in the common mode. Thus, instead of -, --, &c., 

9 9* 
we may write P9'^/>V^> ^^* Such expressions, therefore, will be oc« 
casiondly used in what foUows ; and the learner has merely to recollect 
that every such expression may be put under the usual form by taking 
the quantity with the positive inctex as the numerator of a fraction, and 
the other with the sign of its index changed, as its denominator. 

The extension of the meaning of the term power established above, as 
well as another extension still to be given, is of much importance in pre- 
venting. the necessity for multiplying rules, as the rules for the manage- 
ment of powers of the primitive kind are applicable witii regard to the 
others. Thus, to multiply x""* by x"", we simply add the indices, as in 
§ 38., thus getting for product x"*""". This will follow from what will 
be established in a subsequent section regarding the multiplication of frac- 
tions ; as, according to what will there be shown, the product of x"*" and 
x'** will be a fraction, having 1 for numerator, and a-^'*'" for denominator, 
which fraction is equivalent to x'"*''*. 

4 
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-and therefore^ conversely^ unity may be replaced by such a qnaii^ 
tity^ and by this means the trace of any quantity may be retained 
jx introduced. Thus^ instead of x^-^-aofi^h, we may write x^ 

3 

■j-aa^:^bjB^ ; and^ in connexion with § 47*> d7^2+- nuiy be 

-written a?— 2^ + 3x~l. 

49* In dividing by a compound quantity^ the process^ in the 
common mode^ agrees so entirely in form and principle with the 
operations in " long division *', in common arithmetic^ that^ after 
what has beeli already estaUished^ we may proceed at once with 
examples^ no rule being necessary^ except that^ for facilitating the 
operation^ the terms ought to be arranged in the manner ^pointed 
out in § 39. 

Exam. 4. Divide 12a?5-.i7>r4_2a?8+ 184^—9* by 4^-3*. 

4a?2-.3i?* 



3a?8— 2^— 2ir-f3 



• 12j^— 17^— 2d73+18a^J— 9* 

-- 8ay^+6^ 
' -8a^+I8a?2 

^8a^H- 6a?g ' 

12*2_9^ 



In this operation^ we find (§§ 42. and 43.) thgt if 12^^ be 
divided by 4^^^ the quotient is 3^^ ; which^ therefore^ is the first 
term of the quotient. By multiplying the divisor by this^ we get 
12^—9^; and^ taking this from the two leading terms of the 
dividend^ we get for remainder — 8d7*, to which we annex — 2jr\ 
the next term of the dividend. Then^ dividing (§§ 42. and 43.) 
— Sx^ by 4a?2, we get — 2072, the next term of the quotient. Mul- 

* In the form of operation here adopted, the divisor i» placed to the 
right of the diyidend, and the quotient below it, as is done by many of 
the Continental writers. This arrangement has the advantage, both in 
algebra and in common arithmetic, of keeping the quantities, of which, in 
the course of the operation, the products are to be found, much nearer 
each other, than they are kept in the arrangement adopted by writers in 
this country ; and, in this way, the breadth occupied by the quantities in 
the operation is conveniently diminished. Should any person, however, 
from habit, or any other reason, prefer the method usually employed in 
this country, it is only necessary to place the divisor, dividend, and quo- 
tient as follows, and so in other similar examples : 

4ar«-S4r)12af5- 17a?4-2x3 + 18a:«-9«(3ar3 _2ar9 -2x + 3. 
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tiplying the divisor by this^ we obtain ^Sj^^-^Stfi; sad, taking 
this product from — Sjt*— a»^, we find — Sj;^, to which we annex 
18x3, the next term of the dividend. Proceeding in a similar 
manner, we get —So? for the next term of the quotient, and ISo?' 
as remainder, to which we annex —9^, the remaining term of the 
dividend. This, by a like process, gives 3 for the remaining term 
of the quotient, vnth no remainder.* 

6 if" 

In this example the divisor is iw* — 9a3c^-^Sa*w, and the divi- 
dend 8a j^— 2a'«* + 4a'd^ + 7o^^ + o^^ — 6a^^ ; and the quotient 
is found to be ^ooT'+da*^— a'j?— 20^. 

Exam. 6. Divide jt' by /r4-2a. 

Here, after finding three a^ w +2a 

terms of the quotient in the 4?3-f2cup* 
usual manner, we have the re- Hgo^ 



J?* — 2lM7-J-4fO'' 



*+2a 

mainder — 8a^. As this does — 2<i^— 4a'^ 
not contain «, the leading term j^ 

of the divisor, the work is to 4a*^+8a^ 

be regarded as terminated, un- ^^3 

less, as will be explained here- 

after, we choose to work for a series of fractional quantities. After 

* The correctnen of the work would be proved by multiplying the 
quotient by the divisor, as the product would be the same as the dividend. 
The learner ought to accustom himself to prove such operations in this 
way, both ibr the purpose of gaining expertness in multiplication, and for 
assuring himself of the correctness of the answer. A convenient verifica- 
tion, so far as regards the coelfficients, will be obtained on the plan pointed 
out in the note in p. 24. ; as it is plain, that if the sum of the cQeffi> 
cients of the divisor be multiplied by the sum of those of the quotient, 
acnd the sum of the coefficients of the remainder be added to the product 
so found, the result should be equal to the sum of the coefficients of the 
dividend. This method will fail, when the sums of the coefficients of the 
divisor, dividend, and remainder are each equal to nothing.- 

c5 
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the three terms, therefore, we write, as in ^ _ g^^ -|- 4rf* 

coramon arithmetic, 8a^ with the divisor^ a? +2a 

d? -f 2a, as denominator, prefixing the sign ITO 

of the remainder. The proof will stand « ^ s i a « 

as in the margin, the remainder, ^StJ^ o2 7'^^j^ti^ 

being placed in the first line, so as to be 2gJ? -4^j?-h»tf> 

added with the two partial products. ^ 

Exam, 7. Divide a^-~d^X'\-^a^ by x^—aa^d^. 
In this example, 



a? ^^^ — ,i ; — o* 



after findmg the ix^—a^x-\-2c^ 

two terms, x and a?*— aor^+fl^^ 
a, of the quotient, or^— So^^+So-^ 

we have remain- arr— 0^^+ o^ 

ing — a«a?4-aS" in ^^^^^^o^i+T^s 

which the highest 

index of x is less than its highest index in the divisor, so that the 
operation cannot be continued farther without giving origin to frac-- 
tions. In such cases it is usual, as in the last example, to consider 
the work as terminated ; and, as in common arithmetic, to place the 
remainder over the divisor, and to annex the fraction so found to 
the part of 'the quotient already obtained^ to complete it. Hence, 
in the present instance, the quotient might be written, o^+a-f 

-^ 5. When, however, as here, the leading term of the 

remainder is negative, it is usual, as has been done here, though 
perhaps not pr^erdbUe, to change the signs of all the terms of the 
remainder, and to prefix the sign — to the fractions.* 

Exercises, 
Dividends. Divisors. Quotients. 

5. 3a563--iOa4^4.8a»ft5 Sa'ft'— 4a»&3 d»6— 2a&-' 

6. ir5-.lSa«af« + 12a»^* a?» + Saa7— 4a« a^^Saafi 

7. af4— 9a?y-f 12a?y»— 4y4 ^«— g^jy+gy* x'^-k-Sxy-^^y^ 

8. a?4— 6ir»+5^ + 12^-f4 ar'—Sa?— 2 J7«— 3d?— 2 

2a* 

9. ^+o* *— a d?4-aH 

x-^a 

10, a*— 6H26c— <J2 fl— 6-l-c a+6— <? 

* That the fractional parts in the two modes of expression are equiva*. 
lent, will appear from considering, that, as is plain from the note ta 

J 36., — ^^=s- — , and that, therefore. 
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11. Divide 81«5+24«» by SarH^*. An^. ^Ix^-^iSufl-i-Ux. 

12. Divide «'+a' by «"+o'. ^tw. x r-r~i • 

13. Divide icy— 23ay*+4aV by 5y*—4ay'+ay. 

Jn,. gy-8«y-2«'- gy4JLy»+a V- 

50. The method of <fetadba2 ooeffidrntSy explained in §§ 40. 
and 4U in reference to multiplication, may often be employed with 
great advantage in division* This method will be understood 
from the following examples. 

Exam. 8. Divide ar*+,Sj?»— 4j7* + 34P— 5 by ^+2. 

In this example the coefficient of o ^ ^.a « ^^k\^o 
the first term of the divisor is unity; ^g g _^^ g' 
and this is generally so in the cases -^^ ~ -^^ "ZI^ 
in which this methcd is most advan- '?^ 

tageottsly employed in practice, such 3^— 3^ 4. 2«— - 1 



jp-f 2 

3j7»— 3x«+2a?— 1. 



as in the resolution of the higher ^+^. 

equations. In this 

case, we omit the 3jr*-+-3ar'— 44;*-f S#— 5 

1, and write the (3j7*) + 6V^ 

next number, 2, — 3j?' — 4ip' 

with its sign chang- (— 3^)— 6V 

ed, in the place of 2^ ^ 3^ 

the divisor. We (gar*) +4'^ 

write out also the -^^ — ^^ . 

coefficients of the ^__, \^Qf 

dividendin succes- -i ^ — — - 

sion. We then ^ 

multiply —2 by the first of these coefficients, and, placing the 
product, — 6, under the second coefficient, we add it to that co- 
efficient. The sum, —3, is then multiplied into —2, and the 
product, 6, is set under the next coefficient, and added to it. The 
result 2 iis in like manner multiplied into —2, the product set 
under the next coefficient, and added to it ; and thus we proceed 
•8 long as there are coefficients. 

The reason of the process will be understood f^oim comparing it 
with the annexed work at full length, with which, in fact, it is 
virtually identical, the form and arrangement being merely changed, 
and every thing omitted that can be dispensed with. Thus, it 
will be seen, that the four terms enclosed thus (Sx^), &c., are 
omitted ; and that the second line in the first process consists of 

06 
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the numbets marked with accents in the other, tdth {heir sighl 
changed ; while the numbers standing below the accentoatni 
Ones, are the same as those in the third lilie of the short process. 
The changing of 2 into —2 contorts the subtractions in the opmt 
mon method into additions ; and it will be seen from the full pro- 
cess, that the first of the giten coefficients, and the numbers in 
the last line of t&e short process, except the last, which is the re- 
mainder, are the coefficients of the quotient.* 

JSa;. 9. Divide 2:p»— 10^+19^— 8^ + a?* by a^Sa^-^^K 

In working this ex- 
ample by the contracted 
process, we write the co- 
efficients of the dividend 
in succession, and after 
them the second and third 
coefficients of the divisor 
with their signs changed. 
The two latter are 2^_ 10^ + 19^— 8^ + «« 



2 -10 19 
6 - 4 

—4 —12 

S 



—8 
8 

9 



1 
-6 



3-2 



—5 






An9. 



there multiplied 
by 2, the first co- 
efficient of the di- 
vidend, and the 
products, 6 and 
—4, are set under 
— 10 and 19, the 



— 4075+12^— 8a?» 



2a>»— 4a?-f3 



901^" Sai' 



* The learner will perhaps be assisted in perceiving the identity of the 
two processes by the following considerations. From the suppression of 
the powers of x, the second coefficient 3 in the first process, means 3x3, 
the second term in the other, and the number —6 below it, means — 6arS ; 
and the adding of -"dx^ in the one process is the same as the subtracting 
of 6ar' (the teme quantity with its sign changed) in the other. The next 
coefficient — 4 means — 4jr^, the third term in the second process, which 
term, according to the usual mode, is written over again after —3x9. 
The number 6 also, below — 4, m$ans 6x^ ; and the adding of 6x^ to 
— 4x^ in the first process is the same as, in the other process, the sub- 
tracting, of — 6x'^jfiie same quantity #ith 
its sign -change^ from --4x^ in its new 
position ; and thus the rest of t|ie process 
might be illustrated. Should any diffi- 
culty still be felt, it may perhaps be re- 
moved by introducing, for the sake of illustration, the powers of x, as in 
the margin. From considering the fiill process, it will be seen, that, to 
get the terms of the quotient, each of the quantities, Sx^* — 9x', 2x*, and 
I- Ix, must be divided by x, the first term of the diviaon 



S«* + 3xS— 4*«+3x— 5 I —a 
—6x3 «x«— 4x 2 

— 3x» fix^^-lx—S 
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next coefficients. In the next place^ 6 and — 10 are added to- 
gether^ and the sum^ —4^ being multiplied into 3 and ^% the 
products^ — 12 and 8^ are placed in the two colmnns following that 
in which the multiplier^ — 4^ stands. The quantities in the column 
headed by 19> are then added^ and the sum, S, is multiplied into 
3 and —2. The products, 9 ^xiA —6, aire placed in the columns 
next after that in which the multiplier 3 stands, and the quanti-' 
ties in these two bolumus are added together, whi(^ terminates the 
work. To express the answer in the usual form, we see that the 
first term must contain jp*, since the index in the first term of ^ 
dividend is greater by 2 than in that of the divisor. Hence, to 
the first coefficient 2, we annex a^, and to —4, the number found 
in the second column, we affix a?. The 3 in the third column is 
a mere number (or the coefficient of jfi). The remaining figures, 
9 and — 5, are the Coefficients of the remainder ; the first tibat of 
^, the power next lower than the highest in the divisor, and the 
next that of d?'. 

The explanation of the process wiU be obtained, as in the last 
Example, by comparing it with the work at full length. It will 
thus appear, that, in the arithmetical sense, 6 is taken from — 10 
in the second column of both processes, leaving the same remainder, 
*~-4. In the third column, 4 and 12 are taken from 19 in the 
first process^ while, in the second mode, 4 is taken from 19, and 1^ 
from the remainder, which is manifestly equivalent : and in thid 
Way the process may always be illustrated. 

JSaam, 10. Divide 2^?^— 8ar*-|. 20a^ by a?» + 2j7'— a?+ S. 

2 — 8 20 0|— 2-I-1-.8 
—4 2 — 6 12 — 6 —18 

—4 8 — 4 ^ 6^-18 

2—4-12 



.^*-f-2ar— 4?+3 

In this example cipherfi are employed as if the dividend were 
mitten under the form, 2«^ + oi*— 8/r* +20473 -fOd?*-f 0^+0; 
the principle being, that the dividend should be carried as low 
with regard to powers, as the divisor. 

The work of the next example is given at fUll length. It might 
be slightly contracted, however, by omitting the ciphers in the 
Vody of the operation. 
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Easam. 11. Divide a^+9^ by af^-^-^. 

12 0|0-2 
0—2—448 

2 _0 _0^ 8 

—2 —4 4 

^a?am. 12. Divide ^ + ScuB^'\-&a!^ by /»+ 2a. 

1 3 8 1—2 

—2 --2 _4 j-8 

1—240 



* Hie annexed example will illustrate the manner in which the method 
of detached coefficients may be employed, when the coefficient of the first 
term of the cUvisor is not unity. In this, the first coefficient in the divi- 
sor being 2, we multiply the successive coefficients of the dividend by 

1, 2, 4, 8, 16, and 32 (20, 2», 2^, 23, &c., the successive powers of the co- 
efficient 2) ; and, omitting the first term of the divisor, we multiply by 
the same numbers, changing the signs of the products. The work then 
proceeds in the usual manner, and we get 1, —7, 17, »39, 114, and 28. 
The first three of these divided by 2, 4, and 8 (the powers of 2) are the 
coefficients of :r^, &c. ; and the remaining three, —39, &c., divided by 1, 

2, and 4, are the coeflScients of r^, &c., in the numerator of the firaction 
arising firom the remainder. Then, to get the denominator of this firac- 
tion, we write the given dirisor below the numerator, and divide by 8, 
the same power by which 17 is divided. In the same way we may pro- 
ceed in every similar case, using the first coefficient of the divisor, and 
the powers of that coefficient in the same manner in which 2 and its 
powers have been used here. 

MxonnpK* 

j:»-.Sx4 + *3 + 3«« — ir + 8 2jcS + ««— Sar+1 
12 4 8 16 32 - - ^ 



1 ^6 4 24-16 96 
-1 6-4 28 -68 

T7 _7 -42 1^ 28|4 

17 riL 114|2 
-39 

£ft 7* 17 1 89ira-57ar-7 

2 ■" 4 ■*" 8 ""8 • 2*s + ««-3x+ T ' 



-1 6 •^4 



To illustrate this process, let 2x be denoted by y* Thea «« | ; by the 



2 



OF .DETACHED COEfTICISNTS. $9^ 

Exercises* 

[Of the exercises already giyen, Nos. 6, 7, 8, 9, and 12. may all be 
wrought by the method of detached coefficients, as already explained ; 
and the greater part of the following may be done most readily in the 
same way. When more than two quantities are concerned, as in £xer. 
20. and others, it is generally better to employ the complete terms.] 

Dividends. Divisors. Quotients. 

14. 9^'*'Saf^'\-3fi-\-w^Sa!^\ a; -hi a^— 4!«34-5a?2-.4^^X 

15. a?5— ar*--2«3— 2ir2^5^_2 a?— 2 fl;*-|-a?»— 2af+l 

J- ---- -- - — _-_ -- ^ ^ ■_ _ .. __^ 

substitution of which in the dividend and divisor, they become 



25 2* 23 2^ 2 



23 ^ 2* 2 



whenee, by multiplying the numerator and denominator of the second 
term of the dividend by 2, those of the next by 2% &c. ; and by dividing 
the terms of the first fraction in the divisor by 2, and multiplying those 
<tf the third and fourth respectively by 2 and 2S we obtain 



y* -3 X 2y* + 2 V + 3 x 2Vg— 2^ H> 3 x 2» 

25 



y8 + yg-3x2y+2g 
24 • 



Hence, by performing the actual multiplications, and multiplying the 
dividend and divisor by 2S we get 



y9 — 6y4 + 4y3 + 24y«-16y + 96 



23 



y3 + yft-6y + 4. 



The rest of the operation is now reduced to the dividing oiy^^^Btf^, &c.f 
by y3 + yS.5y + 4, and taking one eighth of the quotient; and, as the 
first term of the divisor has the coefiicient 1, the division will be performed 
in the manner already explained. We should thus obtain 

y«~7y-H7 1 89y«~li4y^2 8 
29 "'23* yS+ya«.6y + 4 » 

^x^-^T x2x+n l^ 89x2gx8-114x2x^28 
23 **8' 23a;S + 22ara-6x2x44 • 

by substituting for y its value, 9x ; whence, by contracting the first three 
tenns, and by dividing the numerator and denominator of the fractional 
part by 4, we get 

«« 7x 17 1 89*«-57t-7 



2 4 8 8* 24:3 + :p«-3ar+l' 

the same as before ; and a comparison of the short process given above 
with the fuller one now explained, will show the virtual identity of the 
former with the latter. A general illustration would have been obtained 
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Dividends. Divisors, Quotients. 

16. 4«r4— SS«2-f8d;— S ^ + 3 4d?8- 12*2 + 3^—1 

17. <f* «+l «»— «2^.^_i^ ^ 



18. J?* 4?— 1 «3+a2+j.+ l^ 



47+1 
1 



^— 1 
947—5 



19- 4r*+S4>8-4 4J8+3 aj2+Sa;— 3 o 

20. ««— 46H<^+2a<J a— 26-f c a+26+c 

21. Divide 7a?*-26*3+50a?2-744?f35 by 4^8— 34^+5j?-7 

uln*. 74?— 5. 

22. Divide 2ar4—S4f3y+24j2y2+y4 by ar-4y. 

iln*. 24^+5ar»y + 224!y»f 88^ + -?^^ 

23. Divide sfi by fl;^^.^^;^ i. 

Ans. ^-24^^+34?-44--o^i4-T- 

4724-247+1 

«^— ^— — — ■ — .^M. I I III I . 1 ■» 

by uttng a, fr, e, &c., as coefficients, instead of the particular ones in the 
present example. The principle, however, would be exactly the same ; 
and what is here given will be more easily understood by beginners. 

The following exercises are subjoined for the use of those who may 
wish to study this method more particularly. 

Exer. I. Divide 6«n + 7«»Op + 4ar9o«+i6jr8c3— 5a:7c4 by 8*4— «S« 
+ 5ar«o«. Ans, 2*7 + Safiv - **©». 

Exer. 3. Divide IGx^-^arSz^+z^ by 4arS-4«x+«^ 

Ans. 4xft + 4aa + ««. 

Exerts, Divide iac«-. 11** -3*4 + 20x8 + I0jr2 + 2 by 5xS-8jr« 

«« A c • a ^ M 24x«-12*+10 

+ 2«— 2. Ans. 2x9— ««-2x+4 + -— 5 — —^ — -. 

5jpS— 3xft+2«-2 

, Exer. 4, Divide 5x* + 2 by 3x«-2x + 3. 

. 5xS 10x« 25x 140 1 55x-582 
Ans. --- + 



3 9 27 81 81 • 3x«-2x + 3 

It may be remarked, that, by dividing the dividend and divisor by the 

first coefficient of the divisor, we should be enabled to employ the method 

explained in the text. Thus, in Exer. 4., we should have simply to divide 

Sx* 2 2x 

-^ + - by X*— -— + 1. In this way, however, the work would be «m- 

barrassed with fractions. 
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^4. Divide a^ by ai2—2a?+l. 

Ana. aj34.2«3+3a:+4+-:r^*"^* 



^5. Divide**— 84?+7by«2«Saf+2, 

26. Divide 5 jt* — dai^ + 2a?J7 — « * by a?^ — a* + a^. 

Ans. oa^'-ajB—oa' -, -> 

27. Divide d;«'-3d?V+3a;2,;4_^ by j?8—5d7«|,-|-Sa?©>_,^ 

28. Divides^— 37ar* + 35*8+ 7«2+ 2 by d»3+S«2—4id?-2. 

Aru. 3«3— 9«^+2j?— 1. 

29. Divide 9a«6 + Qa^ftc — 4068 4. 4ft«c — po^^ — Qbc^ by S<t 

— 26+Sc. ^n*.3a26+2a6»— 26^0— 3^2. 

30. Divide a^+Sa^J + 3062+263+3620+3602+08 bya + 26+c. 

Jill*. a2+a6+62+6c+c3— oc 

31. Divide 4j?5—ar84-4x by 2a:2+Sa:+2. Jim. 2a:8— 3x2+2*. 

32. Divide*— 9*9+8a:»o by 1— 2a:+*». 

^iw. *+.2*^ + 3*8-+4**+5**+6*«+7*7+8*8. 



CHAPTER III. 

HISCELLANEOXTS FBOPOfilTIONS AND IMVESnOATIOira. 



%^^^^^^^^^t^*^s^^s^ 



51. The methods of performing some of the more important 
elementary operations of algebra having now been established^ it 
may be proper to apply them in the investigation of some princi- 
ples of a miscellaneoas character^ several of which will often be 
found iisefid in subsequent inquiries. The following is one of 
much importance. 

The form of a quantity may be tinged without changing it4 
value^ by first performing an operation which wiU alter the value^ 
und then indicating the reverse operaJtian^ 
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Thus^ by adding a+ 6 to a, and then indicating the subtractiou 

of the same, we get a — 2a +6— (a +6); by multiplying a by b, 

ab 
and indicating the division of the product by b, we find a= — ; 

and by taking the square root of 100, and indicating the squaring 
of that root, we have 100=10^ In like manner, if we divide 
a^off — a&<r+&'<27 by ^, and then indicate the multiplication of the 
quotient by a?, we get a'o? — abx -f h^a== (a^—ab-\- h^)x. It is plain 
(§ 18.) that all the expressions thus found are identical equations, 

52, The operations in the margin rr« ^ • j. t?«««. ^_lj; 
show, that, f/ the deference of twa ^^ ^_^ ^^^ ^_^ 

quantities he added to their sum, the -- 

hestdtistwice the greater; but, if the Sum=2a Rem.= 26 
difference be taken from the sum, the remainder is tttfice the less. 
In like manner, if we had used half the sum and half the differ- 
ence, that is, by the note to § 44., ^a+^b and io—^b, we should 
have found, that, if half the difference be added to half the sum, the 
result is the greater ; while, if half the difference be taken from half 
the sum, the remainder is the less, 

53. By multiplying a -f 6 by a -{- 6, and a— 6 by a— &, either in 
the common way, or by means of 

the coefficients, as in the margin, we 1 -f 1 1 — 1 

find, that (a+^)2=a2 + 2a6H-6^ 1 + 1 . 1 — 1 
and (a—by^d^-^^ab-^bK By i^jTi iZTi 

comparing these results with the 1 + 1 — 1 + 1 

binomials which respectively pro- jflT^Xj or 1—2-1.1 or 
duce them, we see that the first and 

last terms in each are the squares of a^ ^ 2ab + J2 ^2 _ 2ab + b\ 
the two terms of the binomial, bxb, 

in the one, and — 6 x — 6 in the other, being each equal to l^ : 
we see also, that in each the middle term is twice the product of 
the terms of the binomial ; the one being 2ab, or 2 X a x 6, and the 
other ^2ab, or 2 X a K —6 : this being the way, in fact, in which, 
in the work, the middle terms originate. Hence, therefore, the 
square of a binomial is equal to the squares of both its terms and 
twice their product,* 

* By multiplying —a— 6 by —a— 6, it would be found, that ( — a--6)« 
aaa* + 2ab + b% which equally follows the rule given above. It will also 
be readily seen, that, by using the double sign, ± , the two expressions in 
the text may be combined in the one, (a±b)^=^a'i± 2ab + 6^. It ought 
to be observed, that whenever this double sign is used, one formula is 
obtained by taking, throughout, the upper sign, and another by taking the 
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54. By means of the foregoing theorem^ we may often find the 
^qiuures of eompound quantities very easily, without going through 
with the formal multiplication. Thus, the square of Qx-^Sy is 
4ar2-f I2xp+9y^ ; and that of 4a2— 36c is l6o4— 24a26c f 96V. 

By the same means we may square the trinomial a -f- 6 + c by 
writing it under any of the forms (a-|-6) + c, a-f^b-^c), and 
(a+c)-f 6; and thus taking, at first, two terms as one. Thus, 
accor^ng to the first form, we have 

(a+6+c)2=(a + 6)2 + 2(a-f6)cH-c2: 

or, by squaring a 4- 6 according to the last §, and performing 
the actual multiplication in the expression, 2(ja'\-b)ey 

(a+6+c)2=a2 + 2a6+6H 2ac+26c+c2. 

The same would be obtained, merely with the terms differently 
arranged, from either of the other forms. 

In like manner, we might find the square of a-|-6+c+</> by 
grouping the terms, two and two, or three and one, in different 
ways; thus, (a-f 6) + (o+d), (a + c) + (6 + rf), ia-\-b-hc)-^d, 
&C. ; and thus we may proceed in numberless other instances. 

55, If in the expression, (o+6)2=a2+2a6+6*, we change 
every where b into —6*, we get (a—by=za^-\-2a x — 6+ T — 6)^; 
or, by actually performing the operations that are indicated, (a^b)'^ 
=0^—206+6'^, the same as the second expression in § 53. In a 
similar manner, when any formula whatever has been established, 
another will be obtained from it by changing the sign of one 4>{ 
the quantities concerned, wherever that quantity may occur. In 
all such cases, powers having even indices continue the same ; but 
^ose which have odd indices, have their signs changed. This 

lower; and that, in making out separate formulas, the upper and the 
lower must not be taken in connexion with one another. Thus, in the 
last expression, if we take the upper sign in the first member, we must 
take the same in the second ; and if we take the lower in the first, we 
must take the lower also in the second: as each of the expressions, 
(a + 6)2 =a^ — 2ab + b% and (a— 6)*= a* + 2ab + b% would be erroneous. 

* Such changes as the present are often very useful in enabling us to 
derive formulas from others previously established ; and, to make them 
legitimate, we have only to attend to the consequences which the change 
must produce in each particular instance. In the present case, and in all 
similar ones, we have merely to attend to the effect produced oil the signs, 
a change of sign being the sole change made on the quantity : and 
it is plain, firom considering the nature of the operations in addition, sub- 
traction, multiplication, and division, that if we combine b and —6 with 
a quantity by means of any of these operations, the results will agree in 
every respect, except with regard to the signs. 
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fallows from the fact^ that^ by the rule for the signs in multipli'* 
cstioD^ (— a)2=«2, (— a)4=s:fl4^ &c. ; while (— a)a=— a?, (— a)» 

In this way^ by changing the sign of Zj in £xer. 8. in multi- 
plication^ we get 

(1 +2ar+3«24.4r3) x (1 — a:)=rl +ar+ar2+«»— 4a:*> 

the same that would be obtained by actual multiplication. So like- 
wise^ by changing the sign of ^ in the 7th exercise in division, we 
shotdd find, that 

a:HS2:y-f2y2 --x 3xy ^r > 

and, by dian^ng the sign of c in one of the expressions in the last 
§, we get 

(a + 6— c)2=a2^2^^62— 2ac— 25c-f-c2. 

56. By multiplying the members of (a+ft)^=a^+2a6 + 62 by 
<B-f 6, we get 

(a+6)3=a8^3o2ft+3aft2 + &3^ or, (§ 51.) 

(a+6)3=:a8+3a6(a+fr) + 63 ; 

whence (§ 55.) (a-by^cfi^Sab^a-^b)''!^. 

Hence, the cube of a binomial is equal to the cubes of both its terms, 
and three times their product multiplied into the binomial. Thus, 
for example, (^^±'3b^y=8afi±lSd^b\2d^±Sb'^)±27b^. By 
this means also we might cube trinomials or polynomials, after the 
manner pointed out in § 54. 

57. K «+& be multiplied by a— 5, the product is ^ 4-b 
a'^'-ly^ : that is, (a+6)(a— &)=a2— 52. Hence, t/ ^ _j 
the sum of two quantities be multiplied by their differ^ .^ 
ence, the product is equal to the difference of their ^ "t^^ 

squares : and, conversely, the difference of two squares ^ ^ "" 

is equal to the product of the sum and difference of <* ""* 

the roots of those squares. 

Hence, {2aH+5ab'i)(2a%-5ab'i)=i4!a^-'25a'^b*; 

(ar2+«+l)(a^J— ar+l)=a?4+ar2+l ; 
((i + ft4-c)(a-6-fc)=a2+2ac+c2— &2. and 

(« + 6-c)(a-6+c)=a2-(6-.c)2=a2«.ft24.26c-c2. 

In this last example the factors may be written thus, a-^(b'-c^ 
And a^(b—c). 
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Again J 4x^^9o^ may be resolved into the product of the factors^ 
$x-|-3a and 2a;— 3a. In like manner^ we should have o:^— a^ 
=(^^H-a^)(^*^— aO> ^^y ^V * second and third resolution. 

The last resolution depends on the principle that x and a are the 
squares of ^x and \/a ; and on the same principle, the number 
of factors might be increased as much as we please, by introducing 
the sums and differences of the fourth roots, of the eighth roots, &c. 

58. Ifn he a whole pontile numhery x**— a'* U divisibie 6y x — a ; 
that is, in dividing it by x—Of there is no remainder; and the 
quotient is 

a:«-l+aar"-^-ho3j?"-»+ +rt»-3ar2^an-2jp^aii-l.» 

To prove this, let us first take, for simplicity, the particular ex- 
pression, xi^—d\ Now (§ 51.) this may be put under the form 
x^ — oar'^-f aar2 — a^x-f-d^x—a^ as ax^ and d^x are each subtracted 
and added. In this, the first and second terms are divisible by x^, 
the third and fourth by ax, and the remaining part by aK Hence, 
(§ 51.) x^ — a* = X'{x—d)-j-ax{x'^d)-{-a^(x—a); the second 
member of which is divisible by x —a, and the result, x^ -^ax-^d^, 
is of the form given above, when n=3. 

The general proof proceeds in the same manner. Thus, xi^ — a" 
may be put under the form 

In this (§51.) the first two terms are equivalent to x"~i(z— a) ; 
the last pair to.a""K^-"<*) > the second pair to cw*~2(x— a) ; the 
pair before the last pair to a'*~^a;(a;— a) ; and so on. Hence, di- 
viding by x—a, we get, without remainder, 

= ar«-l4-ar»-2+a2afn-34. 4-a»-3ar2+a*-2x+i«»-l. 

jf— a 

59' From what was established in the last §, we have, con« 
versely, by multiplying by d?— a, 
(**"l+ar"~2-f a2;pn-3^ . . . , , -|-a""2j:+a*''l)(ar— a) =r z"— o"; 

* In this, and in all similar expressions, the dots are used to denote 
terms whioh are not* written, but which may be introduced at pleasure, 
when the law of formation is known. In the present case, in each term, 
the index of x is less, and that of a greater, by unity, than the corre- 
sponding index in the preceding term. It may be remarked, that the 
word diviaible, as used above, and in many similar instances, is em- 
ployed to denote, that when one quantity is divided by another, there is 
no remainder. 
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or, by putting n— l=im, and oonaequeiitly n— 2=m— 1, &c. 

It may be observed, that in giving particular values to m orn, 
the series will terminate, according to the original assumption in 
the investigation, when the index of w becomes 0« Thus, in the 
last expression, if ot= 1, we have simply (x + a) (x — o) =x^ — a^ :' 
and it thus appears, that the principle established hi § 57. is only 
a particular case of the general principle invest^ted in § 58. 

60. If the sign of a be changed, of—a becomes x-^-a; and, 
since (§ 55.) the even powers of — a and a are the same, while 
their odd powers have opposite signs ; it follows, that, this change 
of sign being made, x^^a*^ continues the same when » is even, 
but becomes ar» + a» when n is odd. Hence, when n is odd ar« + a*' 
18 divisible by a: -fa ; and, when it is even, ar^—rf* is divisible by 
x-\-a 9s well as (§ 58.) by x—ai and, therefore, since, if m be a 
whole number, 2m denotes an even number, and 2w-f 1 (or 2m— 1 ) 
an odd one, x^^ — a^m jg divisible by either ar+a or x — a ; and 
a;2w+i -|-(|2»»+i by ar+a. It follows, accordingly, from § 58.> that 

~ ^=ar2«-l+a:p2»-2^.a2a:2n-3^. +a2«-l ; 

x-^a 

and hence, by changing the sign of a, 

^2n_£|2n 



x-\-a 
Also, 



=3.21.-1 _aa.2»-2_|.a2^2n-3_ ^(j^'\ 



=ar2«— aar2«-l+a3ar2«-2«^, . , , .+a2». 



x-\-a 
It would be easily shown also, that 

* ^=:r2«-2 + a2a;2n-4^«4a:2»-6 J. +a2*.-2.* 

6»1. By means of these principles, we can often obtain the rcr 
6ult8 of operations in division without performing the operations 
in the usual wav. Thus, 

^ ^ 7 

"" =:a:6-f.aa:5-f aV-fa3a.3^^jj2^^-P^^. 



ar-j-a 



ssa:^— 04?* + a-*"*— 0-^-1-0*3:2— -o^a: 4- o^; 



' ^ This would be shown by changing x into v% and a into a^ in th« 
formula at the end of § 58. ; and it might be proved in other modes. 
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a: — a 

x-i-a 

=:ar2-|-ar4-a2: 
«4-a 



If, again, it were required to divide Sx^-^Sa^ + 5ar— S by x— I, 
we might put the dividend under the form, S{z^ — 1 ) — 5x(a:-— 1). 
Then, dividing the factors in the vinculums by a:— 1, we should 
get for quotient 3(aH* 4- a;"'^-}- arH- 1)— -5a:(ar-H 1), or, by easy reduc* 
tions, 3x'^—2z^—2x-\'3 ; and this might be divided in a similar 
manner by x -f- 1. 

62. We have now had some of the most interesting cases in 
which quantities are exactly divisible by compound divisors. In 
numberless other instances, there will always be a remainder, how<^ 
ever far the work be carried ; and the quotient might be made to 
consist of an infinite number of monomials. In such cases we 
may terminate the work at any point we please, by annexing to 
the part of the quotient previously found a fraction having the 
remainder as numerator, and the divisor as denominator, as was 
shown in division ; or we may carry out the process, till we see the 
law of continuation, by which the subsequent terms may be de> 
rived from those already found. 
As a simple instance, let 1 be I 1 — ^ 

dividedbyl—r. Here the first I— ^ li-r+r^-f-rS^, &c. 
term of die quotient is 1 with r 

the remainder r ; the first two r — r^ 

terms are l-f-r with the re* ^ 

imainder r^; the first three, fS ^^3 

1 -i-r-^f^y with r^: and it is ^ 

plain, that we may proceed fS^^A 
thus, as far as we please. -j ^ 

Hence we have successively, ' 

In the first of these quotients, there is one term exclusive of the 
remainder, in the second there are 1;wo, in the third three, and no 
on ; and in each of them the highest index of r is one less than 
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the number of terms. Thus^ in the second term we ha^ r^, in 
the third r^, &c. We see also, £hat the index of r in the frac- 
tional part is always the same as the number of terms preceding 
the fraction. Hence, taking n to denote any number of terms, we 
have the general expression^ 

j4:;;=I+r+f^+r3+ +r--^^~. 

* 

In this, r**^ is called the nth term, or the general term, because it 
will give any particular term if n be taken of the proper value. 
Thus, by taking »=4, we find the fourth term to be r^, with the 
remainder r^, as we saw in the operation : and if we take n=i50f 
we find the fiftieth term to be r^^, with the remainder r^. 

63. If we change the sign of r in the formula found in the last 
§, we get 



l+r - ' l-hr 

Here, the signs will be alternately + and — , the even powers of 
><— r being (§ 55.) positive, and the odd ones n^ative; and the 
general term and die fractional one will be sometimes positive and 
sometimes negative. These will likewise have opposite signs,^ 
because, as their indices differ by unity, if the one be even, the 
other will be odd. As examples, by taking n successively equal 
to 25 and 30, we find the twenty-fifth term to be r^, with the 
pemainder — r2* ; and the thirtieth to be — t^, with the remainder 
r^. Since —r is the same as — Ir, the last formula may be thus 
expressed : 

1 * ('— iVr* 



= 1— r+r2_^4. . , ^(_ i)»-iyii-i ^ 



1 +r • V / ' 1+r 

64. By changing r into - in the formula found in § 62., and 

in the last in § 6S., by multiplying the numerators and denomi- 
nators in some terms of the results by a, and by making some 
other obvious modifications, we, get 

and 



EZBRCISES. 49 

65. By dividing 1 by r-f- 1, as below^ we get, 

-1- = r-i -r-2+r-3-r"44. +(- l)»-ir-», 

"~,i r2 r* r* i* 

This 19 the quotient obtained, in descending powers of r, in divi- 
ding 1 by r+ 1; and in § 63. there is another expression for itM 
same in ascending powers. 



1 



r-i-r-2 + »''"*-»-"^+ &c. 



- r^'^y &c. 
66. We saw, in the last §, that the division of 1 by r -{- 1 was 
facilitated by employing negative indices, all trouble in the manage- 
ment of fractions being avoided in the coxmse of the operation ; 

and the same method 

a — Sa 



« + 8a + S^a^of'^ + S^e^x'^ + &c. 



may be followed with ^ 

advantage in many ^^3aa 

other cases. The' Saa 

operation in the mar- Saa^^a^ 

gin, in which sfi is 3'^a^ 

divided by of -So, 32^2., 3803^-1 

affords another in- S^c^a'^ 

stance. Byexamin- S^o^^"* — S-*a*^"2 

ing the quotient and 34^4^-2 Sic, 

the mode of its form- * 

ation in this example, it wUl be readily seen, that the general term 

is 3""'a*'~^j?"""*^-^, with the remainder, S**a'*x''*^^ ; and the powers 

of J? which have negative indices may be expressed in the ordinary 

way, in the manner pointed out in § 46. 

ExercUes. 

1, 2, 3, 4, and 5. Show, by § 53., 
that (^-|-^+ 1)2=^4- 2a^ + Sd72+2A'+ 1 ; 

that (a^-af'^+x—iy=afi—2af'''{'3a^''4fai^ + 3w2'-2W'\-l ; 

that (ar+ar-i)2=a;2 + 2+ar-2; 

* This might also be obtained from the last formula in § 63., by 
changing r into r" >, and dividing both members of the result by r . 

D 
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that (a?«+a:'»)2=a?2m j.g^+»^^. 
and that (ar"»»+ a?~»)2=«"2ii»j-2j;-m-n^^-2», 

6, and 7* Show^ by § 55., from Exam. 9-> in Multiplication^ 

that («^+3aaj3 + 4«V)x(a^-3a»2— o2a?) 
= 0^7 — ga^jpS _ 1 5a3a:4 «.4^-p3 . 

and, from Exer. 9. in Division, that, if ar^ +a* be divided by x +ii, 
the quotient ia x—aA . 

8, 9, and 10. Prove, from § 56., 

that (2a±56)3=8a3+30a6(2a±5&)± 12563 

* =8a?±60a«6 + 150a62+ 12563 ; 
that (x— ar-2)8=:a;3«3^S^-3«.,-6 . 

and that (1— ar+ar2)3=:i_S;P^6x2_7^4.6ar4— SarS+a;*, 

11, 12, IS, 14, 15, 16, and 17. From § 57., prove 
that (4aar+Sar2)(4ar— 3^2) - l6a2a^— 9*4 ; 
that (l+a:+ar2)(l— ar+ar2)=l+a:24.a?4. 
and that (ar-j-ar"i)(a:— ar~i)=:af2«a.-2. 

Prove also, conversely, 

that a:2— 4a2=(a: + 2a)(ar— 2a); 
thata?24-2ar+a2— 6'2=(a;4-a^-6)(ar+a— .6); 
that a;2— 2 = (ar4-^2)(ar— ^2) ; 
and thata'2— 6«— 26c— c2, or a2— (6+c)2=(a4-6+c)(a— 6-c), 

18, 19, 20, 21, and 22. From §§ 58, 59, and 60., prove 
that, if ar^+l be divided by ar+l, the quotient is x^—x^-{-x^ 
— a:-|. 1 ; and that if 81a*— 166* be divided by Sa—Qb, the quo- 
tient is 27a3+18a26 + 12a62 + 86\ 

Prove also, 

that(32«^-48a4y +72a3y2-i08o2y3 4 I62ay4-.243y5)(2a+3y) 

= 64a^— 729/; 
that (a:-f 14-ar"')(a:— l)=:ar2— a;-l; and that if Sar^—ar'^-l^ar— 5 
be divided by a; — 1 , the quotient is 5x^ + 40:^ -|- 4ar + 5. 

23. Show, that if 1 be divided by 1 ^r', the quotient is either 
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or r-2— r-4+.r-«— r-8-t-. • • * +(- l)«-V-2»; 

Afid that if 1 be divided by 1—207+^^^ the quotient is 

1+2^+3^2^.4^+ +nxn-i+ (^|j^>^;j;y^\ 

24. Show that jii^-\-afi'j-ji^-{'j^-\-JE^'\-z^'\-x-^l may be put 
cuccessively under the forms^ 

(a?4+l)(d^*+aj2+«+l) and (ar4+l)(a?2+i)(^+l). 

25. Prove that ar7— a?^—a?5 +47^—4?'' +d?2+x—l 

= (a;4_i)(;p3_^_a: + l) = (a:2 + l)(a:+l)2(a:-l)3. 

26. By dividing 1 by 1— r+r^, and by changing r into — r 
Ui the result^ find the developements of two di£ferent fractions in 
infinite series. 

^»** -— J-— 7f=l+r-r3-.r4+r6+y7-_r9_yio^_ &c. ; 

and — -i— -^=l--r + r3— r4+r6--r7+r9--r»o+ &c. * 
l+f*+y^ 

27o Show that the series in the last question may be written 
thus: (l + r)*j, and (1— r)*2; where «j = l—r3 + r6—i^+ &c., 

and *2==lH"^+'^+^+ &c. 

28. Prove that (a+6)2— c2+(a+c)2— 62^(6 + c)2—a2= 
(a+6+c)2.t 

29» Divide ar2+2a2 by ar2+a2, using negative indices; and 

determine the nth term^ and the 120th term, of the quotient. 

An8. l+a2a:-2-.a4a:-4+a6a;-6 +(— l)'»a2«-2a.-2n+2; 

and the 120th term = a^jp^^. 



* In the first of these series, if the first and second terms be multiplied 
by -^r^t the products will be the third and fourth ; if these be multiplied 
by the same, the products will be the fifth and sixth ; and so on ; and 
thus the law of continuation is evident. In the second the multiplier is 
rS. It will be seen also, that all the powers of r are wanting, whose in- 
dices are of the form 3n + 2, (or 3m — 1), n being any number in the 
series, 0, 1, 2, 3, &c. 

f This and similar questions, such as Exer. 30. and 31., may be solved 
«yn(ft€<tca%, by performing the operations indicated in both members, and 
allowing that the results are equal. For the improving and training of 
his mind, however, the student should endeavour to discover analytical 
solutions ; that is, he should take one of the members, suppose the first, 
and, having performed the operations indicated in it, he should try to 
reduce the result so that it may become equal to the other member. 

D 2 
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30. Show that (ar4.y)3+(af— y)35=;2ar(ar24.S^), 

and (a:+y)3-(^r-y)3=2y(yH3ar2). 

31. Prove that 

(a + 6)(a -hc)(6 + c) = a2(6 + c) + ^^(a + c) + c2(a + 6) + 2a6c, 

32. From the second, third, fourth^ and fifth powers of ar+A^ 
^ke the same powers of ^, and divide the remainders hy k. 

Am. 2x+h, Sx^-^-Sxh-i-h^ 4««+6ar2A+4;FA«+A3^ 
and 5x^+ I0x^h^l0a:^h^+5xh^'\'h*. 

33. Prove that the square of a^-f (2 jg equal to the sum of the 
squares of a^—tl^ and 2ab.* 

34. Required the continual product of a +6— 2c, a^Zb-^-c^ 
and — 2a+64-c. 

Ans, 3{a2(6+c)+62(a^c)+c2(a+6)}-'2(a34-6^+c»)-12<iJc; 



CHAPTER IV, 

FRACTIONS, f 

67. When the division of one quantity by another is merely 
indicated, the expression is called a fraction ; and, by means of 
terms borrowed from arithmetic, the divisor is called the dexitomi~ 

* Hence, (Euc. I. 48.) if a and 6 be any two unequal whole numbers, 
a^ + b^ will be the hypotenuse, and a^ —b^ and 2ab the legs of a right- 
angled triangle, having its sides whole numbers. Thus, if we take a ^2, 
and &a 1, we find the sides to be 3, 4, and 5 ; while, if we assume 4 and 
3, we get 7, 24, and 25. 

t As a great part of the management of algebraic fractions is almost 
identical with tliat of arithmetical ones, and as the student is supposed to 
be acquainted with the modes of treating the latter before commencing 
algebra, operations have already been performed in some instances on 
fractional quantities. The following Section, however, is written without 
reference to any knowledge of the subject, which the student may pre- 
viously possess. 

The management of fractions consists partly in certain modifications of 
their forms, which, without changing their values, prepare them for ulte- 
rior operations, and which constitute reduction of fractions ; and partly 
in the performance of such operations on fractional quantities, as are 
performed on others, such as their addUiotif subtrcution, muHipUca" 
tion, &c.. 
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rr.1 N 

fialor of the fractioDj and the dividend Its numercUor, Thus, =^, 

tor, as it may be written, ND"*, is a fraction ; and D is its deno- 
minator, and N its numerator. The numerator and denominator 
of a fraction are often called, for brevity, its terms. 

The following are three fundamental principles^ on which mucb 
of the theory of fractions depends. 

63. Jfthe terms ofajraction be either both mvUipUedy or bo^ 
divided, by the same quantity , the fraction so obtained is equal to 
the original one, 

69. To multiply a fraction by a quantity, either multiply its 
numerator, or divide its denominator, by that quantity. 

70. To divide a fraction by a quantity, either divide its nume- 
ra^r, or multiply its denominator, by that quantity. 

71. These principles are proved in the margin; where, for 
ease of reference, the successive expres- 
sions ave marked (1.), (2.), (3.), &c., p— N /j v 
and where F denotes the original frac- D * ' • 'A^v 

tion or quotient; g. Then,since, by the J^^Z^-^ \ ] [ JJ J 

the nature of division, a quotient, when „__roN , 

there is no remainder, is such a quan- ""wD • ' • ^*v 

tity, that, if it be multiplied by the di- N mS 

visor, the product is the dividend, we D~wD • * * C^*) 

get (2.) by multiplying the members of ^^- 

(1.) by D. From this (Ax. 3. p. 9.) mF=z— 

we obtain (3.) by multiplying both j^ ^ ^ . (6.) 

members by the same quantity m. We or, w*fi= -ri" 

then divide (Ax. 4. p. 9*) both members ^ *{. - 

of this by mD to get (4.); and (5.) is z — _ . , M\ 

obtained by equalling the values of F ^ ^^ 

in (1.) and (4.). This formula prqves 

§ 68. ; since, \£ the terms of the first member be multiplied by 

m, the result is the second ; while, if the terms of the second be 

divided by in, the result is the first ; and the two members have 

been proved to be equal. 

Formula (6.) is derived (Ax. 4. p. 9.) from (3*) by dividing by, 
1>. By comparing this with formula (1.), we see that m times F 
is found by multiplying N, the numerator, by m, and retaining 
the denominator ; while, by comparing it with (4.), we perceive 
ihat it is obtained by dividing ihe denominator of the second 
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raeraber by m, and retaining the numerator ; and thus we hare 
a proof of § 69. 

Lastly, by dividing the members of (2.) by mD^ and modifying 
the result by § 6S. we get (Ax. 4. p. 9.) formula (7.). Now, the 
first member of this is the quotient found by dividmg the fractimi 
F by m ; and its value, the second member, is obtained either by 
dividing the numerator of the second member of (4.), or by mul- 
tiplying the denominator of the second member of (1.), by m ; and 
these members being each equal to F, we have thus a proof of § 70. 

72. If, according to § 70., we divide ^ by N, and indicate the 

multiplication of the result by N, we get ^=;N ^. Hence, it ap. 

pears, that, in case of any fraction, if a unit or integer be divided 
into as many parts as there are units in the denominator^ thefrac" 
tion expresses as many of these parts as there are units in the nu" 
merator,* 

73. Fractions having different denominators may he reduced to 

equivedent ones having a common denominator^ by multiplying 

each numerator by all the denominators except its own, to find the 

numerators, and by taking the product of all the denominators at 

the common denominator. 

mt f^ c . e . , adf hcf _ hde >_- 

Thus, -. ^ and ^ are equivalent to ^^ ^^and j^. The 

reason is plain from § 68 , since the terms of the first fraction are 
simply multiplied by d and y^ all the denominators except its own; 
and in like manner, the terms of the second fraction are multiplied 
by hfy and those of the third by hd. 

By a similar reduction, we find, that — ; — and are equi<» 

a+dP a — 9 

Talent to -5 5 and -^31 ^. 

74. When some of the denominators have one or more common 
factors, the results may be exhibited in simpler forms than those 
which would be found by the foregoing method. To aqpomplish 

* This view of the nature of a fraction is that which is ordinanly 
adopted in arithmetic, instead of the one given in § 67. Thus, for in* 
stance, in reference to a day, the meaning of the fi-action f, according to 
the common mode of reading it, is, that a day is divided into four equal 
parts, and that the fraction expresses three of those parts. The two viewt 
are evidently identical, each being derivable from the other. 



In Kke manner, if we had 7 r;:, -^ 5, and 7 rr>^ since 
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tiiifl> omit all the factors common to two or more denominatorsj 
except one of each^ and take the product of all the remaining 
q^iantities for the common denominator. Then^ divide this 
successively hy the given denominators, and multiply the several 
quotients by the respective numerators^ to find the required nu- 
merators. 

Thus, if the fractions he —3 —> {-> hy omitting (^ in the second 

be ce hg '' 

denominator and b in the thirds we have remaining be, e, and g ; 
the product of which^ bceg, is the common denominator. Divid- 
ing this by be, and multiplying the quotient by a, we get aeg, the 
first numerator; and in a similar manner we find the two remain- 
ing numerators to be bdg and cef, 

a & ^„^ ^ 

the denominators may be written (a -|- a?) (a + a?), (a+iv)(a—x), 
and (a— a7)(a— a:), we omit one factor^ a-{-x, in the second^ and 
one^ a—x, in the third ; and^ multiplying tiie remaining factors 
together, we get for the common denominator, (a +«)(£! +4?) 
(a-'47)(a— ar), which may be put under any of the forms (0+*)'-^ 
(a--/)^, (a+wXa—a!)(a-^a)(a—»), {a^-^x^y, &c. Then, 
dividing this by (a 4-^)2, and multiplying the quotient by a; 
dividing again by a^—x^, and multiplying by 6 ; and lastiy, by 
dividing by (a— d?)^, and multiplying by c, we find the nume- 
rators to be a(a— a?)'^, b{a^'-x'^), and c{a+xy. The reason of 
the process is evident from § 68. 

Exerciser. Reduce the foUbwing sets of fractions to equivalent 
sets^ having common denominators. 

,12,3 , yx 9.x« Sxg 

1. -, -, and -. Ans, -^— , — . — • 
X y z xyz xyz xyz 

2. - and -. ^^' — and --• 
.. a ab ab 



3. 



4. 



fl J 6 A ^y 3 ^ 

-7, and -. Arts, —7 and -o-. 

x^ 9 x^y x^y 

, a—x . ac+c:r . ab^bx 

and . Ana. — - — and — . 

c be be 



a-\'X 

^ 1 1 J 1 . ac cfi . be 

5. .-T» !"> *na -51 An8» -TjT-, -TjT-^ and -j^- -, 

ab be ' ij^ a-be a-bc a-bc 
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„ a J 1 ^ or— a _ a^-\-x^-\-x-^\ 

ar3-|-x24-arH-l a:— 1 x^r-l ar4_x 

ar— a ,1 ^ a?2 — a^ , x^— oar+o^ 

S- -9 rn? ^d ~r-' '4»*. q . .i and — ^r-— ^ — . 

J^ _2 3 4 5 

^' 2a6' Sbe'iicd' 5de' 6ef' 

SOcdef 4iOadef 4f5abef i^ Sabcf , 50abcd 
6(kAedef 60abc(kf GOabcdef 60(Acdef* ^ ~60abcdef' 

75. To ^convert a mixed quantity (that is^ a quantity which 
is partly integral and partly fractional) into a f motion ; multiply 
the integral part by the denominator : to the product add the 
numerator, if the fraction be preceded by + ; otherwise^ sub- 
tract it : lastly^ below the result, write the denominator.* The 
reason is plain from § 51. 

Thus, ar-faH = =: ; 

z —a x^a a?— a 

^ . ar2+a2 x^-\-2ax-^a^'-(x^-\-a^) 2ax 

anda?+a t~~= ; ^ = — T"* 

x-ta x-^-a ar+a 

An integral quantity is reduced to a fractional form, by mul-» 
tiplying it by any quantity, and taking that quantity as deno-; 

minator, and the product as numerator. Thus, a?= — . 

a 

Exercises. Reduce the following quantities to fractions. 

10. x^+ax+a^-\ . Jiw. . 

x-^a x^a 

,1 « 1 . 7fl2 . «x2-a2 

a;+2a ar+2a 

* The term improper fractton, which is often applied to ihe result ob- 
tained by this rule, ought to be confined to arithmetic ; as, in general, 
•there is neither propriety nor use in calling algebraic fractions either 
proper or improper. 

The converse problem, the reducing of a/mction to a whole or mixed 
quantih/f is wrought by simply performing the divisi9n that is indicatccL 
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12. Sa—4ix-i — ^, Ans. -. -~. 

^—3x 4a— 3a: 

IS. I — —r-» Ans. 



x-^a x-^a 

76. If the terms of a fraction^ without becoming themselves 
fractional^ can be divided by a common factor or measure^ the 
result^ which (§ 68.) is equivalent to the original fraction, is 
«aid to be in lower terms : and if the divisor so employed be the 
largest number possible^ or the factor of the highest order, or, 
as it is generally called^ tlie greatest common measure or divisor, 
the resulting fraction is said to be in its iowest terms. In esta- 
blishing the method of finding the greatest common divisors of 
quantities, and thus of preparing for the reduction of fractions to 
their lowest terms, the principles given in the next § and the 
following are necessary. 

77* If a quantity be a measure of two others, it is a mea- 
sure of their sum and difference ; and it is also a measure of 
either of them multiplied by any quantity. Thus, ma and mb 
have m as a common mea&ure; and their sum and difference, 
fTia + m^-and ma — mh, have the same common measure ; m being 
contained, without remainder a + & times in the one, and a — b 
times in tbe other. Multiplying also ma by n, we get nma^ which 
is still divisible by m. 

78. If two quantities, m\ and mB, have the quantity m as 
their greatest common measure, so that A and B are prime to each 
other, that is, have no common divisor except unity ; and if one 
<6f them,mA, be multiplied by a quantity n which has no factor 
in common vnth B, m is likewise the greatest common measure of 
mB and the product nmA. For, dividing the two latter by m, 
which evidently measures them, we get B and nA ; and, neither 
n nor A having any measure in common with B, nA and B have 
no common measure greater than unity. The greatest divisor, 
therefore, of mB and nmA is m. If, instead of multiplying, we 
had divided, mA by n, it would have been shown in the same 
manner that the quotient and mB have no common divisor greater 
tban TO.* 



* Thus, 20=4 X 5, and 24=4 x6=:4x2xS;of which 4 is evidently 
the greatest common measure. Now, if we multiply 20 by 5, 7, 1 1 , or 
any other number which is not 2 or 3, or a multiple or power of 2 or 3. 
or the product of any powers of these two numbers, the greatest common 
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79* ^^en the terms of a fraction have a simple quantity .a$ 
factor^ it can be readily discovered by inspection. Thus, we per- 

measure of the result and of 24 will still be 4. Thus, multiplying bj 
5, we have 100=5x20=4x5x5} wbich has no factor in common with 
24=4 X 2 X 3 except 4. If, on the contrary, we multiply by 2, we get 
40=2x4x5 = 8x5) the greatest common measure of which and of 
24 is 8. 

In like manner, if instead of A and B we take cd and ef, which are 
prime to one another, so that c and d have no factors in common with € 
and ff we have mcd and tnef, of which m is the greatest common factor : 
and it is plain, that if we multiply mcd by any quantity except e and f, 
and their powers, or the products of those powers, m will still be the 
greatest common divisor of the product and of mef. Thus, tncdff and mef 
have m as their greatest common measure. 

A strict proo^ that, if neither n nor A have a mea<mre in common with 
B, nA and B have no common measure greater than unity, may be as 
follows. Suppose m to be a factor of n A and yet to be prime to A : then 
m must be a factor of n. For, if we perform the process for finding the 
greatest common measure of m and A, we shall at length arrive at the 
remainder 1 ; and the work will stand as follows, q„ 9,, . . . ., 9,, and 
Tj, r,, . . . ., 1, denoting the respective quotients and remainders. 

m) A (qi Hence, A = w^j + r,, 

r^)m(q^ »» = »'i9a + ^2* 

^9 &C. 



Tn^l )>•— a( g» 

r. = I. 

Multiply the several quantities in the second column by n, and divide 
the results by m : then, 

'•A. nr. nr, nr, nr« 

»» »A m TO ^' m 

nA 
Now, hi the first of these equations, — - and nq, being whole numbers* 

— ^ must be a whole number also, or the second member would be frac- 
fit 

tional. In the second equation, n is a whole number ; and, by what has 
just been proved, the first term of the second member is a whole number : 



hence, the last term, — * must likewise be a whole number : and it would 

m 

be shown, in a similar manner, that the last term in each of the equations 

is an integer. Now, by continuing the process, we should arrive at ibm 
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ceivc at once. that the terms of the fraction -^ — . ,^ o > ^re di- 

%x^ — dof 
visihle by So, and that it is therefore equivalent to — . 

In like manner, we readily see that 

^ = -", and that !^^^'='^«y 

Should there be large numerical coefficients, th^ir greatest 
common measure mffy be found in the manner shown^ Arithmetic^ 
pages S\,^% and 83. 

80. When the common measure of two quantities is com« 
pounds it may be found in many cases^ by means of the prin- 
ciples established in §§ 53, SQy 5?^ 58, &c. 

"^hus, we readily see that a;— a is a common divisor oi ot^ — u^ 
and tf2^a2 . gn^ x+a of a^+o^ and ar^+o^. In like manner^ 

Since (§ 51.) the fracUon ^,_^^^^2^2 ^> ^1 ^ 

put under the form ^^,^^,L^^^,>^ ' > we have x-a 
as the common factor ; and by dividing both terms by it and by 
4!y we get, after some easy modifications, — —^ — -^ — * 

81. In general, however, when there ista compound factor com- 
mon to two quantities, it cannot be found by inspection. In such 
cases, it will be obtained by the following rule : — 

(1.) Divide one of the quantities by the other, using as divisor 
the one of the lower degree, if their degrees be dffiereut. (2.) If 
there be a remainder, divide the last divisor by it. (3.) Con- 
tinue the operation in this manner, always dividing the divisor 
last employed by the last remainder, till nothing remains ; and the 
divisor which leaves no remainder is the greatest common measA'e. 

For the purpose of simplifying the operation, it ought to be 



remainder 1, and the corresponding last term would be — , which must, 

m 

therefore, be a whole number, so that m must be a measure of n. 

Hence, if m were a factor of n A and B, without being a fUctor of A, it 

must be also a &ctor of n : and therefore, if neither n nor A have a mea* 

*^ttre in common with 3,nA and B can have no factor in common, 

D 6 
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carefully observed, that when all the terms of eit!kier of the ori« 
pnal quantities^ or of any of the remainders that by the tule art 
to be used as divisors^ can be divided by a common factor *, the 
division should be performed^ and the result used instead of the 
quantity. In addition to this^ every dividend should be multi- 
plied^ when necessary^ by such a simple quantity as shall prevent 
the quotient from bdng fractional. 

Exam, 1. Reduce — -^ — ^-s — - — . ^ . to its lowest 

2a:^— 3«2— 9a:4-6 

terms. 

£«»— 3*2— 9ar+5)2ar4 — a:3r-lOa:2~ll4f4-80t+i 

2af^—Sx^ — 9x^ 4- 6x 

2x2 — 7a:-f3=: r 

r=:2«2_7ar4.3)2a;3_3a.2 _ 9ar + 5 (jt + 2 , 

23r8-^7ar2 4. Sx 

4a:2— 12ar-f5 
4a:2— .l4jaj-|-6 

- • '- '• 2a?— 1 

2ar-l)2a?2-7ar + 3(ar-3 :. ; 

2a;2 — X 

— 6a:-f3 
—6a: + 3 

t 

Here, by dividing the numerator by the denominator^ we get 

for quotient a: 4-1 and for remainder 2a:2— 7ar-f-3. \^e then 

take this remainder as divisor^ and the former divisor as dividend^ 

and we get as quotient a; + 2^ with 2ar — 1 remaining. In the next 

place^ taking 2a:— 1 as divisor^ and the last divisor as dividend. 

we find for quotient x^S with no remainder. Hence^ 2a;— 1 

is the common measure ; and if we divide the terms of the given 

3t'-^5x^~' 8 
fraction by it, we get for answer — ^ f • 

* Should this factor be common to both the dividend and the diyisoT, 
they must both be divided by it. 
f In this question, as well as in many others of a similar kind, the m%* 
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The i^adon of this process will be seen by examining it in a re* 
versed order. Thus^ from the third operation in* division we see 
that 24?2— 7^-|-3, which for brevity we may call r, is measured 
by Qx — 1^ containing it a; — 3 times without remainder. The se- 
cond division shows that the given denominator D is equal tp 
r(d? + 2) + 2a: — 1, which (§ 77«) is divisible by 24?~ 1, since, as 
we have already seen, r is divisible by it. From the first division, 
again, we see that the numerator N is equal to D(^+ 1 ) +f ; and 
this (§77.) is evidently divisible by 2ar— 1, since this quantity 
has been shown to be a measure both of D and r. 

That no quantity of a higher order than ^x—l can measure N 
and D may be thus shown by means of § 77* Suppose, if pos- 
sible, that a factor of the form, ax^-^-bx+c, can measure them ; 
then, since this factor meafiures D, it must measure D(a7+ 1) ; and 
measuring N, it must measure r, which is the difiPerence of N and 
D(ar-|-l). Measuring, therefore, r, it must measure r(ar + 2); 
and measuring D and 9*(ar-{-2), it must measure 2x — 1, which is 

thod of detached ooefficients may be employed with much advantage. 
By using alsoy alternately, the foreign and the British mode of ar- 
rangement, the type or form of the operation will be rendered more 
convenient. The work in this way will be as follows, without, however, 
all the contraction and condensation of which it is susceptible according 
to § 50., &c. In this way the operation is purely arithmetical, and the 
^ pupil is freed, till the conclusion, from all trouble in writing x and its 
* powers, and in considering what those powers are to be. The divisor 
which leaves no remainder is 2—1, or 2:r — 1,. the same that was found 
by the lengthened process. It is scarcely necessary to remark, that the 
dividing of the given numerator and denominator by 2;e— 1 will also be 
most easily effected by using only the coefficients. 



2 -1-10-11 
2-3-9 5 

2- 1-16 
2 - 3— 9 



2-7 



8 ^ 

I 

8 
5_ 

3)2 
2 



-3-9 



3-9 

7 3 



5(1 



4-12 5 
4-14 6 


2-7 3 
2-1 

- 6 3 
-6 3 




2- 1 
1 -8 
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2x3— 15a:-f 14)ar4-15^2^28ar«12 

2 

2r*-30arH56a:— 24(« 
2a;^>-15a?2^14a r 

—3) — 15ar2 4."42x-~24 

5«2-i4«4-8)2x3— 15ar+14 
5 



tbeir difference. Now^ this is evidently absurd ; as it is plain^ 
that a factor of a higher degree cannot be contained in one of a 
lower. 

Exam, 2. Find the greatest common measure of the quan- 
tiiies^ 2ir*— 154?+14, and a?^— 15a?'- + 28 j;— 12; and thus re- 
ar*— 15^2+ 28ar— 12 

duce the fraction — -^r-r, — r-^ ri — to its lowest terms. 

2ar'^— I5ar-H4 

In working this ex* 
ample^ we multiply the 
dividend (§ 81.) by 2, 
80 that we may have x, 
instead of ^^ in the quo- 
tient. It is then easily 
seen^ that the remainder 
is divisible by — 3 ; we 
perform (§ 81.) this 
division^ therefore, and 
take the quotient^ 5.^^ 

— 14^+8, as divisor, 
and the former divisor 
as dividend. To pre- 
vent the quotient, how- 
ever, from being frac* 
tional, we multiply 
(§ 81.) tMs dividend by 
5, and we thus get 2j? 
for quotient, with the 
remainder, 28^^'-^- 91^ 
•f 70. This, we readily 
see, can be divided by 7> 
and (§ 81.) we divide 
it accordingly, to keep 
the coefficients as small 
as possible. The result 
we multiply by 5, to 

prevent the next part of the quotient from being fractional ; and 
we get 4 as quotient, with — 9^-f 18 as remainder. This last 
being divided (§ 81.) by —9 gives a?— 2 : and this, as it is con- 
tained without remainder, according to the annexed operation, in 
the last divisor, is the common measure required. Lastly, by di* 
viding the terms of the g^ven fraction by this, we get «3-j- 2478 

— 11*— 6 as numerator, and 2a?2+4a? — 7 as denominator, of the 



10ar3— 75jc 4.70 (2x 
1 0x3-28x2 4-16^ 
7) 28x2— 9IX + 7O 

4x^— 13x-^.10 
5 



20x2— 65xH- 50(4 
20x2-56x-hS2 

- 9) -9^ + 18 
X — 2 

x-2)5x2~14x+8(5x-4 
5x2— lOx 

— 4x-f 8 
— 4x-f8 
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1 


0-15 2fe-12 


2 


0-15 


14 


2 


1 






2 
2 


0-30 56-24 
0-15 14 





*- 3)-15 42-24 



5-14 



^swer. The reason of the various steps of the process is evident 
from the references given above.* 

82. The greatest common measure of two quantities is often 
more easily found by the following rulef^ than by the one already 
given. 1. Write the coefficients in two lines in succession, call- 
ing the one (a) and the other (b), 2. If necessary, multiply 
(a) and (&), so that the first terms of the results may be equal | : 
^en add or subtract so as to destroy those terms, and let the re-< 
suit, simplified, if possible, by having its terms divided by a com- 
mon measure, be called (e). 3. Proceed in a similar manner 
with regard to the last terms of (a) and (6), and call the result 
(d). If (c) and (d) be the same, their terms are the coefficients 

• The work, according 
to the method pointed out 
in the note to the last ex- 
ercise, is giTen in the mar- 
gin. The operation in this 
"^ay is short and simple; 
and, after a little practice, 
the pupil will prefer it to 
the ordinary process em- 
ployed in the text. 

t By working Examples 
S, 4, and $. by the common 
rule (§ 81.), and Examples 
1. and 2. by the rule here 
given, which the author be- 
lieves to be new, the student 
;Kriil find the latter to be 
superior, in general, in a 
very considerable degree, in 
point of brevity and faci- 
lity. It has often in par- 
ticular the advantage, es- 
pecially in lengthened ope- 
rations, of preventing so high numbers from arising in the process, as those 
which occur in the common method. 

^ The multipliers will be the coefficients of the two terms interchanged, 
or nimibers got by dividing those coefficients by a conunon measure. 
Thus, in Exam. 3., to get results from (a) and (b) having their last 
terms equal, we might multiply (a) by 12 and (6) by 8. It is better, 
however, to divide these by 4, and to use the quotients 3 and 2. To get 
equal first terms, we might multiply (a) by 6 and (b) by 3 ; but, as the 
first of these is double of the other, it is simpler, and is sufficioit, to dou- 
ble (a) and retain (b) unchanged. 

llie letters (a), (6), (c), &c., are used here merely for simplying the 
•tnle abd the illustrations, and need jiot be employed in practice. 



8)2' 0-15 
5 


14 


10 0-75 
10-28 16 


70 (« 


7)28-91 


70 


4-13 
5 


10 


20-65 
20-56 


50(4 
32 


-9) -9 


18 


5-14 8 
5-10 

- 4 8 

- 4 8 


1 
5 


- 2 
-4 
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of the required measure. It sometimeB but rarely happens, that 
the expression thus obtained will be found on trial not to be thtf 
Common measure ; when this is so^ that quantity must be com- 
bined, according to the rule, with one of the original quantities; 
or with some quantity obtained from them. If (c) and (d) be 
not the same, treat them as was done with (a) and (b), and thus 
proceed till two are found which are the same. 

In practice it is Often better to find only (c), or only (d), getting 
the one that can be more easily found, and then to use it with 
(a) or (b), Lik€ variations may be made in other parts of the 
work ; and the general rule should be, to operate on lines con- 
taining the same> or most nearly the same, number of terms. 

Exam, 3. Find the greatest common measure of the two 
quantities, 3x^-^2x^—l4^-\-S, and dz^—Ux^-^lSx-'lZ. 

In this operation, besides the explanations given in the margin; 
It may be remarked that (c) is found by taking (Jb) from the line 
below it, and (d) by adding 

the two lines preceding it* q 2—14 8 ( \ 
The line above (e) U got by g _jj ^^_^^ ; ; W 
subtracting the upper of the g ^ _^g jg ^ ^ g 

two lines next above it from ^ ' 

the lower, and the last line 15 --41 28 . . (c) 

of aU is found by adding 9 6 -42 24 . . (a) x 3 
together the two lines next 12 —22 26—24 . . (6) X 2 
preceding it. The common 21 — 16. — 16 TT . . . (d) 

measure required is Sa:— 4, 105—287 196 /(c) X 7 

since the last two parts of 105 —80 —80 {d) X 5 

the operations give 3 —4 69)207—276 

equally. —^ — ^^ , . 

The reason of the pro- -^ ^ yl 

cess will appear from con- />0-lo4 112 W X ^ 

sidering that, according to 147—112—112 (<^) X 7 

|§ 77. and 78., every line, 207—276, as before, 
when the powers x are sup. 

plied, is divisible by the required measure. Thus, since (a) and 
(h) are divisible by it, the third line, which is the double of (6) 
is also (§ 77.) divisible by it; and so (by the same §) is(c), 
which is the difference of two quantities of which it is a measure. 
When the powers of x are supplied, (d) becomes 21«3— l6x* 
— l6a: ; and (§ 78.) this may be divided by a:, so as to become of 
>the same order with (c). By each of the two concluding parts 
of the operation, we get 207^'-' 276 ; and the terms of thia have 
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the common' simple factor €g, by which (§ 78*) we niay divide 
jthem^ as the giyen quantities have no such factor : and here the 
work evidently terminates. 

Exam, 4. Find the greatest common factor of Sx^-^-Sx^y 
■f 9j:V + «3^+6y^> and 2z^-\-5x^y^5x^ft^^3xy^--9y^. 

In the work of 

this example, in ad- 3 5 9 1 6 . . (o) 

dition to the expla^ 2 5 5 — 3 — 9 • . (6) 

nations given in the g Jq fg ^ ^g . . (a) x 2 

mar^. it may be 5 j^ ^5 _g _27 . . (6) x 3 

stated, that to find ~ rf ^^ ) { 

(cl the upper of 5 -3 ->11 -3 9 ..(c) 

the two lines next 9 ^^ 27 3 18 . . (a) X 3 

above it is taken 4 10 10 —6 —18 . . (6) X 2 

fi-ora the lower ; that 13 25 37 —3 • • (^) 

the same is done in 65 —39—143—507 . (c) X 13 

the Une before (e) ; 65 125 185 --15 (d) x 5 

and that at the con- i64) l64 328 492 

elusion (c) is taken — j ^ o / \ 

from 13 times (d), ^^5- — — — y{ 

Then, the coeffi. I69 325 481 -39 . . ((f) X 13 

cients being found ^^* ^28 492, as before. 

in (e) to be 1, 2, 

and 3, it follows, that the common measure is x^+2xy-^3f^» 

JFjfam. 5. Reduce the fraction ^ ^ V — - . to it< 
lowest terms. ^-^60^-^ iOx+3' 

Here, the third line 

is got by taking (a) 1 0—8 1 .-6 . . (a) 

from (6), and (d) by 1 6 10 3 (6) 

taking (6) from (c). 2)6 18 2 6 

The line (e) and the -z = . . 

last line but one are re- ? * * ' ^^ 

spectively the sums of * ^ ""9 {d) 

the two lines preceding 9 27 3 9 (c) X 3 

them. We might have 9 29 6 (e) 

found the line (/)over 4 6—18 (d) X 2 

again by multiplying 27 37 ig (e) X 3 

(d) by 9, and (c) by 31)31 03 

2, and subtracting. In ' 5- 

this case, however, as 3 . # . • , . (/) 
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well as in similar ones^ except for completing the c^ieratioil^ 
this last process is unnecessary ; as it is plain^ that^ if there be 4 
binomial factor^ it must be what is thus obtained. In the pre«- 
sent instance^ we find that (/)^ that is^ x-j-3, measures both 

terms of the given fraction^ and reduces it to = — - — — — 

x^ + ox -f- 1 

83. To find the greatest common measure of mare than tf09 
quantifies^ find the greatest common measure of two of them ; 
the greatest common measure of the result and a third ; and so 
on^ if there be more. 

. Thus^ if jp* — c-*, 6*3 — a'^bxy and x^'\'a^he proposed^ we find that 
x^—ai^ is the greatest common measure of the first and second, 
and that *+a is the greatest common measure of x'^—d^ and 
jr*+a^> Hence *+a is the greatest common measure of the three 
proposed quantities. 

To illustrate this^ since a;^— a^ is the greatest common measure 
of the first sad second^ these two may be put under the forms^ 
(a:2-|-a2) (^x^—^a^) and 6a:(a:^— a-), where x^-^a^ and bx cannot 
have a common factor* Again^ since x-^-ais the greatest common 
measure of x^ — a^ and x'^-^ct^, the second and third may be put 
under the forms^ 6*(ar— a)(ar+a) and (ar^ — ax-j'a^){x^a), and 
the first may be written (a:-+a^)(ar— a)(a:-f a), where ar-f-a is 
obviously the only factor that is or can be common to all the three 
quantities. 

Exercises. Find in each of the following fractions^ the greatest 
pommon measure of its numerator and denominator^ and reduce 
the fraction to its lowest terms. 



24a263^5 



X"** 


\6abx^y' 


15. 


6x^y^ 
36x^y^' 


16. 


4a6V 
6a%^c^* 


17. 


abcde 


bcdef 


18. 


^H-o^ 


a?2-|-2aa?+a2" 


19. 


aa—a^' 



Ans. Sabxf^ and 



Sab^x^ 



2y 



0?^ 



Ans, 6a^y^ and ^-^, 



Ans. 2ab'^c^ and 



2^ 
3a 



Ans, bcde and - , 



Ans, 


x+a 


and 


x^-'ax'\-a^ 


An.t. 


x—a 


and 


4 
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20. ^?!=^. An.. 2a-36 and ^^+6«^+9^^ 



21. 



, ^ Sd?*— d?5— * + 3 
2i»*. 4?+l «Qd 5 — ^ — -- — 



25. 



*^- ip2m+l^a2m+r 

<y2n^fl^2n-l^o2 j.2n-2_ -^Q^^-^g? ^-fl2« 

Ans. iv+a and -2«_a^2m-i+a2^m-2_ .... ~a2«-i^+a2«* 
^_^2_2^j.2 ar3+ar2— 2 

18ar4— 5:r2+44a:— 5 

04, ___ L 

3a^ + 20^-57«?2+8047-50 

ii»«. 3a?*— 4a;-h5 and » .T, — ^. 

64r«-27ar2 

^n.. 4^-3 and ^Q^_^^^^g^ ■ 

16 ^— 53a?*-f45jf + 6 
8?^^^^ + 31a?2_x2* 

^«.. 407^-9^+6 and g^^^. 
24jr5— 22ar^--14ar^4-24a?*— 8a? 

^n,. 6.«-4x and g^^^.^g^^g . 

^. jr^- 5^ + 4a;* + 3ar-h9 . , « , ar3~2a:*-23r-3 

28, 5 z— s — ;; TT-* Ans. X — 3 and — r— 5 — ; — • 

4a:3_i5ar2 + 8a: + 3 4a;2-3ar-l. 

4 g^— 12ar^+5arHl4>ar— 12 

^ « o J 2a:^— 3a:2— 2d?+4 

iin«. %a? — 3 ana -i,— 5 ^ . ^ r- • 

3ar3— a?*4-3ar— 2 



26. 
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SO. 



18^— 5ar4— 18ar« -h33a?2— 4' 

-4n«. 8ar3 + 4x2-{-3a:— 2 and 



6a:3-8;r2-f3a:-h2' 

84. To addfractums together, which have a common denomi^ 
nator ; add their numerators together^ and below the sum write 
the common denommator.« 



Thus the sum of *, ^, -, is "^"^^"^^ ; and the 



«Z7 

sum 



a a a a x-\-a 

, a . x+a 
and — -— 18 — — -, or 1, 

85. To add fractions together which have different denomi" 

natorsj reduce them (§ 73. or 74.) to equivalent ones having 

the same denominator^ and add the results by the last rule* 

_,- _ - a - c . ad 4- be ^ , ^ o ,6 

Thus, the sum of - and - is — r-r— , and that of - and - 

d bd b <t 

a^+h^ 1 1 

is — r — . In like manner, the sum of and — ; — , or 

ao x— o x+a 

of their equivalents -x s and -= s is -s o» 

Exerdsee. Add together the following sets of fractions. 

SI. I. ?, and I An>. 9'+^'+^'^ , 

SI y « aiyx 

33, -— - and , Ans. -= s. 

^4-a «— a or— or 

^*- :^ *°^ i2^' "^'**- '";^P"* 



* The reason of this rule is so obvious as scarcely to require illustra- 
tion. It may be proved thus, however ; let F, ss -., and Fj =s •". Mul- 
tiply each of these by a, and add the results ; then Fia+ F,a « x+y. 

J* ^ i« 

Hence, by dividing by a, we get Fj + F^^ -> The rule for subtrao* 

tion (§ 86.) would be proved in a similar manner. 
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35. K' ' 






JfM. 



o» 



^ 1 Jl_ 2 4*3-3^-3 

37. 2a- ?^ and 4a- ?• Ans. 6a-?f?±5f. 

38. 'Ltl^^. An*. 2g±2f . . 

af+Oj ^+^2 *+^3 ■a'w. Numerator = 

-t-Pia203 4-p20ja,+p^aiaj, and denominator 

= (^ + «l)(«? + «2)(«' + «3)- 

12 3 4 

40. — r-r-* — :-:;t ::, and 



0?+!' a? + 2' j?+3' J7+4' 



^^ 10x«+70«« + 150ir+96 



x^-\-lOa^-{-35w^ + 50w^24t' 



^1^2 3.4 
41. -, — -, -, and 



47—1* 2j?— I' 3d?— 1' 4j?— r 

96fly^— 15047^ + 703:- 10 ^ 

86. To m^^roc/ a fraction from another which has the eame 
denominator ; from the numerator of the second^ take the nmne. 
rator of the firsts and. below, the remainder write the common 
denominator. 

Thus, if ^om - we take -, the remainder is =-: and if 

a a a 

be taken from , there remains or 1. 

4?^— a X— o a — a 

87. To subtract a fraction from another which has a different 
denominator J reduce them. (§ 73. or 74«) to equivalent ones 
having the same denominator, and proceed with the results ac- 
cording to § 86. 

* Let the student compare this exercise and the last. 
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_, a c ad—bc a b a*— 6* ,1 1 

Tnusj T— T = -it; — > t — = —^r — > *^d 



6 d bd * b a oh * a?— a ar+fl' 

, - . , \ af + a a?— a 2a 
or, what 18 eqniyalent, -^--^ ~ ^^^—^ = ^^5--^,. 

Ezercisef, In each of the following exercises^ take the second 
quantity from the first 

42. - and -. -<lfw, ^ . 

X y xy 

1 1 2y— a: 

43. — and -^r-. iln^. -:r . 

0? ^ 2d;y 

,, a* ^ 62 a2jr— 6«^ 

44. — and — . An9* « 

xy yz aiyx 

*^- -^ ^^ i2p- ^'**- -^P^ 

46, — and — -t- -4n*. 



« ar+I g^-\-x 

47. tx — r^ and S«— 7=-. Am, 4ar r= — * 

0" , " 0* 

48. -^^ and — -^. J»«. -o-^. 
X— y 47+y ar»-y5i 

49. 1 and ^2-p^- ^n*. ^j^pp. 

88. To find tJte product of two or more fractions ; find the pro- 
duct of their numerators for the numerator of the answer, and 
the product of their denominators for its denominator. 

«,, i_ J . i. <* ^ J. e . ace 

Thus, the product of -=, -, and -, is — v>» 

oaf oaf 

a c e 

To prove this, let Fj = -, Fg 5= -^, and F3 = -^ Then, by 

multiplying these severally by 6, d, and f we get Fjissa, 

F2rf = c, and Fg/zse; whence, by multiplication, we get 

F1F2F3 64^= ace; and dividing by 6(f^ we get FiF^Fj, the 

ace 
product of the three fractions^ equal to —: and a similar proof 

may be given in every case. 

89. In multiplying fractions, it is better, on many occasions, 
merely to indicate the operation at first, and then to simplify the 



DIVISIOIV OF FBA0TI0N8. 71 

reflult by diyiding the numerator and denominator by any factor 
that may belong to them in common. After this, any operations 
that are indicated may be performed, if it seem advantageous. 
Th ^~^ _ax^__(jB-\-a){iJO---a)ax ^(jB--a)a_aaf'-a^ 
.* wy ay-^ay^ a}yy{cc-{-a) "~ yy "~ y^ 
It may be remarked also, that, in both multiplication and divi« 
sion, where there are mixed quantities, they should in general be 
reduced to fractions by § 75. 

Exercises. Find the products of the fractions given in each of 
the following exercises. 

61. J, ^ and -3, 

52. ^— — ^ and --I-. 

53. _^ : — and — - — . 

a:^-f4>ar — 3 x — 4> 

^^ x^ — 4o^ - a^ — c? 

54* and — — r-. 

ar— a « + 2a 

a* , 62 

55. , r and 



hx—ah X — a 
57. i-?:^^d2+ ^^ 



iln«. 


a^c^e^ 


* 


iln^. 






ullM. 


x9+a^ 




Ans, 


9ar'-13i'-|-4 


«3-19x 


-I-12' 


Ans, 


/r'^aa?^- 


-a^iP^ga'. 


Ans. 


(x-ar 




Ans. 


1+63' 




Ans. 


4;cy 





ar-J-y x—y 

6^-4a?^— 9^+6 3 ^+2a?2-f9^+6 

18fl?g + 19^~ 93.r^ + 36 

36a^ - 52^ +96a?3-. 43^ + 1 2* 

90. TV? divide one fraction by another ; invert the divisor, that 
is, take its numerator as denominator, and its denominator as nu« 
merator, and proceed as in multiplying fractions.* 

* More generally, any quantity, whole or fractional, is divided by an- 
other, by multiplying the former by the reciprocal of the latter. (Se9 
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^, a c a d ad 

Thus, T-*- J =T X - = — • 
b d b c be 

d c 

To prove this, let F^zs, r.and F^^ss -■. Then, Fi6=c, and. 

F^ d=c. Multiply the first of these hj ({, and the second hy 6; 
then F^bd=.ady and F2M=6c. Hence, by division, 

FiW ^ ijo Fi «^ « <* 
pi^or§68.-^-i=^^=:^X-. 

and, therefore, the foregoing rule is correct, as it gives the same 
result tliat we have thus found. 

91. The principle pointed out in § 89* is employed with as 
much advantage in division, as in multiplication, of fractions. 

_, d^-\'ax a^ — ax^ ^ a(a'\-x) 6— d? 

^^^' ~b^Z^'^ T:^"" (6+V)(6-ar) ^ a(a-|-a:)(a-:r) 
_ 1 

'~(6+a:)(a— ar)* 

92. A complex fraction, that is, a fraction having its numerator 
or denominator, or both, fractional, is. reduced to a simple one, by 
dividing its numerator by its denominator, in the manner that has 
been pointed out. 

Thus, if the fraction ^ \ be proposed, the numerator and 

2d?— f 

denominator become respectively (by § 75.) — — and — ^ — ; 

and, by dividing the first of these by the second, we get ^ > 
the simple fraction required. 



the note to $ 46.) Thus, if we divide a by 6, the quotient is -, or, as it 

may be written, a . -. 

This principle is sometimes useful in arithmetical computations, espe- 
cially when the same number is to be often used as a divisor. Thus, as a 
useful instance, since an imperial gaUon consists of 277'274 cubic inches, 
it follows, that any number of cubic inches will be reduced to gallons by 
dividing by that number. Instead of doing this, however, we may mul- 
tiply the number of inches by •00360654, which is found by dividing 1 by 
277*274. In this instance, even by multiplying by *0036, that is, by 
multiplying by 36, and cutting off four figures as a decimal, we should 
get the true number of gallons very nearly ; and if much accuracy were 
)*equired, we might add to the result 3^ (more strictly ^) of itself. 
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The %Kme result would be obtained by multiplying the nume- 
rator and denominator of the given complex fraction by 12, the 
least common multiple of the denominators 4 and 6 ; and the same 
may be done in other cases.* 

Exercises. In each of the following exercises^ divide the first 
of the two quantities by the second. 

59, —K— and — ^. dns. -~. 

6l_?L,andi^l An,. ^^^^ 



y-2 y^+Q' 'y^-Sy-^-Si 

^- a-\'b a—c a^—b^ 

62. — — and z. Am, -= — x. 

a-\'C a—h a* — c^ 

-^ x^—a^x , ax^a^ . x^-^-cu^ 

^S, = — and . An9^ 5 — , 

64, -- and — . Am. (xy) 
y^ tT 

^5. 1 + - and 1 — x. Am. - 

a a^ a— 1 

06. ~^-- and « - -4w, 



m— » 



2r 



«2y * J?— 6' 

«7. -o— -r and -5— rj- . ^na. 



a?* — 047 a:^ — 6^0?' ojt^ — a** 

a;* , a* . a^j^—t^ 
68. 1 — « ,—0 and 1 + -o — «* -^w. -j ^ . 

69.,, + 4a« + ^-^-,and.-h2a+_^, ^n,, ^. 

70. 9^^28 + 4 and Sa?-4- -• iln#. ^?!±iill?. 

95. In some instances^ operations on fractional quantities are 
facilitated by the use of negative indices. This is. particularly 

* This latter method is virtually the same as reducing the numerator 
and denominator to equivalent fractions having a common denominator ; 
and then rejecting that denominator, aad dividing the one numerator by 
the other ; a method which may be employed in many instaqces with 
advantage. 
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the case, when the denominators are monomials^ Thus, if it be 
required to multiply 

quaftities and the -S^V^+e^ye + gyT 

whole work may x^y'^ -lOorV^ +9^V^ 

stand as in the mar- ^ 

gin, and the process ^^ ^^ ^^^ i_ 9^ 

will be seen to be y^ y^ y^ 

simple and easy. If, 

however, we use only 1—2 — 3 

the coefficients, as in 1 2 — 3 

the second process, 1—2 — 3 

the work is still much 2 — 4 — 6 

easier. This, indeed, —3 6 9 

is always the case, i 0—10 9 

when the quantities 

without their coefficients proceed by indices having a common 

difference. 



Miscellaneous Exercises regarding Fractions. 

f» 

1. To the sum of =- and -, annex + 2, and show that if the re- 

ft o "" 

suit be multiplied by ab, the product is (a+ty. 

a^^a^x 2a + 2ar . 2a^ 

2. Multiply -5 5- by ■ — . Ans. -^ ■ — g. 

^ ^ a^-{-x^ a—x a^—ax+x^ 

^ ' . ' X . 2ax-\-a^ 1 

3. Prove that -o^- ; — ^+ ^ 



x^-\-aX'\-a^ x^—a^ x--a 

3?^ -4« 'U X -^ QxV ~f" 1/ 

4. Divide ^ ^^ by o , J > exhibiting the quotient in 

x^—xy^ ^ x^-\'Xy^ 

x^^xy-\-y'^ 
its sunplest form. Ana. (^x^y)(x^-'y'^y 

5. Prove that half the sum of the squares of and — --is 

. , 8a2ar2 , , 
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6. Of the three fractions, , - , and. — ; — ^ whether is the 

a: — a x x-\-a 

sum of the first and last greater or less than twice the second. 
Ana, The sum of the extremes is greater by —r-^ ^ 

X being considered positive. 

7. From the sum of the extremes of the four fractions, 

1 1 1 ^ 1 

;r— , , , and — -, 

X — 3a X — a x-\'a x-\-3a 

Xod X 

subtract the sum of the means. Ans, ,— ^ sw-s — tt-k^:* 

(x^ — a^j (a:2 — pa2) 

1 1 

8. From the. sum of the squares of r and r* take the 

^ a—b a-h6 

square of -2^^. ^'''' ^I^' 

9. Subtract the first of the following fractions from the second, 

1 2 3 4 
the second from the third, &c. : , , , , &c. 

' ar-fl'gar-hl" 3ar-|-l'4;r+l 

(^ + l)(22: + iy (2a:-flX3:P + iy (Sa:+l)(4;r+iy 

y 

' {(»— l)a:+l}{na:-f-l}' 

10. From the first of the fractions in the answer to the last ques- 
tion take the second ; from the second take the third ; and so on. 

9>x 2^ 

"^^^ (arH-l)(2ar+l)(3ar+iy (2x+l)(3ar-hl)(4a: + iy * ' " 

{(n-2):r+l}{(w-i):c-hl}{nar-hl}-' 

11. From the first of the fractions in Exer. 6., take the second, 
from the second take the third, and take the second of the re- 
mainders from the first. 

a a , 2a^ 

* (jc—a)x' x{x-\-ay (ar— •a)j:(ar-|-o)' 

* This will be positive as long as :r is positive, and greater than 3a ; 
but, if X be between a and 3a, it will be negative. Thb will be seen from 
examining the denominator. 

t The student may have further practice in subtraction by finding the 
successive differences of the quantities contained in this answer, the sue* 
cessive differences of the results, && 

E 2 
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J 2, Divide the sum of —^ and by their difference. 

a— 1 a + 1 ^ 

13. In the last Exercise^ change a into -, and thus prove^ that, 
if the sum of — ^, and -^ be divided by tjidr difference, the 

quotient 18 --r-; — . 

2a6 

14. Divide Y^+ 1^ by ~-^^- An,. I. 

15. Pivide ^ 1-,— ^ — hy ; ,— — . Ans. -. 

1— « 1-j-a: 1— « l+a: * 

16. Divide ; ^r^ -r-7 — --x by 



(«-2)(ar-l)ar(z + l) -^ (a?-lX«+l)(^H-2y 

ar-f2 



ilfM. 



a:— 2' 



17* Add together the two quantities given in the last exercise. 

2 

"*"*• (^-2)(:.-l)(x + l)(z+2y 
18. Subtract the latter of the same quantities from the former, 

. 4 

(:r-2)(;p-lHx + l)(* + 2: 



CHAPTER V. 

RADICALS^ OR SURDS.* 



94. Any quantity in which the extraction of a root that can* 
not be exactly determined is indicated^ is called a radical or surd. 
Thus^ ^2, v(«+^)> '?^(«a?'+«^)*&c> are radicals. Suchquanti- 

* These quantities are generally called turds by English writers ; while 
the French more appropriately term them radieaU, from the Latin word 
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ties axe sometimes called irrational or incommenmrabk ; while^ in 
reference to them, quantities in which no root is indicated^ or 
none, at least, which cannot he assigned in a finite ntunher of 
terms, are said to he rational or commensurable.* Such are a, h, 
X — y, >v/a?2j &c. 

95. According to what we saw in multiplication, the third 
power of o*» is «"+*+«, or a'" ; and, conversely, the third root of 
a** is «"• To ndse a", therefore, to the third power^ we multiply 
n the index of the given power, hy 3 the index of the required 
one ; while, to extract the third root of a^", we divide the index 
%n hy 3. In like manner, the mth power of a* is a"''^'^'*'*' ' " ' , 
or o^, n being obviously repeated m times. To find, therefore^ 
the mth power of a", we multiply n by m ; and, conversely, to 
extract the «nth root of a"^, we divide the index mn by w.f 
Hence, if instead of mn, we write p, we shall have the mth root of 

oP equal to a" ; and in every case in which p is divisible by 
«n, we get the root accurately in the primary sense of powers and 
roots. Thus, the fifth root of a^^ is a', and the third root of a^' 



radiXi a root, because of their expressing the roots of quantities ; and the 
Germans distinguish them by a synonymous term, vmrzdgrowtn (root 
quaniiHes), The introduction of such quantities has been almost entirely 
avoided in the preceding part of the work. In this section, their prin< 
cipal properties, and the modes in which operations are performed upon 
them will be investigated. 

* These terms have their origin in the circumstance, that, between 
unity and quantities of the one kind, there are amtmon fneanures or ratios, 
which can be exactly expressed in ordinary numbers ; while for the others 
there are no such measures or ratios. Thus, ^ is a oonunon measure of 
1 and \, and their ratio is that of 4 to 9 ; but, since the square root of 2 
is 1 '4142, &c., -^ is a measure of 1 and 1*4, and the ratio of these is that 
of 10 to 14 ; lig is a measure of 1 and 1*41, and the ratio is that of 100 to 
141 ; and thus we might proceed, by successive approximations, as &r as 
we please : but we could find no measure of unity so small as to be con- 
tained exactly in |the square root of 2, and therefore they have no ratio 
which can be expressed exactly in numbers. It is evident also, that all 
whole numbers are commensurable with one another, as unity is a com* 
mon measure of them all. So also are all common fractions, both with 
respect to whole numbers and to one another. Thus, | is a measure of J 
and 2 ; and these numbers are in the ratio 7 to 16. In like manner, | 
and ^ have j!| as a common measure, and are in the ratio of 15 to 14. 
Some of the statements in this note will be illustrated by the section on 
continued fractions. 

t It will appear from the note to § 47. that this is applicable when n 
is a negative whole number, as well as when it is a positive one. 

£ 3 
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ifl a^* • Eveli when, however, an index p is not divisible by m, : 
and when, therefore, there is not an exact root, the same notation 
is adopted, the extraction of a root being indicated by a similar 
division of the index of the proposed quantity, so that the tnth 

root of aP is expressed by or. On this principle, the second, 
third, and fourth roots of a, or a^, are expressed by a^, a^, and 
a* ; and the third, fifth, and seventh roots of a*, by a^, ai, and 

fl7. Hence also, it follows, conversely, that if R=a», we shall 
have, by raising both members to the nth power, R"=:;o"*.t 

96. Let a"=:R, and consequently, by § 95., os=R". By 

raising both members of each of these equations to the mth 

1 
power, we get (o")"»=R"', and a'"=:R"'^ The nth root of the 

m 

latter of these is a"= R"*, by § 95. We have thus found two ex- 
pressions, each of whicb is equid to R*"; and by putting them equal 

to one another, we get a" = (a'^)'"2 whence it appears, that a* 
raay be regarded either as the nth root of the mth power of a, as it 
was defined in § 95., or as the mth power of the nth root of a. We 
thus seci that, in the primary meaning (§ 10.) of the term pou>er^ 

a* is a power, not of o, but of a". It is attended with much 
advantage, however, to extend the meaning of the term power, 



tn 



SO as still to call o» a power of the original quantity a : and we 
have thus a farther extension of the meaning of that term, in 
addition to the one given in § 46., regarding quantities having 

m 

negative indices. It may be remarked, that a» may be regarded 

as a general expression, which will comprehend all powers, giving 

powers of the primitive kind, when m and n have like signs, and 

71 is unity or a submultiple of m ; and powers with negative 

indices, when m and n have opposite signs. 

e 
97. Let R=a«: then R"»=aP. Raise both members to the 

nth power : then R"»"=aP" ; whence, by extracting the mntk 
root, we get R = a«" ; and, therefore, a^^z.ar'*. We thus see, 

* We shall find afterwards, that there are other roots of these and 
similar quantities, besides those given by the principle here explained. 
The ones here pointed out, however, are sufficient for our present purpose. 

t The clumsy notation, -^a"*, still used by some wriiers to denote the 
nth root of the j»th power of a ought to be laid aside. 
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that the valw of a power is not changed by multiplying or dividing 
the numerator and denominator of its index by the same ^[Uftntity, 

Thus, a' = flB = fl»5^ and a^ or a» = ai = o s . 

98. If n be a whole number, we have, by multiplication, (aft)" 
=iab^ab,ab„,. =saaa,.„ X bbb„.,=^a"b^ ; so that the nth power of ab 
is equal to the product of the nth powers of its factors : and, con- 
versely, the nth root of a"b^ is ab, the product of the nth roots of 
its factors y a" and 6". 



m 



. 99* Again, let R=(a6)» and consequently (§ 95.) R'»=(a6)", 
pr, by what we have just seen, R»=a'"6"*. Hence, by taking 

mm 

the wth toot, according to § 98., we get R=a''6» : and there- 

m M tn 

fore (aby^za'^b^ ; which shows, that the proposition established 
;in § 9^, is true, when the index is fractional, as well as when it 
is an integer. 

100. The principle established in §§ 98. and 99. is often 
of much use in simplifying and otherwise modifying radicals. 
Thus, since 288 = 144 x 2, we shall have -v/288= V 14^4 X a/2 
= 12\/2. In like manner, since 112=l6x7, we have ^112 
= -v/ 16 X a/7 = 4 a/7 ; and since 320 = 64 X 5, it follows, that 
^320= /^64x /y5=4/y5. It would be shown, in the same 
way, that .^10000=10.^10.* 

101. In a similar manner, many radical expressions may be sim- 
plified. Thus, A/a^='v/a2xv'6=a a/6; ^^^== ^a^ X ^b^= 
a ^b^ ; and a/ (c^x-^c?) ■= »/a^ x a/(^ — a) = aV{^ — a). So, 
also, V {a% -f 2a62 + &3) — ^ (^2 + 2a6 -j- d^) ^ v'fe = (a + 6) v' & ; 



* In this way, we may often be saved much trouble and labour in the 
extraction of roots by the use of a table of roots of moderate extent. This 
will be exemplified by means of the subjoined short table, which exhibits 
the square and cube roots of the several whole numbers, commencing 
with 2 and ending with 51. In Hutton's and various other works, such 
, tables will be found, carried out to a much greater extent. 

To exemplify the use of the table in relation to the examples in the 
text, we. get from it V2 = 1*4142136; and multiplying this by 12, we 
obtain 16*9705632, the square root of 288. As, in the table, the roots 
are given true to the nearest figure in the last place of decimals, the fore- 
going result may err in the last figure by nearly 6, half the multiplier ; 
and the same is always the case. In the present instance, the true 
root is 16 9705627. To work the next example, we have, by the table, 
V7 =2*6457513 ; the product of which by 4 is 10*5830052, the square 
root of 1 ] 2. In the third place, we get from the table the cube root of 5 
equal to 1 '709976 ; and multiplying this by 4, we find the cube root ot 
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smpurioATHnv of babioaia 
-Sa«6 



2«r+ 



^«=/v/i^=^^+?^^^'^"''^=^ 



V'(2a-36> 
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and 

a 

Extract the foDowing roota^ by meana of the table in the note 
in thia page. 

Answers, Answers, 

1. ^15. 8-660254. 4. V'lSOO. 88-729883. 

2. ^ 117. 10-8166539. 5. ^108. 4-762203L 

3. ^1728. 41-5692192, 6. -^686. 8-819447- 

S20 to be 6*839904 ; and lastly, tbe cube root of 10 being 2*154435 by th6 
table, we multiply tbis by 10»and find the cube root of 10000 to be21'54435. 





Tabls op Squars 


AKB 


CvBX Roots. 




Num. 


Square Root. 


1 

Cube Root. 


Num. 
27 


Square Root. 


1 

Cube Root. 


2 


1-4142136 


1-259921 


5*1961524 


3-000000 ^ 


3 


1 -7320508 


1*442250 


28 


5*2915026 


3036589 


4 


2-0000000 


1-587401 


29 


5-3851648 


3-072317 


5 


2*2360680 


1*709976 


30 


5-4772256 


3-107232 


6 


2-4494897 


1-817121 


31 


5-5677644 


3-141381 


7 


2-6457513 


1-912933 


32 


5-6568542 


3*174802 


8 


2*8284271 


2-000000 


33 


5-7445626 


3-207534 


9 


3-0000000 


2*080084 


34 


5-8309519 


3-239612 


10 


3*1622777 


2-154435 


35 


5-9160798 


3-271066 


11 


3*3166248 


2-223980 


36 


6-0000000 


3-801927 


12 


3*4641016 


2*289428 


37 


6-0827625 


3*332222 


13 


3-6055513 


2-351335 


38 


6*1644140 


3-361975 


14 


3-7416574 


2-410142 


39 


6-2449980 


3*391211 


15 


3-8729833 


2-466212 


40 


6-3245553 


3-419952 


16 


4-0000000 


2*519842 


41 


6-4031242 


3-448217 


17 


4*1231056 


2-571282 


42 


6-4807407 


3*476027 


18 


4*2426407 


2-620741 


43 


6-5574385 


3-508398 


19 


4*3588989 


2-668402 


44 


6*6332496 


3*530348 


20 


4*4721360 


2-714418 


45 


6*7082039 


3*556893 


21 


4-5825757 


2-758983 


46 


6*7823300 


3-583048 


22 


4*6904158 


2*802039 


47 


6-^55654.6 


3-608826 


23 


4-7958315 


2*843867 


48 


6-9282032 


3*634241 


24 


4-8989795 


2*884499 


49 


7-0000000 


3*659306 


25 


5-0000000 


2-924018 


50 


7-0710678 


3-684031 


26 


5*0990195 


2-962496 


51 


7-1414284 


3-708430 
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Exhibit the foUowing expressions in their simplest forms. 
„ fdtl^t^ . be /ac be . — 

8. ^ ^ > ^»*.-^-^,or^^K^-6). 

faa^ — 9.ax-\-a ^ j? — 1 /a ar— 1 , — 
11. A / — ; — ;r-5 • Aim* ta / -j^^ "t 7\v«-^* 

ac /(6 + c)(6— C) flC ,-77; err c^ 

^"'•^TiV » ' "j(i::j)^*(6+«)(*-4 

10£. A multiplier of a radical may he brought under the 

influence of its index by reversing the process of the last §. 

Thus, SV^^a/^x^Ss^IS: 3 4^2= 4^27 x ^Q= 4^54t ; 
1 I 

and a6»5=(a"6)".* 

105. To add or subtrwt radical quantities, when the radical 
part is the same in all ; perform the addition or subtraction on 
their multipliers or coefficients, according to the rules for the 
addition or subtraction of other quantities, and prefix the result 
to the common radical part. If the radical parts be not the 
same, reduce the given quantities, by § 102., to their simplest 
forms, if they admit of such reduction. Then, if the radical 
parts be the same, proceed according to the rule just given : but if 
they be di^erent, the quantities must be connected by the sign + 
or -— , as the case may require. 

Thus, the sum of v^5, 2^5, and 5V5, is 8\/5; and the 

* This principle enables us to solve questions such as the following, 
without the actual extraction of the roots: Whether is SV2 or 4^3 
greater ? By the principle above pointed out, 5V2 is the same as ^/50, 
and 4V3 the same as v^48; the first of which is greater than the second, 
as 50 b greater than 48. In the same manner, it would be shown, that 
9 a/3 is greater than II a/2 ; that 58 a/2 is greater than 31 a/7 ; and that 
299 a/1 5^ is greater, by a very little, thafi 301 a/149. 

B 5 
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(liiFerence of 6VS and ^3 is 5^/3. Also, the sum of ^^192 
and ^375 is 9^S; for, by § 102., the first of these is equi- 
valent to 4 4^3, and the second to 6 4^3, The sum, however, of 
/v/2 and 4^3 cannot be expressed otherwise than by connecting 
them by the sign +, thus v2+ 4^3; and, in like manner, the 
difference of 6V3 and 5s/2 is 6^3 — 5V^; .the radicate not 
being capable of incorporation in eitiher case. The following ex- 
amples will illustrate this subject : — 

Exam. 1. Exam,% 

^98=7 x/2 ^(<w7*-2a2^+o^)=(^-«)-v/« 

VS2=4-v/2 ^a^t= a^a 

V72=6^ /2 Sum= ^V« 

Sum = 17>v/2 

Exam, 3, 
^ (iT^ — aa?2) =07 y/ (a? — a) 
V' («^^ — a^) = a v/ («» — «) 

Piff. =^(a? — o)^(d? — a) 

=(^7— a)5 

Exercises. 

13. Add together ^/112, v/175, and v^34S. -4««. l6\/7. 

14. From 3/v/44? take ^275. ji»*. ^\\. 

15. Find the sum and difierence of the cube roots of 108 
and 32. Ans, 5 ^4 and ^4. 

16. Add together the square roots of a^x, h^x, and c^x. 

Ans» (a+b-^c)\/x. 

17. Find the sum and difference of ^(a^ + ^'^y-^xy^) and 

j^(^x^ — ^x^y + xy^). Ans, ^Xy/x, or 2a^, and ^y/x, 

1 04. By means of the principles established in §§ 96 and 97, 
we may reduce radicals having different indices to equivalent ones 
having the same index. Thus, if we have V2 and v^3, or, a9 

they may be better written in the present case, 25 and 3^ these 

quantities, by the principles referred to, are equivalent to 28 and 

3^, or 88 and 9s which have the same index. In like manner, 

a" and 6"' are equivalent to o"*' and &»»', or to («•»»')»«' and 

(d*"'") ««'. To reduce, therefore, radicals having different indices 
to equivalent ones having the same index, reduce the given indices 
(§ 73. or 74.) to equivalent ones having the same denominator, and 
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raise the qnantities affected by the original indices to the powers 
denoted respectively by the new numerators. Lastly, apply to 
each of the results so found unity divided by the common deno- 
minator, as index,* 

Exercises, In each of the following exercises, reduce the 
several quantities to equivalent ones having the same index. 

18. 3? and 4i Ans. 81*, and 64*. 

19. 25, 5', and 7i Ans. I6K 25s, and 7*. 

go. a;\ y\ and »5, Ans, {x^)\ iy^)\ and (5?»o)A. 

21. o, oi, a3, and a\ Ans. (fl»«)A, (««)% (a4)T5^ and (a3)T5. 

105. The multiplication and division of radicals are conducted 
on the same principles as the multiplication and division of in- 
tegral quantities. 

. Thus, the product of 2a2 and 5oi is lOai This is found ac- 
cording to §§ 37. and 38., by taking the product of the coeffi- 
cients and adding the indices. To prepare for the addition of the 
indices, they must be reduced to equivalent ones having a common 
denominat(»*. We thus get ^ and |, the sum of which is |. 

If, again, we divide 6^7! by 2^?^, we get (§ 45.) 3zpi~i, or 
3j?«. So likewise, 2iri-5-a72=2fl73''5=:2j?— }= 

106. When two or more radicals have the same index^ their pro- 
duct will be obtained by finding the product of the quantities 
without the indices, and attaching to it the common index. 

Thus, the product of oi and (04-6)5 is (a^-^ah)^; while that 

of (a«— a^-fa;a)3 and (aH-a?)3 is (a3-|-a?3)i. 

On the same principle, if (a^— ^2)4 be divided by (a— ir)i>the 

quotient (§ 67.) is (a+a?)^ 

The ' following additicmal examples will farther illustrate the 
subject. 

* In this way we may determine the comparative magnitudes ot num- 
bers affected by different indices, without performing the actual extraction. 
Thus, if the square root of 5 and the cube root of 1 1 be proposed, we 

13 1 12 1 

have 55^53 = 125^ and 113=119=121^; the former of which is the 
greater. In a similar manner it would be shown, that the fourth root 
of 34 is less than the third root of 14. 

E 6 
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Exam, 4. Or thus: 

3a§-4ci-2 S -4 —2 

2a +4aJ-oJ 



2 4 -1 
6 -8-4 



6a>— 8a» — 4a j2 _jg 



-8 



12(^-l6a-8aJ ^ S 4 

3a+4oJ+2a* 6 ^ -23 -4 



6ai + 4aJ — 23a-4ai +2ai 

In this example^ as the indices of a diminish from term to term 
by the same quantity^ 4> ^ method of detached coefficients is 
admissible^ and its faciUty is strikingly ielt. 

Exam, 5. Divide 2d?t — So? + 6«i — 8 J?i by a?i — 2 

2«'^4«* 

1 0-2 



""" 3 1 2-306-8 

— S« + 44r' + 6«* 2 0—4 

— 3jr + 6j r » 

4*^-8*' 
4x^-8*^ 



-3 


4 


6 




-3 





6 






4 


—8 




4 





-8 



2 -3 





This example also affords an instance of the advantage of em- 
ploying only the coefficients. The process might have been 
abridged still more^ as in Exam. 10. p. 37* 

Exercises* 
Find the products of the following quantities. 

22. 2ai and 3ai Ans. 6ai 

23. x^ and 4dP«* Atu. w*. 

24. ^(6a) and ^(lOa). Ans. 2a v/15. 

25. v^(dr»— a*+a2)andA/(d?«+<MP+a2). Ans. Vi^+a^x^-^a*) 

26. V2 + 1 and V2-1. Ans. 1. 

27. a^, fl?^, and J7». iin*. ««. 

28. >yri2a2)and^(14a«). ^n*. 2a«.^(21a). ' 

29. ^(2j7-1), >y(2«+3), and ^{x^l). 

Ans. ^(4^-74^+3). 
SO. ^(x'\-a),2Lnd^{X''a). Ans. ^(x^—a^). 

31. ^(^+2) + l and v^(j?+2)— I. \4/w. a:-f 1. 

32. or— 2d7i-f-3 and x^-\-^a^-{-6x. Ans.x^ + ^a^-^-j^-^lSx. 
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S3. ?J7?— 2j^--7-f-3and Sd7?--j. 



Ana. 6^-&F«-74? + lS+?-^.* 



In the following exercises^ diyide the first quantity in each by 
the second. 

34. Ga^ and 8a^ Atis. \<i. 

4 4 

Z5. and Sv^^. Ans. —• 

3o. J. / and a / —--r. Ans, -, 

37. a/ 30 and V5. Ans. ^'6. 

38. ^(*2y) and ^{ay^). Ans. ^-. 

39. (^— 3«»— 2*»)l «nd *4. Jm. (*»-S«-2)i 

40. ^^^^^Ai^JL^. j„.. ?=|4£fl±f . 

41. 4*^-9^54.1447— 190^1+4^7* and «l-2d?*+3d^-4. 

42. a?« — oJ and j;» — cfi. Ans. sfi -|- a W + ai 

107. If the numerator and denominator of a fractional radical 
be multiplied by a quantity^ which will give a rational denomi- 
nator in the result^ the quantity so obtained will be simpler in its 
nature tiian the original one^ especially^ in reference to any nume- 
rical computations to which it may be subjected. 

Thus, if we wish to extract the square root of -f; tiiat is, to 

find the value of (f )^, numerically, by multiplying the numerator 

1 6* 

and denominator by 3', we get -^. Hence the required root is 

one third of the square root of 6.f 

* This exercise will be most simply 2 — 2-1 S 
wrought by w^ting the given terms thus ; 8 — 2 

2«^-2*l-*"i+ 9*"i and3aJ + ari-.2»-i» 6-6-3 9 

and then proceeding as in the margin, by —4 4 2 — ^ 

the method of detached coefficients. 6 — 6 — 7 13 2-6 

f In this instance* the required root will be found either by actually 
extracting the square root of 6, or by taking it from the table in p. 80. ; 
and the same plan may be followed in other similar cases. 
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In like manner, if we multiply the numerator and denominator 

of (4)J by 71 weget(i2i^=(i2^=l^. Hence the 

cube root of ^ is one seventh of the cube root of 196. 

In such cases^ when the denominator. is a monomial^ a, with an 

index^ —, the fraction will be changed into an equivalent one 
n 

with a rational denominator^ by multiplying its terms by a with 

the mdex 1 . or . 

n n 

108. If the denominator be*a binomial of the form 0+6** 
or a2-f }h, the multiplier is the same as the denominator with 
one of its signs changed; that is^ it is in the one case a+(e, 

and in the other 0'+ R 

S-I-a/7 
Thus, by multiplying the terms of ^ j^r-by 3+V7j we get 

|i^-^= 8 + 3 V 7 : and from '^J'^^f , by multiplying its terms 

I. /r^ . .Q 7 + 2^21+3 10+2V'21 ,,^ ,^. 
byA/7+ v/3,weget ^^-^^ =—4 =|(5-i--/21)- 

109. If the denominator be of the form u^^h\ the multiplier 

will be os + aW+ft*: and a general multiplier may be easily 
founds but it is seldom of use/ 

* Thus, by dividing every index by n in the general formula at the 
end of § 58., we get 

It- 1 1^ «-2 a w^ 

X +a X +a X +, &c. 



I I 
a:*— a" 



where the .second member is the multiplier. When both terms of the 
denominator are positive, the multiplier will be the same, except that the 
signs of its evei^ terms (the second, fourth, &c.) are negative ; as is plain 
from § 60. That the indices may be divided by n will readily appear by 
substituting throughout x' and a* for x" and a", and dropping the accents 
in the result. 

The reader cannot &il to observe, besides other advantages, how much 
the reductions pointed out above will facilitate computations regarding' 
many radicals. 'Dius, in the last example in § 108., without the reduc* 
tion, the square roots of 7 and 3 must be extracted to as many places of 
decimals as may be considered necessary ; then their sum and difference 
must be taken, and the former must be divided by the latter. In the 
other mode, we have merely to extract one toot, that of 21, to add 5 to it» 
and to halve the result. 
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Exercises, Express the iDllowing fractions with rational de- 
nominatOTS. 



-— . Atis, 
45. y^/ — -. Ans, 



u ; 

"IT"' 



46. 



47. 



V2+l 
1 






48. 

49. 
50. 
51. 



^2-1 
Vl2— ylO 
v6-hA/5 * 
V (a7+q)+A/(^— fl) 

1 



V2-l 

-4n*. 3 + 2^2. 

u4n«. ll;v/2— 4v'15. 



j|ft«. 



iln«. 



a^x-^Wy 



2a^-.x./(x^-^a^^—a^ a^4-(x^—a^\i 

52. and 53. Prove that / o ox = o • 

d? — ^(x^—a^) a* 

and that 

1 __ 7a/5 + 3v^10 

V5— >v/10 + V20-.^40 + -v/80 155 

54. Show that _?^-^^ = «+^ + ^^^ 



and 



sum 



Miseellaneous Exercises regarding Radieais, 

55. Required the sum and difierenc^ of the squares of — 

/\/X-^ 1 

^/x-\ 2a?g 4-1237+2 • 8 (j? + l)^ ^ 

'■ — 7* Ans» — 7 tnt; > anci ■— 7- — r^ • 

^dr-l-1 (47—1)2 (a?— 1)2 

56. In the last change x into xy^^, and thus show^ that the 
and difference of (^ll±^\" and i^^^^^)' 



are 



, 2.r^ + 12j7y-f2y^ 
(a?— y)2 



and 



80Mhy>¥ 
(47-y)2 
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57. Prove diat the product of Z*"^ and -f^i " 1 +4^»" 

a^^yi ^+y' 4?>-|-y» 

58. Multiply 3afA-4-4[+ ^^7 4^^'-l + ^— t» ^X** 

method of detached coefficients.* 

Am. 12a?A— l9«A+>a*+24«— 16«-*— ll47-A+2Sa?-^ + 

59. Divide Sa?+6j;J— a?i + ll«l— 2a?fi+4al— 3«^+6J by 
Sari — fl^ + 2jpl, using only the coefficients. Ans. «i -f 2j?i + 3d4. 

60. Show that {[(a?-0-2-]-.3j-4-,^24. and 

that {[(:p-i)-i]-i}-i=a?Tfo. 

61. Prove that 

(vS"~A/iT?)"(A/fS"^A/r5)=''- 

62. Reduce — ^^^ to its lowest 

terms. ^ ol -|- a?i 

HO. The principal elementary processes in the resolution of 
equations have been given in Chapter I. It still remains^ how- 
ever^ that we should investigate the method of managing equations 
in which the unknown quantity is involved in terms which are 
radicals. This we are now prepared to do ; and the necessary 
reductions will he e£^ted by means of one or other of the follow- 
ing methods. 

When an equation contains a single radical, let that radical^ by 

* Here (^Aritff, p. 86.) the indices of the given factors become respec- 
tively, by reducing them to equivalent ones having a common denomi- 
nator, jt Oi — j|» — )\; and fnO, — jp — )\. Now, in both of these, the 
index ^ is wanting; as is also —3^ in the 

second. We put O, therefore, as the coeffi- S — 4 — 2 5 
cient of each of the terms in which these 4 — 1 3 0— >2 
quantities would occur, and the detached co- 
efficients stand as in the margin. The work then proceeds in the usual 
way. In the answer, for rendering the subject plainer to the learner, the 
indices are left unreduced, and the quantities having negative indices are 
not taken to the denominator. The learner ought to make those changes. 
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ttansposition^ or other operations^ be made to stand alone, if it do 
not stand so already. Then, if both members be raised to the 
power corresponding to the root expressed in the radical, a new 
equation will be obtained, which will be free from radicals. 

Ejcam. 6. Given the equation, or— ^/(^— 5) = 1, to find dr. 

Here, we get of — 1 = V(^* — 5), by transposition ; and thence, 
by squaring both members, /r^— 247-^-1 =«^— 5. Then, by re- 
jecting 47^, and resolving the equation^ we get x=3.* 

Exam, 7. Resolve the equation, A /"■^^=5, 

Here, by squaring and clearing of fractions, we get ^ + 1 = 
Qx—QS; whence 47=8. 

Exam. 8. Resolve the equation, 0+5 !{/(ar— c)=<l. 

Here, we get j?=c+(— v— J , by transposing a, dividing 

by h, raising the members of the result to their nth powers, and 
transposing — c. 

Exereisea* 

Resolve the following equations. 
6*3. a?^3 + v(4a72— So?— 4)=3a7— 4. Am. x=5 

64. v^(62^Hc2)+&a?=dL ^^•^^'S^' 

^^. ^=__ «= g, ' 

111. When on equation eontaina more radicals than one^ we 
may remove one of them as in the last § ; then, after modifying 
tlie result, we may remove another by the same means ; and thus 
we may proceed till none remains. 

Exam. g. Resolve the equation, >/47+ v'(a?4.7)=7. 

Here, by transposing >/^, and by squaring the membere of 
the result, we get a:+7=49— 14v^arf a?. Hence, by rejecting a?, 

• Had the proposed equation been «+ VCar^— 5) = !, we should still 
hare found 0:^3. In this case —3 must be taken as the root of the 
radical ; so that in reality the equation in this form is identical with the 
one in the text. 
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transposing 14^7 and 7^ &nd dividing by 14^ we obtain a/x:^S, 
and dierefore :7=9< 

Exam. 10, To generalise the last example^ let it be required 
to resolve the equation, V^'\- \/(j7+a)=5. 

Here, by working as in the last example, we get a?= ( J , 

If we had transposed ^(jX!-\-d) instead of jy/x, squared, &c., we 
should have got 0?= ( —^^ ) — a> a value which is easily re- 
duced to the same form as the last^ ' 

112. In some cases, the solution may be obtained neatly and 
simply, without separating the radicals. This will often be so, 
when the radicals bear any peculiar relations to each other. In 
particular instances also, methods may be employed, for which 
it would be difficult to give a general rule. 

Exam,\\, Resolve the equation, ^(a'\-x) ■{■ ^^(a—x^^b. 

Here, by cubing both members according to § 56,, we get 

a-\- X -{-a—x -\-3b ^(a^^x^)=^b^. Hence, by contracting, trans- 

53_2a 
posing 2o, and dividing by 3b, we obtain 4^(a^—x^):= — — — . 

3b 

By cubing this^ we get a^— .r^= ( — ^r— j ; whence, by trans- 
position, and by extracting the square root, we find 

Exam, 12. Resolve the equation, aJox^ ^bx-^ ^c. 

Here, we obtain by transposition, /^ax— ^bx=:/^c, or, § 51. 
( V'a— \/^)'v/«^=\/c. Hence, by dividing by ^a— ^/b, and 

squaring both members of the result, we get xz=:j—- -— . 

Exercises in the Resolution of Equations containing Radicals, 

Resolve the following equations. 

66. >/(a? + 7)H-3-7. Ans, x=z^, 

67. //(^ + a)+6 = c. -4n«. a:=— aH-(c— 6)2=--a-f-(6— c)2. 

68. ar+^/(a?2 + ll)=ll. Ans. x:=t5. 

b^—a 

69. «+ >x/(3?^+«)=^» '^^^•^^"^A * 
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2 



70. a>/a?+6A/^~c>v/ar=d: Ans. x^[ ; J 

7 1 . Vi^x— 3a) -f >v/2^= 3 ^a. Ana. ar= 2a. 



75. V{13H- V[7+V(3+ V^)]} = 4. ^n«. ^=1. 

rr/? f^-^O. /X'-a , ^ oft 

'^' A / V j\ / — ; — =0. ^»«. ar= .77^ — -.. 



CHAPTER VI. 

INVOLUTION> EVOLUTION, IMAOIKAHY QUANTITIES, ETC. 



113. When we -find any assigned power of a given quantity, 
the process is termed involution. The converse process, the 
finding, or, as it is generally expressed, the extracting, of an as- 
signed root of a given quantity, is called evolution,* 

114. Let ^1, t^y t^ &c., be the successive terms of a com- 
pound quantity. Then, according to the method pointed out in 
§ 54., we have 

* It is evident from § 10., that a power, in its priix^tive meaning, may 
always be found by means of multiplication ; and we have already had 
several instances of the finding of powers and the extracting of roots. In 
this Chapter, evolution will be taken up more particularly, and in more 
detail ; and in a subsequent part of the work the consideration of both 
involution and evolution will be resumed* in establishing and applying 
the binomial theorem. 
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+ 2(«l + «2 + *3V4 + V5 

or, as ibe last may be written, 

(*l + «2 + «8 + 0*= h^ 

In this arrangement, the first line of the second member is the 
square of /^ the first term of the polynomial; the first and 
second lines together are the square of t^-^-t^i the first three 
lines are the square of ^j + ^2'^^3 ^ ^^^ ^^ whole four the square 
of ^1 + ^2+^3 + ^4* ^^ ^^ ^^ ^^^ ^^ second line is the pro* 
duct of the second term into the sum of that term and twice the 
first; that the third line is the product of the third term into the 
sum of that term and twice the two preceding it ; and that the 
fourth is the product of the fourth term into the sum of that 
term and the double of all the tenns that precede it By ex- 
amining the mode of formation of these quantities, we shall see 
that if there were additional terms, such as t^ t^ &c. ; and if 
die foregoing arrangement were continued, the same property 
woidd hold universally, the nth line being the product of the 
nth term into the sum of that term and the double of all the pre- 
ceding ones. 

115. From the relations that have now been arrived at, we are 
enabled to establish the method of extracting the square root of 
a compound quantity, such as the second member of the equation 
in § 114. Thus, the square root of the first line gives t^. 
Subtracting the square of this from the second member, we 
have remaining the second, third, and fourth lines. We then 
see, that t^ will be found by dividing the first of the remaining 
terms, ^tyt^ by ^t^ the double of the part already obtained. 
Adding t^, when so found, to the divisor S^j, and multiplying 
the sum by t^ we get (2f | + ^2)^2 > ^^^> ^ ^^ ^ ^^ same as 
the second line, by subtracting it from the three lines which we 
had formerly remaining, we leave simply the third and fourth. 
In like manner, ^3 will be found by dividing the first term 
(S^ifs) of the third line by 2^|. Then, by adding t^ t« 
2 (^1 + ^2)^ ^^^ multiplying the sum by t^ we get the third line 
and taking this from the last remainder, the third and fourth 
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iines^ we have now only liie fourth line remaining. By dividing 
the first term of this remainder hy 2ti, we get ^4. Then^ hy 
adding this to ^(ti+t^+t^), and multiplying the sum by t^, we 
obtain for product the fourth line. Subtracting it^ therefore^ we 
have no remainder^ and the work terminates : and it is plain^ that 
this process will succeed in every case in which the proposed 
quantity is a complete square, such as (^1 + ^2+ ■ ** * ~^^i« )^* 
When the given quantity is not a complete square, the root may 
be carried out in a series to any extent we please, by a continu- 
ation of the same process, as is done in the analogous case *in 
common arithmetic by means of decimal fractions. 

It may be remarked that, as in multiplication and division, so 
in die extraction of roots, the quantities should be arranged 
(§ ^9-) according to the powers of one of the quantities con- 
cerned. Any other arrangement would give irregular and com-r 
plicated results that would be of no use. 

The substance of the conclusions at which we have arrived, 
might be expressed in a formal rule. Their application, however, 
will perhaps be better understood from the following examples. 

Exam, I. Find the square root of 4a;*— 24ax3+ lOSaor^-j-Sla*. 

— 6fla? — 24gM?» +36fl^a?^ 

4^8— 12flup— 9a2) SQa^x^ + 108fl3a?+ 81a* 

— S6a2^2 ^. 1 08fl3-p 4. 8 1 a< 



Or thus: 

4 -24 108 81(2 -6 -9, or 

4 2a?2»-6aa?— 9«*- 

4—^) —24, 

—6 -24 36 

4-12-9) -36 10» 81 
S6 108 81 


In the foregoing work, which is arruiged according td the 
descending powers of x, and the ascending ones of a, we have 
%i^ for the first term of the root ; the subtraction of the square 
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of whicli destroys the first of the given terms. In division^ we 
bring down, each time, one term. In extracting the square root^ 
however^ the divisor is each time increased by a term, and 
therefore we annex two terms to each remainder. In the present 
example it is unnecessary to take down, two terms^ as the latter of 
the terms that would be brought down^ a term containing x^, is 
wanting. We take dowsj therefore, — ^^aa^ ; and dividing this 
by 407^^ the double of what has been already founds we get -'6aXi 
which is written both as a part of the root and a part of the 
divisor. Then, multiplying the divisor by ~-6aa^, and subtract- 
ing as in division^ we get — Sdo^j?^ . to which we annex the two 
remaining terms. We add also — 6€ue, the term last found, to 
the last complete divisor ; and thus we get, in an easy way, the 
double of the part of the root already found. By dividing 
—36a?af^ by 4a:^, we get — 9«^ which is annexed both to the 
root and the divisor. Then, by multiplying and subtracting, as 
in division, we find no remainder; and therefore 2<»2— 6cw7 — 9«^ 
is the root. The work, by means of detached coefficients, is also 
given, but without any attempt at contraction, except the omission 
of the powers of ^ and a. 

ft 

Exam. 2. Find the square root of a;*— 4^34. lOa?2+9. 
a74_4^^ 10^H9 (**— 207+3 



— 2iir — 4^73+ 4a?2 



63:^— 12:r+9 

1207 

Or thus : 

1—4 10 9(1—2 3 6 12 
1 



2 - SJ) _ 4 
— 2 — 4 


10 

4 








2-4 3 ) 
3 


6 
6- 



-12 


9 
9 




2-4 6 


V 


12 
12- 




-24 



36 36 



2 — 4 6 12 ) 24-36-36 
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In this exercise, after we hare obtained s^-^^w-^-S, there ia 
the remainder \9.xi and, as in dividing this by ^x^, the first 
term of the divisor^ the term so obtained would contain a in its 
denominator^ according to the usual practice the work may be 
regarded as terminating here with the remainder 12^^ which^ if 
we proved the operation by multiplying the root by itself^ must 
be added to the product. The work might be carried farther^ 
however^ so as to give a series. This is most easily effected by 
means of detached coefficients^ as in the second process, and the 
root is found to be d?^ — 2^ + 3+647"1-|-12j7"2 + &c. 

Exerciaea, Find the sq^uare roots of the following quantities. 

1. d?*— 6d? + 9« -^»** ^—3. 

2. 4.r^-H4ar+a^. Ans, 2a7+a. 

3. 472 + 2-f a7"2. Ans, a?+a?~^ 

4. 16*J7— 24+9a?-^ ^n*. 4^i— S/p-i 

5. ^-f 4j;3_gj._|_4, Ans. x^-\-^X''9,. 

6. a^ + 8jc5— 800^3 -1-128 J7 + 64. ^/i*. 578^4^2 _ 3^ _ 8, 

7.1±.. ^;..i±-_--+_g__i&e. 

1 16. The nth power of a polynomial a?-f-y+ . . . ., which has 
^ for ita first term^ and y for its 

second^ commences with the two w -{- y-^z + &c. 
terms, ^ and n^""^y. To prove this, a? + y + « + &c. 
when n is an integer, let us multiply x^~+~wy^flcx +~&c. 
as in the margin, so as to get the ^ + ^^ + &c. 

first and second terms for the second ^^ ^ ^c. 

and third powers; a third term z ^^2^« ^* T^&i. 
being annexed, to show that it, or ^ , , ^^ -I- &c 

others that might fdlow it, would ~ 3,Q^i^\,^ . &' 
not affect the first and second terms ^ /t-i q T 7 

of the resulting powers. In this way, ^ ^ T a- * 

*3 and t\ being put, for brevity, to — x z -^ «€. 

denote the third terms, we find, that ^-^^^^V^^z + &<^- 
the first and second terms, in the se- 
cond power, are x^-\-9.xy, and, in the third power, a^^Sx^y; 
which are of the form above stated. Now, we can show, that, 
if the property be true for any one power, it is also true for 
the one next above it. To prove this, let us suppose it true for 
the nth power, and let us multiply, as in ^e margin, by 
«?4-y+ &C'> to find the next power. In this way, we get 
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«?"'*'i-}-(n4-l) «^-|- &c.: in which 

the property holds, the index of « or" -^-ru^'^y 4- &c. 
in the first term^ and the coefficient in x -^ y 4. &c. 

the second, being each n-f 1, which ^^^rufy ^ &c. 

denotes the order of the power ; while ^y ^ ^^ 

in the second term, y is multiplied ^+1^/^. ^n^^^ ^c. 
by the next lower power of *. \ j :f 

Now it has been shown that the property holds in the second 
and third powers ; it must therefore hold in the next higher, the 
fourth ; and, holding in the fourth, it must hold in the fifth, and 
therefore in the sixth ; and so on : so that it is true universally. 

117* This property, it is plain, will be true equally in reference 
to the powers of a binomial »+y; and it will appear hereafter 
that it also holds when n is negative or fractional. What has now 
been shown, however, is sufficient for our present purpose, which 
is to establish the following general rule for extracting the roots 
0/ compound quantities. 

To find the nth root of a compound quantity, arrange the terms 
as in § 39.; then the nth root of the first term will be the first 
term of the required root. Take the nth power of this term from 
the given quantity, and divide the first term of the remainder by 
n times the term ahready found, raised to the power n — I ; the 
quotient will be the next term of the root. Annex this to the 
term already found ; raise the binomial so obtained to the nth 
power, and subtract the result from the given quantity. If there 
be no remainder, the operation is terminated ; but, if there be a 
remainder, divide its first term by the same divisor as before, to 
get the next term of the root. Involve the trinomial thus found 
to the nth power, and subtract as before : and thus proceed till 
there is no remainder, or till a sufficient number of terms has 
been obtained. The reason of the process will be evident from 
the following example^ in connexion with the principle established 
in§ 116. 

Exam, 3, Given a^ -f 6cm?* — 40a'^ + QSa^s — 64o® ; to find 
its third root. 

d?6+6a»*— 40o*d?' + 96a'«— 64a^(4?*+ 2ad7— 4a^ 



Sjb^) 6<m?* 



Sot*) '-I2a^jg* 

««-f6aa?5— 40a3^3 . 96a»a?— b'4a«=(«»+2ar— 4a«)^ 







Exercises in evolutiok. 97 

Here the third root of a^ is x^, the cube of which being taken 
away, we get 6aa^, the first term of the remainder. Then, 
fi— 1, or S — 1, being 2, we raise w^ to the second power; thei 
product of which, by S{=^n) is Sj^. Dividing Qasfi by this, w© 
obtain 9xup. Hence we have os^-^^ax as part of the root. By 
finding the third power of this, and subtracting it from the given 
quantity, we find that the first term of the remainder is — liJaV; 
the division of which by 3^7* gives --4o^, another term of the root. 
This completes the root, as the third power of a^-^^aa — ^^ is 
found to be the same as the given quantity.* 

In operations of this kind, the method of detached coefficients 
may be used with much advantage. 

Exercises. Extract the third root in the first of the following 
exercises, and the fifth in the second. 

8, 64^— 288j;«-f 1080x3-1458^7—729. Ans. 4x2-6a?-9. 

9. 243^75 - 810007* + 1080a2j73— 720a8o?2 + 240a*J7— 32fl5. 

Ana, 347 — 2a. 



* The method of extracting roots explained above, is generally labori- 
ous, and is seldom required in practice. It may be remarked also, that 
in many instances roots may be readily discovered by inspection, and 
sometimes by other expedients. Thus, if it were required to find the 
fourth root of x^— 8a:S + 24arS— S3x+ 16, the fourth roots of the first and 
last terms being x and 2, and the signs in the given quantity being partly 
positive and partly negative, we try x — 2 as the root ; and by raising it 
to the fourth power, we find it to be correct, as the result is equal to the 
given quantity. In ExanL 3., also, the third roots of the first and last 
terms arc x* and — 4o^, cubing, therefore, x* — 4a^ we get x* — 1 2rt' x* 
+ 48a^x^ — 64a^ ; and subtracting this from the given quantity, we find 
that the first and last terms of the remainder are 6<ue^ and 96a^x. Then 
if we divide the first of these by three times the square of the first term 
of x^ — 4a3, and the last by three times the square of its latter part, we 
get the same quotient, 2ax : which, therefore, we may be sure b the re- 
maining term, if there be an exact root The reason of this will be seen 
by applying the principle established in § 1 16., to the given quantity, 
both as that quantity stands, and also in a reversed order. 

It should also be recollected, that, as is apparent from § 95.» the fourth 
root may be obtained by two extractions of the second root ; the sixth 
by one extraction of the second, and one of the third, or by one of 
the third and one of the second, &c. It may be fiurther remarked, that 
algebraists have given direct and distinct rules for the extraction of the 
third and higher roots, derived from the form of the third and the suc- 
'ceeding powers of a binomial These are easily investigated, but are of 
little practical value. 
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118. By the nature of powers^ and by the rule of the signs in 
multiplication^ every power of a positive quantity is positive. So^ 
also are the even powers of a negative quantity ; but its odd powers- 
are negative. 

Thus, every power of s is positive : also (— ^)^ = »^y {"^Y 
= ir*, &c. ; while (— ^r)3= — «3^ (— /r)*= — or^, &c. ; or, in 
general terms, (-fa?)»=sir"; (--/r)2»=4^'»; and (— d?)*»+i«= 
^ ^an+i . fi being a whole number : or somewhat di£^rently,. 
(4.ar)« = jr», and (— a?y»=:(— 1«)» = (— 1)»4^. 

119. Hence, since (-f dp)* =5*2^ and ( — j?)2s=s«2. qj^ con- 
jointly, (Hhd?)* =^«?3 ; it follows, conversely^ that ,Ji? = #, or 
—J?, or as it may be expressed, ^jp^=: ±«f. Henee we see, that,' 
in the algebraic sense, every number or qtumtUy has tvso equare 
TQOtSy which are equal in magnitude, but have opposite eigne. 

Thus, the square root of 100 is either 10 or --<10, since 
10x10= 100, and — lOx — 10 = 100. In like manner, the 
square root of «*— 2€WP+a* is *— o, or a— a?; while that of 
a^-\-2aje-\'a^ is 47-f a or —jf^a ; and the answer to Exam. 1. 
p. 93. is either what is there given, or 90^+60*— Sj?*, which is 
obtained from the other by changing its signs. So likewise, 2 and 
~2 are fourth roots of I6, and are sixth roots of 64. We thus 
see also, that a quantity of the form, a-{-^/b, has two values. 
Thiis, 7 + V9 is either 10 or 4, since the square root of 9 is either 
3 or —3. 

120. In extracting odd roots, the case is di£ferent ; as we do 
not find two equal roots with opposite signs. Tbus^ for the third 
root of 27, we get 3, and not — 3 ; as the cube of —3 is not 27> 
but — 27> which is not the number proposed ; while, for the fifth 
root of —32, we get, not 2, but —2, the fifth power of the latter, 
and not of the former, being —32. 

121. It follows from § 119*^ that a negative quantity has no 
even root ; since any quantity, either positive or negative, raised 
to an even power, gives a positive result. Thus, — a^ has no 
square root; since the square, not only of ar, but of —47, is j?*, 

and not —a\ Hence, any such expression as ^—a^, indicates 
an Operation which it is impossible to perform ; and it is, there- 
fore, called an imaginary or impossible quantity. We shall see in 
a subsequent part of the work, that, in many instances, when 
quantities of this kind occur in the solution of a problem, they 
serve the purpose of pointing out in what circiunstances it is pos- 
sible, and in what impossible. They are also of much use oir 
other occasions, particularly as instruments of investigation* 
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As distinguislied from imaginary quantities^ others are called 
real quantities. 

122. It is both usual and advantageous to express imaginary 
quantities of the second degree, so that they may have the symbol 

V— 1, as a factor, which is al ways possible. Thus, since 
^a^s=a^ X —1, we have (§98.) a/— a*=sa\/— 1. In like man* 
ner, we should have \^—b, or >/(6x — l)=A/ftx V— 1 or 
ssy/v/— I^if&'he put to denote \/b. This mode of notation 
facilitates operations on imaginary quantities, and obviates diffi- 
culties dnt would otherwise be felt. With this notation, indeed, 
if we merely ke^ in mind, that, according to the nature of roots 

jmd powers, the square of >v/— 1 is -* 1, we can perform on ima- 
ginary quantities, and by the same rules, all the operations to which 
real quantities can be subjected. 

Thus, the product of a >/— 1 and b ./— 1 is aft X — 1 or —aft; 

and the square of a^— 1 is o^ x — 1 or —a*. If, again, a >/— • 1 

be divided by 6/^/— 1, the quotimt is — > or simply -• 

The example in the margin is interesting, as affording one 

instance, out of many, in which imaginary ^ 

quantities used in operations disappear in the ** + "^IlL 
conclusions, and thus give real results. The a — b^ — 1 
product in this exercise might also be ob- a^^abV—^ 
tained by means of § 5?., since the f actor s —ab^/^^4^h^ 
are the sum and difference of a and 6 >/— 1 ; o^Xp 
the squares of which are a^ and — b^ : and, 
by taking the latter from Ihe former, we get a^+ft^, as before. 
From this example, in connexion with § 57.^ we see how any 
binomial, having both its terms positive, may be exhibited as the 
product of two imaginary factors. Thus, 4a^-^gt^ may be 
written 4o^— 9ft^X— 1. T hen, the square roots of 4a* and 
QUix—l being 2a and 36 V^— 1, we get for the required factors, 
fia+Sft^/^ and 2a— 36 a/— 1. In like ma nner , 2, or 1 4- 1, 
may be put under the form (I 4- >/— 1)(1— a/— !)• 

123. The square of >/— 1 being —1, by multiplying this by 
js/--l, we get, for the third power, —^/ — l; the product of 
which by ^^ — 1 (or the square of the second power, —1) is 1, 
the fourth power. The first four powers, therefore, of this symbol 

ne >/--T, — 1, — V--l> and 1. Now,. by multiplying the first 
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power, the second, the third, &c., by the fourth power, we get 
(§ 38.) the fifth power, the sixth, the seventh, &c.: and since ther 
fourth power is I, it follows that the fifth power, the sixth, the 
seventh, &c., are the same over again as the first, second, third, &c. p 
and, on the same principle, the ninth power, the tenth, &c. will be 
likewise the same. Hence if « be any whole number, we have 
the 4th, 8th, 12th ... 4nth powers of V— 1 each =1; 

the lst„5th, 9th •.. (4»+l)th or (4n— 3)th - = v'— 1; 
the 2d, 6th, 10th ..• (4n+2)th . . - = — 1; and 

the 3d, 7th, Uth ••• (4n+S)th or (4»— l)th - = — v'— U 

Exerdsea, 



1 0. Multiply 2a + 3d V— 1 by Sa— 26 a/— 1 , 



11. Cubeo+&A/-l. ^n«. o3+3a26v'--l-3a62-63^_l, 

12. Find the fourth powers of 1 —2 a/^, and 2— V— 1- 

An8. 24./^— 7, and — 24^/^--7* 



13. Cube — i+iV— S, and — ^— 1>/— 3. ^Aris. 1. 

14. Show that "^ZL = ^/^\, and that "^ZL = 

1-a/-~1 a-6^/-J 

a2-f2fl6^/-~l— 6^ 

a2 + 6^ 

15. 252 is equal to 242 + 72, and also to 152+202. Henc? 
resolve 252 ^q^ imaginary factors. 

Ans. 24 + 7a/^, and 24>-7>v/-l ; or 

7 + 24 aA^, and 7— 24>v/-;a : 

also 15+20 ^/j-1, and 15-20^/— 1 ; or 

20 + 15a/^, and20-15A/-l. 

124. The following principles, which will be useful in subse- 
quent inquiries, and in the investigation of which we are assisted in 
part by what is established in this section, may be introduced here. 

A quantity y however small, may he taken so many times, that the 
result shall exceed any quantity, however great. 

To prove this, let a be any quantity, i^nd b another exceeding 

it in any degree whatever. Then, let b be increased by c, and let 

it be assumed, that 71a = & + c. Hence^ dividing by a we get 

b-\-c 
n = — ^, a formula by means of which we can find a number n. 
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fu<!h that if a be multiplied by it^ the product shall be 6+c^ which 

is greater than b by e. 

' Thus, as an example^ let a ^ 0*001 (the thousandth part of a 

unit), and b = 1000, and we shall have » = —^-^^r-t ^h^J na^- 
/' ' 0*001 ' ' ^ 

tiplying the numerator and denominator by 1000, »= 1000000 
+ 10(k)c; and thus n is assigned so that, if 0*001 be multiplied 
by it, the product shall exceed 1000, being equal to 1000+c. 

125. The following principle is of equal importance. If a 
quantity be greater than unity by any quantity, however small, a 
p&wer of it may be found, fohich shall exceed any given quantity, 
however great. To prove this, let a be a positive quantity, and 
consequently 1 -fa wiU be greater than unity. Then, by the rule 
for the signs in multiplication, all the terms of every power of 
\-\-a will be positive ; and, by § 1 14., the first and second terms 
of (1 +a)" will be 1 and no. Hence, (1 +a)" may be represented 
by \'\'na-\'S, where « is a positive quantity, being the sum of all 
the terms after \-^na, which, as we have just seen, are all posi- 
tive. Now, by § 124., n may be taken so great, that even the 
second term na alone would exceed any number, however great : 
much more, then, will 1 -f na+«, that is, (1 -f o)") be greater than 
any assigned number. 

126. It may be shown in the last place, that if there be a con^ 
stant quantity, a, a quantity, d^ may be found, such that if a he 
divided by it, the quotient shall exceed any quantity, b, however- 
great : and another quantity, d\ may be found, such that if a be- 
divided by it, the quotient shaU be less than any quantity, b\ how- 
ever small. To prove the first, we have merely to assume -,= b 
•f C) where c is any positive quantity ; then, by multiplying by 

d, and dividing by 6+c, we get <l = j--—* To prove tlie second, 

-f 

a 
assume -^ = 6^ ~ </, where </ is a positive quantity less than b' : 
a 

then d' = ^-^ — -j. Hence we see, that to find the one divisor, d, 
— <? 

we have merely to divide o by a quantity greater than b, by any 

quantity c, however small ; while to find d\ we have to divide the 

same by a quantity less than b' by a quantity, </, which may be 

ss small as we please. 

As an example, let it be required to find a divisor for 2, such 

F 3 



VAKIgHmO FBAOtlOKS. 



~==0- Now, to make the first member o: 

^^olutely equal to 0, the dividend, a, being a qui 
^gnitude, is impossible. The larger or become 

b ^^t ^^^^y *^^^ *^® value approach to zero ; and 
^ *^e continual increase of w, it may be made 
putest quantity, — by a quantity less than any tl 
^ §7ied; as is plain from the second part of 

>. ^^uld become zero in no other way than 1 



"'Q 



s: 



^^ : and, therefore, we reasonably regard -, 

^. ^d to represent, as being infinite. The syi 
^'^^^y a quantity that is infinitely great 



^.^ 







«=3 



I'he expression ^ is another remarkable 

^ ^»itly occurs in investigations, and whicl 

^^nishing fraction* Now, with regard 

//* we know nothing more than what m< 

■f ta it no definite value whatever : it ma 

i\<^ plesise. To show this, assume it eq 

li^ ty the denominator 0, we get 0= 

is evidently true, whatever finite 

hether ar be 0, 1, 1000, —IOC 

>r negative, w X 0=0. 

or, is generally different, if we ! 

i it is easy to show that, for 

ractioti TQgSj according to ci 

e quantity diffe 

> -Ty when a?= 



ar' 



0' 
a 



wl 



the numera 
le, therefore. 



calculated to m 
rms. Such eif 
temu. 

Sy in general, grc 
ee the author's i 



103 I^NFlklTB aUAKTITIES; 

that the quotient shall exceed 10000. Here « = 2 ancf 

h = 10000, and we shall have d = ■ ^ ; where c may be 

10000 4" <? 

1, S, 10, 100, ^, or any other positiye number. As another ex*, 
ample, let it be required to find a diyisor for 12, such that the 

quotient may be less than ^^^ . We have here a=r IS, and 

1/ 1 ^*u™r ^/ 12 ^ 120000 

• = rxf\ru\ y *°^ therefore a = — ; -^, or <r = 



10000 ' — — - -^^^^^_^^ -* - - I -.looooc/* 

where c' may be any number less than _ ^^^^ , audi as 0*00001, 

0-000025, &c. Thus, if </ = 000002, we should get d' = 1 50000, 
the required divisor ; and dividing 12 by this, we obtain 0*00008^ 

which is less than or 0*0001 ; and, therefore, the divisor 

10000 

answers, 

127. The views that have now been given, will assist in en- 
abling us to interpret the meaning of the remarkable expression, 

-r , where a is a constant quantity. If a be divided by quantities,, 

each smaller than the one preceding it, any quotient after the first 
will be greater than the one before it ; and, by the first part of 
§ 12S., a divisor may be found, so small, tiiat the quotient 
shall exceed any assigned quantity, however great. Thus, if 
we divide a, first by 2, then by 1, and after that by 0*1, 0^1, 
0*001, and 0*000001, in succession, we get the quotients, -^a^ a, 
10a, 100a, 1000a, and 1000000a; and, by taking divisors 
smaller and smaller, we might find quotients as great as we please, 
exceeding, in fact, any number, however great. Thus, if we 
divide by the extremely small decimal fraction, which is expressed 
by 1 with eleven ciphers prefixed, and which would be the mil. 
lionth part of the millionth part of a unit, the quotient would be 
a million of millions times a. It is clear, therefore, that the more 
nearly the divisor approaches to zero, the greater is the quotient; 

and hence, - is regarded as expressing a quantity greater than 

any thing that can be assigned, or, in other words, an infinite 
quantity. 

To illustrate this subject still farther, let r=*: then, by mul- 
tiplying by 0, and dividing by ^, we get successively a^ssx x 0, 
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imd '=0. Now^ to make the first member of this equation 

absolutely equal to 0^ the dividend^ a, being a quantity of a fixed 
magnitude^ is impossible. The larger a becomes^ however, the 
inore nearly does the value approach to zero ; and from this limit, 
by the continual increase of a, it may be made to difier by the 
minutest quantity, — by a quantity less than any tiling that can be 
assigned j as is plain from the second part of § 126. Hence 

- could become zero in no other way than by a? becoming 

U 

infinite: and, therefore, we reasonably regard -:, which x was 

assumed to represent, as being infinite. The symbol oo is used 
to signify a quantity that is infinitely great. 

123. The expression - is another remarkable one, which not 

unfrequentiy occurs in investigations, and which is commonly 
called a vanishing Jractian* Now, with regard to such an ex^ 
pression, if we know nothing more than what meets the eye, we 
can assign to it no definite value whatever : it may have, in fact, 
any value we please. To show this, assume it equal to a? ; then^ 
by multiplying by the denominator 0, we get 0=/vx 0, an ex- 
pression which is evidently true, whatever finite value is given 
to a. Thus, whether /p be 0, 1, 1000, —100, or any other 
number, positive or negative, ae X 0=0. 

The case, however, is generally different, if we know the origin 
of the fraction : and it is easy to show that, for the most part, 
the value of such a fraction may, according to circumstances, be 
nothing or infinite, or a determinate quantity different from both. 

Thus, the fraction ^ 4 becomes -, when ^=a. By dividing 

its terms, however, by J7— a, we get , which (§ 68.) is 

equivalent to it. Now, when «=:a, the numerator wiU yani^, 
while the denominator is a : the value, therefore, is zero. 

* This name ift inappropriate, and is calculated to mislead; as it is- not 
the/roc^on, that is evanescent, but t'/s temu. Such expressions might be 
properly called fractions with vanishing terms. 

. The management of such fractions is, in general, greatly facilitated by 
means of the differential calculus. See the author's work on the sub- 
ject, Section vi. 

F 4. 
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Again, the expression , ^ . 3 is also a vanishing fraction5 
when jn=za; but, by dividing the numerator and denominator hf 

07—0, we eet -7 r^ : wmen becomes ——, when ws=za; an 

expression which (§ 124.) is infinite. Lastly, wlien A^=a, the 

. ^ fjfi Q 

fraction, — ^ — ^, also becomes -. By dividing the terms, how<n 

ever, by a?— o, we get ; which, when d7=a, becomes. 

^e determinate quantity, ^o. 

129* From what we have just seen, it will appear, that, whea 
a fraction, for a particular value of some quantity contained ii^ 
it, becomes a vanishing one, we ought to reduce it to its lowest 
terms, and in the result to give that quantity the same particular 
value. If the fraction cannot be reduced to lower terms, its 
value is indeterminate. 

It is plain also, that any fraction whatever may be made to 
assume the vanishing form, by multiplying its terms by a quan- 
tity which, on a particular supposition, would become nothing. 
Thus, suppose the numerator and denominator to be 47^+a^ and 
x-{-a: then, if each were multiplied by 074- 2a, a fraction would 
be obtained, which would be a vanishing one, when ^= — 2a« 



Exercises, 

16. Find the value of the fraction, -^-5 ^, when ^=4ii. 

Oj?2— oar— a^ * 

Arts, 1. 
^2 2^ 3 

17. What is the value of - o_^ ^^ , wh^ w =5} Arts, |. 

12a7^--25ar2+9 

18. What does ,g^_^Q .3 become, when «=|? Ans. — fg. 

19. Eequired the value of 3 - 3 , when x= —a. Ans. ^a^. 

20. Find the value of ■ 3^ _ , when arssl. Ans. |. 
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21. When does -r-x — -— x- become a vanishiDg fraction, and 

what is its value then i * Ans, It is a vanishing fraction when 

:r=^, and its value is ^a. 

22. Find the value of , ; ^ when «=0. Jn*. oo. 



CHAPTER VII. 

ARITHMETICAL AND OEOMETRIOAL PROGRESSIONS. 



^^^#^^^i^w^^^i» 



130. If a series of thvee or more quantities be such^ that^ after 
the firsts each is derived from the one immediately preceding it, 
foy the addition of a constant quantity^ these quantities are said to 
be in arithmeHeal progression, or to be equidifferent ; and the con- 
stant quantity is called the comm&n difference of the series. If 
the common difference be positive^ the series is said to be ascend- 
ing; if negative^ descending. Thus, 1, 2, 3, 4, 5, &c., is an 
ascending series, having the common difference 1 ; and 40, 37^ 34. 
31, &c., is a descending one, having the common difference —3. 

In series of every kind, the first and last terms are called the 
extremes, and the rest the means. 

In series of this kind, there are five quantities which require 
consideration : the ttoo extremeSy the common difference, the 
number of terms, and their sum. Now, if we put n to denote 
the number of terms, we may conveniently express the terms of 

such a series by t^, t^t^ ^..p ^it; in which notation ty 

and t^ will be the extremes : and, to complete the notation, we may 
represent the common difference (^3— *i, t^—t^ , * . , t^—t^^^\ 
by d, and the sum of n terms by «.. 

^. 131. This notation being adopted, we have evidently, from the 
definition given above, the following as the successive terms of 
any such series : 

* To solve this question, put the denominator equal to nothing. Then, 
by resolving the equation so obtained, we get ar=Ja, a value which, 
when substituted for x in the numerator, makes it vanish also. It is 
plain, that instead of putting the denominator equal to nothing, we might 
have put the numerator equal to it, and might have substituted the rc» 
imlting value of x in the denominator. 

f5 
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<i, <i-f <*, *i+2rf, *,4-3d, , ^+(»-l>i> > 

one (f being added for finding each term^ after the first, to the 
preceding term ; so that^ to find the nth term, n— 1 times d hrk 
added to the first term. Hence we have f, = ^^ +(n— iH 

This formula contains the four quantities^ t^y t^ n, and d ; and 
it will give any one of the four, when the other three are known j 
or, as it may be expressed, it will give any one of them in termtf 
of the other three. Thus, without change, it gites the value of /, ; 
while by mere transposition it gives ^j = ^^ "(^—1)^ Also, by 

resolving the equation for rf, we get d= — — ~ ; and, by similar 

means, we should find »= - " . ^ + 1. What has now been 

a 

established will be illustrated by the following examples. 

Exam.^ 1. Required the fifteenth term of the series 1, 3, 5, 7^ &c« 

Here we have t^^X^ d=^% and n=15; and therefore, by the 
last §> we have «i5=:l-f (15 — l)2=2g. 

Ea;am, 2. Find the twenty-fifth term of the series, 100, 97, 
94, 91, &c. 

In this example, we have ^j == 100, rf = — 8, and n =a: 25 ; and, 
therefore, ^25= 100— (25-1)3 = 28. 

Exam. 3. In a series of forty terms, given the extremes equal 
to 10 and 100; to find the common difierence. 

Here, from the expression above obtained for d, we get 

. _ 100-10 ^ 
^- 40-1 ="^T^- 

132. The last or nth term of the series being fj-f (n— j)rf, 
and each term being less by d, than the succeeding one, it i^ 
plain, that the last but one will be ^j-f (n— 2)d; the last but 
two *i+(n— S)rf; &C. Now, by taking the sum of the first 
term and the last, that Of the Second and the last but one, that of 
the third and the last but two, &c., we get, in every instance,' 
2^i+(»— IW. HeUce, it follows, that the sum of the extremes 
is equal to the sum of any ttbo terms equally distant Jrom them. 

If n, the number of terms be odd, the middle term of the series 
will be <i+-J(n— l)rf, the common difference being added only 
half as often to find that term as to find the nth term ; and, aa 
this is exactly the half of 2^j + (n— 1)^, the sum of the extremes 
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found aboTe, it follows^ that^ when ih$ number qf terms is odd, the 
ttan of the extremes is double qf the middle term, 

Tkui/inthe series, 2, 5, 8,11,14, 2-1-14 = 5 + 113=8x2. 

133. We are now piepared to find the bubi of an equidifferent 
series. Denoting, as already mentioned, the sum of n terms by 
4^ and writing the aeries both in diiect and in reversed order, we 
have 

Now, by the last §, the sum of each quantity in the second 
member of the first line, and of the term below it in the next 
line, vi2ti + (n—l)d. By the actual addition, therefore, of the 
two lines we get 2«« equal to 2fi + (n— 1)<2 taken n times ; and, 
consequently, by multiplying by n and dividing by 2, 

*,=^«{2<i + (n- l)d} =n^^ +in(n- l)d. 

From the first form of this sum, it appears that the sum of 
the series is equal to the sum of the extremes multiplied hy haffthe 
number of terms. 

This equation, like the one in § 131., contains four quantities, 
1], dj n, and s^ ; and therefore it wiU give any one of them in 
terms of the other three. 

Exam* 4. Required the sum of 200 terms of the series 1, 4, 
7, 10, &c. 

Here *i=l, rf=S, and «=200; and, therefore, «200= 
200 X 1 +4 X 200 X (200— 1) X 3 ; or, by performing the work, 
*20o=59900. 

Ewam, 5. Find the sum of 150 terms of the series, SSS, 331^ 
329, &c 

Here ^1=333, rf=— 2, and n=rl50; and, consequently, 
*i50=i >^ 150{66*6+(150-l)x-2}=: 27600. 

Exam, 6. Required the sum of n terms of the series, 1, 3^ 

In this question we have ^i=I, and ifr=2; wherefore «,=s! 
nxl4.|n(n— l)x2=»-t-«2— «=n2. We 'thus arrive at the 
interesting conclusion, that, in the series of odd numbers, 1, 3, 5^ 
7i &c., the sum of any number of terms is the square of that 
number. Thus, the sum of the first 10 terms is 10^ or 100 J 
«nd that of the first 100 terms, 100^ or 10000. 

f6 
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1. Find the lOtli term^ and the 150di^ of tlie equidi^ieitt 
leries, 3, 5, 7, 9> &c. -4n#. 21 and 301. 

2. Fmdthe47thand60tfaterm8oftlie8eries,100, 9B^ 96^&c. 

ilM. 8 and— 18. 

3. If the extremes of an eqnidiflferent aeries be 4 and 85^ and 
the common diflferenoe 3, what Is the number of its terms ? 

Ans. 28. 

4. What will be the compion diflferenoe by which 35 equidif- 
ferent means may be inserted between the extremes 1 and 100 ? 

Am. 21. 

5. Find the som of the first 1000 numbers^ 1^ 2^ 3, &c. ; and 
also the sum of the first 1000 odd numbers. 

Am. 500,500 and 1,000,000. 

6. Required the som of 101 terms of the series, 50, 49^ 48, &c. 

Ans. 0, the positive and negative terms 
destroying each other. 

7. Find the som of n terms of the series S, 5, 7> 9^ &c. 

An9. n*4-2n. 

8. The famous porcelain tower of Nankin is ascended by 884 
9Xe^s. Now^ suppose a person to ascend one of those steps, and 
then to descend to the ground ; then to ascend two, and to descend 
to the ground agun; then three; and so on, till he should reach 
the top and again descend to the ground : through how many steps 
would he have ascended in all ? And, if each step were 6 inches 
in height, what would be the entire height ascended ? Also, tf each 
step were 1 4 inches in breadth, through what space, in a horizontal 
direction, would he have gone in both his ascents and descents ? 

Ans. 391^170 steps; and 37 miles, 225 feet, in ascent, and 
the same in descent Also the horizcmtal space de- 
scribed in both is 172 miles, 4570 feet 

9. If a person commence trade with 1000/. ; and, if he add 
to this capital 100/. the first year, 200/L the second, 300/. the 
third; and so on during the first 20 years: and if he then 
increase it in the first of the ensuing ^0 years by 200/., in the 
second by 400/., in the third by 6OO/., and so on : how much will 
he be worth at the end of the whole 40 years ? Ans. 64,000/. 

134. When three or more quantities are such, that, after the 
first, each is obtained by multiplying the one immediately pre- 
ceding it by the same number, those quantities are said to be in 
geometrical progression, or to be continual proportionals ; and the 
multiplier is cdled the common ratio, or simply the ratio of the 
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series. If the ratio^ without r^ard to its sigii^ be greater than 
unity^ the series is said to be ascending ; but if less^ it is de- 
scending. Thus^ the series I, 2, 4i, 8, \6, 32, &c,, is an ascend- 
ing geometrical one; as is also 1, — 3, 9> •— 27> 81, &c. ; the 
former having 2 as ratio^ and the latter —3. The two following 
are descending series^ the first having ^ as ratio^ and the second 
^4 : 9, 3, 1, ^, -J, &c. ; and 1, — 4, }, —J, ^, &c. 

When the series consists of three terms^ the second is said to 
he a mean proportional between the other two. 

135. In series of this kind^ there are five quantities chiefly to 
be considered^ the two extremes t^ and t^; the number of terms, 
n ; the sum of the series, s„ ; and the common ratio or mul-> 
tiplier r. Now, by the definition given above, the second term 
will be found by multiplying the first by r, die third by mul- 
tiplying the second by the same, and so on : and therefore the sue-* 
oessive terms will be 

ti, Wi, r^i, r^ti, , r»-l«i. 

The term before the last, found by dividing that one by r, will 
be r^'Hi ; the next preceding term r^^^p &c. 

We have, therefore, ^,=r"~^ij. This formula contains the 
four quantities ti, /„, n, and r ; and, by means of it, any one of 
them may be found, if the other three be given* The value of 
H, however, cannot be obtained by means of the principles thus 
far established, as the finding of it requires the use of logarithms. 

136. By taking the product of the first term ti, and the last 
f^~^t^3 we get r^^Hi^ : also, by taking the product of the second 
term r^j, and the last but one r^'^^j, we obtain the same result : 
and, by multiplying the third term into the last but two, we get 
the same still ; and so on. Hence, therefore, the product of the 
extremes is equal to the product of any ttoo terms equally distant 
^ rom them. If the number of terms be odd, the middle term of 

the series will be r^^'^^Hi, the multiplication by r being repeated 
only half as often to find that term, as to find the last : and, as 
the square of this is r^H^^, the same as the product of the ex- 
tremes found above, it follows, that, when the number of terms i» 
dddy the product of the extremes is equal to the square of the middle 
term. Hence, if the extremes be given, the middle term is found 
by taking their product, and extracting its square root. 

Exam, 1. FiUft the 7th term of the series 2, 8, 32, &c. 
Here *i=2, r=4, and »=7 ' therefore 

«7=46x 2=4096x2=8192. 
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JSxam, 2. Required the 6th term of the series ^, ^, -^^ && ' 

We have here ti=^; r=f> found by dividing the second 
term by the first; and n=6. Then, n— 1 being 5, we raise J 
to the 5th power, which we find to be -^-^j ; and, by multiplying 
this by ^x=-j, we get i^, the required term. 

Exam. 3, Find a mean proportional between 20 and 45. 

The product of these is 900 ; the square root of which is SO, 
the required mean. 

Exam. 4. If the extremes of a series of four terms be 27 and 
64, what are the means ? 

Here 1^"^=*^, is found by dividing t^ by ty Hence we have 
f^=^ ; and, therefore, by extracting the cube root, we find r to 
be ^. Lastly, by multiplying 27 by this, W get .36, and by mul- 
tiplying S6 by the same, we get 48 : 36 and 48, therefore, are 
the required means. 

Hence we see, that to solve the celebrated problem in which it 
is required to find two mean proportionals between two given 
numbers or magnitudes, we have merely to divide ^e second by 
the first, and to extract the cube root of the quotient, which 
will be the ratio ; and we then multiply the first extreme by this 
ratio to find the first mean, and this mean by the same to find 
the second. The eqtdvalent geometrical operation, however,, 
cannot be effected by means of elementary geometry. 

137* For investigating the method of summing a series of 
this kind, we have, as in § 133., 

Below this write its product by r, setting the second members 
so that like terms may stand in the same column. By this means 
we shall have the two lines standing thus : 

r*,= rti-^rHi+r^ti-^ . . +i^^^i + r*-«^,-|-r^>^i + r"/,. 

In these two equations all the terms of the second members 
are plainly the same, except the first of the first and the last of 
the second. Subtracting, therefore, the members of the first from 
those of the second, we get 

«,-^=:i^«i— <i, or (r-.l>,=:(r"-.I)*j} 
whence tf-=^ -— ... (a). 
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H«d we subtracted the members of the second equation from 
those of the firsts we should have founds in a similar manner^ thai 

..ji=^ . . . «. 

138. If r be a fraction less than unity^ and n become infinite, 
f* will vanish. For r may be put under the form -^ where / b 
the reciprocal of r, and is therefore greater than unity. Hence 
we have r"=x-^^. Now (§ 125.) the denominator of the second 

T 

member will be infinite when n is infinite : and hence (by § 127- 
concluding part) the second member^ and consequently its equal/ 
r», will be equal to nothing. In this case, therefore, the nume- 
rator in (b) becomes simply ti, and we have 

whence it appears, that to find the sum of an infinite number of 
terms of a descending geometrical progression, we subtract the 
ratio from unity, and divide the first term by the remainder. 

Exam. 5. Reqiured the sum of the first seven terms of the 
series, 1, 3, ft 27> &c. 

S^— 1 
Here /i=l, r=3,.and n=7; and, by (a), #7=— -— =a 



* This latter expression would be obtained from the former by multi^ 
plying the numerator and denominator by --1, or, which is the same, by 
dhanging the signs of all the terms of both. 

It may be remarked, that if or be taken equal to 1, and a be changed 
into r, in tiie formula at the end of § 58., and if the result be multiphed 

by <p we obtun -. ™'i + ^\ + '"^'i + + r'~>*i ; which agrees 

exactly with. what has just been found. In fact, the method of summa- 
tion employed above is virtually the same as the multiplying of the series 
by 1 — r, and is therefore a reversing of the process in division, by 
which the formula ai § 58. is obtained. 

If ral, the last two expressions (a) and {h), become (§ 128.) vamsh* 
ing fitictions. In this case, however, we find, by reverting to § iS2., that 
titofj + fi + <i + • • . . . + ^i afitp the sum required* 
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Exam. 6. Find the sum of the first six terms of the senes^ 

We have here *i=^, '•=fj and n:=^6. Then r»=(|)6=i 
'iW^* Taking this from 1^ and multiplying the remainder hy \, 
we find for the numerator of the second memher of (ft), %\ %^ ; 
while the denominator is 1 — ^, or ^. Dividing the former result 
J)y the latter, we get *6= JMi= 1 iSiS- 

Exam. 7. Find the sum of nine terms of the series, 1» — -|> 
Here ^1=1, r= — ^, and n=9. Therefore we have, hy (6), 

^J7am. 8. Required the sum of the infinite series, ^, ^, ^, &Ct 
We have here <i=i, finj, and «=oo. Then (§ 138.) 

•^=r— ^— =1, the required sum.* 

* As learners generally feel some difiieulty in conceiving bow the sun^ 
of an infinite number of terms can be a finite quantity, it may be proper 
to give some illustration of the subject, and the last example serves well 
for the purpose. Let the line AB represent the unit of which the terms 
of the series are the half, the fourth, the eighth, &c. Bisect A B in C, 
CB in D, DB in £, EB in F, &c. Then AC is one half of the given 
]ine> CD one fourth of it, D£ 

one eighth, &c. ; and, there* ^ C P ? f *■ 

fore, AC, CD, D£, &c., are 

the successive terms of the series. Now, it will be seen at once, that nd 
finite number of these terms, however great, can amount completely to the 
whole line AB ; as, in finding the terms by the successive bisections, 
there is always a portion of AB remaining unexhausted. Thus, if we 
^ke only the first term AC, there reihains CBs=J; the first and second 
terms amount to AD, and the unexhausted part is DBs^, or equal to 
half the last remainder CB. In like manner the sum of three terms is 
A£, and the unexhausted part £B, which is one half of DB, the last re- 
^nainder. We thus see that there will always be a remainder, but that 
each remainder wUl be only half the preceding one. After the first term 
the remainder is \ ; after the second, the square of } ; and after n terms, 
^e nth power of^ Now, (§ 138.) the nth power of ^becomes zero, 
when n is infinite. Hence, the sum of an infinite number of terms of the 
series is equal to the unit AB, the remainder becoming evanescent. It 
thus appears, that the turn of an infinite teriea i» the mnourU to which tfte 
^um of its terms ixmtinvaUy afproaches, as more and more of them are taken ; 
4mdfrom which their sum, if a sufficient number of them be employed^ will 
differ by a quaHiity less than any thing that can he assigned : and unless s^ 



IK €»l!OMETBICAli PRO<3RE8SIOX« 115 

Ea;am, 9* Required the sum of ^ve terms^ and the sum of 
an infinite numher of terms^ of the series -^-q, -j^-q, to^tj^ ^^* 



number can be found which has these two distinctiye properties, the 
series will have no finite suni, biit will give an amount exceeding any 
number, however great, if a sufficient number of its terms be taken. Thus, 
in the series, J, |, |, &c., we have seen, in the first place, that the sum 
approaches continually to 1, as more and more terms are taken; and, in 
the second place, that if a sufiicient number of them be taken, their sum 
will differ from 1 by as small a quantity as we please : the sum, there- 
fore, is 1 . The sum of the same series also continually approaches to 2 ; 
but the difference between it and 2 cannot be made as small as we please, 
as it must always exceed I ; and, therefore, 2 is not the sum, as it has only 
one of the two properties mentioned above. 

There may plainly be numberless series, in each of which the sum of 
an infinite number of terms will be infinitely great. Such is the series, 
1,1, I, &c. ; as also, 1, 2, 3, &c. It may be remarked, also^ that a series, 
the terms of which go on continually diminishing, and becoming smaller 
and smaller without limit, has not necessarily a finite sum. Thus, as 
will be shown hereafter in the Chapter on Series, so many terms of the 
series, ^ ^ I* i* &c., may be taken, that their sum shall exceed any num- 
ber, however great. 

An infinite series which has a finite sum is said to converge, or to be a 
convergent one. 

The illustration given above is very plain and palpable. We shall arrive, 
however, at the same conclusion more briefiy thus : by fi>rmula (ft), we 
shall have in the series, J, ^ }, &c. «„ ^ 1 — (^". Hence we see that the sum 
of any number of terms, n, will always be less than 1 by the nth power 
of ^; and, since (§ 138.) n may be taken so great as to render the nth 
power of \ as small as we please, the sum will tend to 1 as its limit, differ-* 
ing from it by a quantity less than any thing that can be assigned, when 
n is taken sufficiently large. 

It may be remarked, that if 1 be divided by 1 under' the form 2— I > 
the quotient will be the series which we have been considering. In like 
manner, if 1 be divided by 2 under the form 3 — 1, the quotient will be 
the infinite series ^ + } + ^V "^ * ^^' > ^he sum of which is therefore -i- or ^ 
So likewise, if we divide 3 by 1 under the form, 4— 3, we get the in« 
finite series, | + -ft + JJ + > &o. ; the sum of which, accordingly, is 3. Again, 
if 1 be divided by 3 in the form 2 + 1, the quotient will be }— ^ + 1— ,\j + > 
&c. ; and the sum of this is \. In infinite series, such as this, having the 
terms alternately positive and negative, the values of one term, of two 
terms, oi three, &c., are alternately greater and less than the sum of the 
series ; to which, however, they continually approach. Thus, in the last 
series, the first term is J: which exceeds the sum ^ hy | : the first and 
second together make ]p which is less than ^ by -j^ ; . the nrst three terms 
amount to f, which is greater than J by jp &c. This series, it may be 
farther remarked, is evidently the difiference of the two series, } + } + ^ + , 
&c., and } + -i^ + ik+> ^^' > ^^^ ^ ^^^ latter of these b pldnly half the 
former, each of its terms bemg half the corresponding one in the other. 
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Here we have ti =-f7, and rxs^ ; and, therefore, r*=-j^^^|y* 
Subtracting tfaii from 1, we get -fi^-^^y which is the sum of 
Bye terms, as, according to (6), it should he multiplied by -^j^ 
and divided by 1 — tV ^ '"^^ these being the same, the two 
operations neutralise one another. Again, for the sum of the 
infinite series, we divide -fj^ by 1 '^^j^, and the quotient is 1, the 
sum required. We thus see that the value of the interminate 
dedmal '9999 • • • •» or, as it may be written, 

^+r»7+Ti^+&c.,isl. 

Exerdaes. In each of the following exercises, find the sum of 
as many terms as are denoted by the number attached to « in 
the answer of the same exercise. 

Exercises. Answers. Exercises. Aiuiwers. 



1. 1, 4, 16, Sec «s=:1365. 



3.ijH> hh^^' «7==40^ 



2. 3,6, 12, &C. *,6=196605. 4. 1, f, V> &C- '8=73ff J, 

5- h h -hy ^^' ^»w- '8= HUh and *»=2. 

6. U {\h)\ (AW> &c- ^»*. *6=8-487171- 

7. «, (W> (■H)^ &C' -^w*. H^HHHhy and *«=10, 
S- i^ -|^ ^V -• ^> ^<^- ^»**- *5=^i and *3, =^ 

9. 1, -2,4, -8, &«. iln*. #,=Ki-2»x(-l)»}. 

11. If a person buy twenty horses, paying a farthing for the 
first, a halfpenny for the second, a penny for the third, and so 
on, always giving for each horse, after the first, the double of 
what he paid for the preceding one, how much would the whole 
cost? ^n*. ^1092 5*. 3|A 

12. If there had been trebling instead of doubling in the last 
question, what would have been the cost of the twenty horses, 
the first still costing a farthing.^ Ans. s£^,Sl6fi3S 10«. lOd. 



the ori^nal series is thd same as ) + -^ + ^ + » &c. It would be reduced 
to this also by subtracting each negative term from the positive one im- 
mediately preceding it 
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• CHAPTER VIIL 

ABSOLUTION OF SIMULTANEOUS SQUATIQNS* 



m^^^^^s^'^^^^1^'^ 



139. Wb have already seen (Chap. I. and V.) the mode of 
resolving a single equation of the first degree containing one un- 
known quantity : and we may now proceed to - investigate the 
method of finding the values of two or more unknown quantities. 
We shall see in what follows^ that^ for limiting a question^ there 
must always be as many equations given^ as there are unknown 
quantities to be determined : and, as these equations coexist, so 
as to be all true at the same time, they have been called eimuU 
taneous equations. 

For resolving questions in which two unknown quantities are 
to be found, four methods have been given by algebraists ; and it 
will be proper to illustrate aU these, as sometimes one of them is 
preferable, and sometimes another. 

140. By eliminating a quantity between two or more equations^ 
is meant the deriving of one or more other equations from them 
which shall not contain that quantity. This may often be 
effected very simply, in case of two equations^ by multiplying 
them by such numbers or quantities, as shall give results having 
the terms which contain the quantity to be eliminated, the same 
in both, except that their signs may be Ijie same or opposite ; then, 
by taking the difference or sum of the results, according as those 
terms have the same or contrary signs, the required equation wiU 
be obtained.* 

Eofani;, 1. Let it be required to find the values of a and y in 
the two equations 6^7+252^=379 and 9^^ 10^=8; that is, to 
find such values of those quantities, as shall satisfy the two 
equations simultaneously. 

* This, for brevity, is often called the method of addition and tubtraetion. 
It is plain, that by using, when necessary, a negative multiplier, we 
might make the terms to be eliminated exactly the same, so that subtrac- 
tion might always be employed. 
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Here, equation (3.) is found 6x+25y=S7 (1.) 

from (1.) by multiplying by 3, 9x^\0y = S (2.S 

and (4.) from (2.) by multiplying 18ar-h75y = lll (3.) 

by 2. Now, (3.) and (4.) having 18d7-i2Qy=l6 (4.) 

each 18j7 with the saiiie sign, we 9^9=9^ (^O 

subtract the one from the other; ^=1 (fi») 

thus destroying that term, and con- dX'^^S =37 (?•) 

sequendy eliminating Xy as the re- a;=2 (8.) 

suiting equation 95^=9^ contains 9x— 10 =8 (9.) 

only y : and from this (§ 26.) by 47=2 (10.) 

dividing by Q5, we get y = 1. 

Equation (7.) is obtained from (1.) by taking y=^l ; and 
thence, by transposition, &c. we get or = 2. Equation (9.)> 
again, is the same as (2.) with y taken =1 ; and hence we have 
anotiier mode of finding or. The agreement of the results proves 
the correctness of the part of the work that follows equation (4.). 
To give a complete proof of the correctness of the results, we 
have merely to show that tiie values found for x and y satisfy 
both the given equations. Thus, since a: =2 and y=l, the first 
member of (1.) becomes 12 + 25, or, by addition 37> which is 
what it ought to be ; and, by a like substitution, the first member 
of (2.) becomes 18 — 10, or, by contraction 8, which is the same 
as tile second member. This method of proof is applicable in all 
eases. 

The principles on which the process depends are quite ob- 
vious. Thus, equations (3.) and (4.) are true by Axiom 3. p. Q,, 
and (5.) by Axiom 2. The rest of the process all depends on 
what has been already shown regarding equations having one 
unknown quantity each. If we wished to diminate y instead of 
J7, the opei'ation would be as in 

the margin. In tiiis process (3.) 6a7+25y=37 (l.) 

and (4.) are obtained from (1.) par— 10y=8 (2.) 

and (2.) by multiplying tiiem re- 12j?-|-50y=74 (3.) 

spectively by 2 and 5. Then, as 45j?— 50y=40 (4.) 

(3.) and (4.) have the terms cca- 57a?=114' (5.) 

taining y tiie same, but with op- x=2 (6.) 

posite signs, these two terms are 12-f-25y=37 (7.) 

destroyed by the addition of tiie y= 1 (8.) 

two equations, and we get 57^ 

= 114, an equation which does not contain y, and which, by divi. 
sion by 57, gives 07=2, as before. We then find y by substi- 
tuting the value of a? in (1.), thus getting equation (7.); and it 
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might be foand with eqaal facility, by substitutiiig the same value 

in (2.). 

141. In the practical application of this principle, we may al- 
ways employ as multipliers the coefficients of the quantity to be 
"eliminated^ taking them in a reversed order. When these have a 
common measure, however, they should be divided by it, and, for 
simplicity^ the quotients should be employed instead of the co- 
efficients themselves. Thus^ in the present example, for elimi- 
nating w, the coefficients of that quantity being 6 and 9> we might^ 
have multiplied (1.) by 9, and (2.) by 6, thus employing the co- 
efficients. It is better, however, to divide these by 3, and to use 
the quotients, 3 and 2, In like manner, for eliminating y, the 
coefficients of that quantity being 25 and 10, we might multiply 
the first equation by 10, and the second by 25. Dividing these, 
however, by 5, we use in preference the quotients, 2 and 5. 

Exam. 2. Resolve the two general equations, (1.) and (2.) 
in the margin. 

tI nV^" '-'* aZXl%X: : : : : : : : : : : : '•& 

(4.) Thediflference aj,,x+b,h,y=b,c, (4.) 

of the results is (5.) : /„ I „ \ \^—k ^ k ^ tn\ 

and from this (6.) is («i6»-«»»i>- V_,- V» (5-) 

obtained by dividing ^= ^^ ^ ^ - (6.) 

byai&«— a»6|,theco- . , ^^ 2"~^2 i 

efficient of i. We «i«2^+«2M=«2^i 0;\ 

(2.) by ai to find (8.). y=: ^ip-^^^^ (lo.) 



then multiply (1.) by «i«2^-r«i-2y-»i^-2 )-; 

n. ♦/, fin/ AN 4«i (ai62-«2^l)y=«lC2-«2<^l (9-) 



a^ to find (7.), and 



The diffference of (7.) a^b^—a^by 

and (8.) is (9.) ; and 

(10.) is obtained from this by dividing by the coefficient of ^. 

In taking the difference of (3.) and (4 ), and of (8.) and (9.), 
it is of no consequence which is taken from the other : as the 
results obtained by the two variations of the process in each case 
would be the same, except that the signs of the numerator and 
.those of the denominator would be all changed into the contrary 



♦ This expression for y would be found from that of ar before obtained, 
by interchanging a^ and 6p and also a, and b^ throughout, and then chang- 
ing the. ngns of the numerator and denominator. 
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ones^ whieh (§ 157.) would make no difference in the values of 
these results. 

142. We can now see that two independent equationi, and 
only two^ are required for finding two unknown quantities. 
ThuB^ in each of the foregoing examples^ we employ both die 
^iyen equations^ and nothing more: and were ^re but one 
equation^ we could not find either x or jf. In Exam. 1., for 
instance, if only equation (1.) were given^ we should find 

X = s~^> ^y transposing 25y, and dividing by 6. This 

expression, however^ we cannot compute^ as it contains p, which 
is unknown. With only one equation, in fact, the question is 
indeterminate ; as there may be found an infinite number of 
values of x and y that will sadsfy the equation. Thus, if in the 
expression just found for x, we take y=:0, we get «=6^ ; and if 
these two values of x and y be substituted for them in equation 
(1.) they will satisfy it If, again, y=^, we should find 
x=:4^^ ; and these values would also answer. So, likewise, if 
jf= — I, we should, get :rs=10j^: and thus we might proceed 
without limit* The consideration of indeterminate equations will 
be resumed hereafter. 

143. A second niethod * of eliminating a quantity between 
two equations, is to find an expres* 

sion for it from each of them, and Exam, 3. 

to put the two expressions equal to 3x-^Qy=zll (1.) 

each other; as the result will be an 2zH-3y=29 (2.) 

equation not containing that quan- ^11+ 2y . ^ 

tity. *— 5 ^^-^ 

In this example, (3.) is found from 29—3^ 

(1.) by transposing — 2y, and di- *= — g .... (4.) 

viding by 3; and (4.) from (^.) by u . gy 29-3y , 

transposing 3y, and dividing by 2. — ^—^ = — ^ — . (5.) 

The values of a: in (3.) and (4.) are ^y, v 

then put equal to one another, and ^^-^^—^^-^9 • • K^O 

give equation (5.). By clearing this «^*"inl-*i*i' * ' ?q \ 

equation of fractions, we get (6.); 3x-lU- 11 • . (^.) 

and dience the value of y is readily *— « wv 

found to be 5. Equation (8.) is the same as (1.), with the sub^ 
stitution of 5 for j^; and from this we get ar=7 in the common 
way. This value of x might also be found in a similar manner 

• Thb method of eUminating has been called the method of eompariaoth 
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Exam. 4. 



from (2.). Another solution would be obtained, by finding ex. 
pressions for y from (] .) and (2.), and equalling ^m : as y would 
thus be eliminated. 

144. A third nt^^Aod of elimination is^ to find an expression 
from one of the equations for die quantity to be eliminated^ and to 
s^bstitate that Talue instead of it in the other.* 

In this example, from equation 
(1.) we get (3.) by transposition. 
Then, as — Sy occurs in (2.), we 
multiply (3.) by. 3, to find (4.). 
Substituting the value of 3y thus 
found in (2.), that is, subtracting 
it from 5x, we get (5.), an equa- 
tion which contains only w ; and 
from it ^ is found in the usual 
way to be d. Lastly, by substi- 
tuting this value of iv in (3.) we get equation {7.), which gives 
the value of y. The steps of the process are all self-evident. 

It may be remarked also^ that the problem might be solved, but 
not so easily, by finding the value of y from the second equation, 
and substituting it in the first ; by finding the value of x from 
the first, and substituting it in the second ; or, finally, by finding 
the value of x from the second, and substituting it in the first. 
The facility of the mode above adopted, arises from the circum- 
stance, that the coefficient of j^ in (1.) is unity. 

In thisexample, equation (3.), 



5j?— 3y=l . . . 
y=7— SiT . . , . 
3y=21--6j? . . 
&p— 21-f6a?=I 

a?=2 

y=7--4=3 . . 



.(I.) 

.(2.) 
.(3.) 

.(4.) 
.(5.) 

.(6.) 
•(7.) 



which gives an expression for 
s, is found from (1.), by trans- 
posing 5y and dividing by 7- 
To prepare for substitution, (3.) 
is multiplied by 2, the coeffi- 
cient of X in (2.). Then the 
value of 2x, thus found, is sub- 
stituted for that quantity in (2.); 
and thus we get (5.), an equa> 
tion which does not contain of, 
and from which we obtain y in 
the usual way. Then w is found 
at once from (3.) by substituting 
4 for y. 



JExom* 5* 



7ar— 5y=l. 
2a?+3y=18 

2.= ?±1^ 
' 7 

2 + lOy , 



= 18 



2+iPy+21y=126.. 

y— 4 

1+20 



s =s 



= 3 



Si! 

(3.) 
(4.) 

(5.) 

(6.) 
(7.) 

(8.) 



* This has been called the nM<Aodo/«i(6«^t<tto«. 
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The work might he varied hy finding the value of x from (2. ) 
and 8uhstituting the result in (1.) ; or hy finding an expression 
for y from either (1.) or (2.), and substituting it in the other. 

145. A fourth method is to multiply one of the equations by 
ft quantity^ m, and to add the members of the result to those of 
the other equation. Then^ by putting the coefficient of y in the 
resulting equation equal to nothings we shall eliminate y, and x 
will be found in the usual way : and^ again^ by putting the co- 
efficient of X in the same equation equal to nothings x will be 
eliminated^ and the value of y will be obtained. 

Exam. 6. 2x'\-3y=l6 (1.) 

3a:— 2y=ll (2.) 

Qmx-\-3my=zl6m (3.) 

(2m + S)ar + (3m— 2)y=:l 6m +11 (4.) 

w=f (6.) 

(*+3>=V + ll (7.) 

' x=:5 (8.) 

2m-|-3=0 (9.) 

m=-| (10.) 

(—|—2)y=— 24 + 11 (11.) 

y=2 (12.) 

In this example (3.) is obtained from (1.) by multiplying by 
m : and the equation so found will obviously be true^ whatever 
may be the value of m; so that we may give m any value that 
may answer the object in view. Then equation (4.)' is found 
•from (2.) and (3.) by addition. Now, it is plain, that the second 
term of this will vanish, if 3w— 2=-0j and the first, if 
2to + 3=0 : and these are equations (5.) and (9.)' By resolving 
the first of these we get n]=f ; which is the value of m, out of 
all the infinite number of values which it may have, that will 
destroy the second term of equation (4.). Taking w, therefore, 
equal to |- in (4.), wanting the second term, we get (7.)» *^ equa- 
tion which does not contain y, and from which x is found in the 
usual way. From equation (9.)^ again, we get «»=^ •— f ; and by 
substituting this for m in (4.), and omitting the first term, we 
obtain (11.), which gives y = 2. 

146. When fractions or radicals occur, they must be removed 
by the methods pointed out in §§ 110, &c., and the results must 
be simplified, if possible, by transposition or any other means 
that may be admissible, before the principles that have just been 
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given c4n be employed. In a few instances^ which will be besi 
learned by practice, such as in Exercise 10., the removal of frac- 
tions and radicals may be advantageously dispensed with, but in 
general they must be removed. 

It may be remarked, also, that the values for x and y, obtained 
in Exam. 2., will serve for solving all questions of the kind 
which we have been considering, when the equations have been 
reduced to the proper form. Thus, in Exam. 1. we have 
a^=:6y 6i = 25, Ci=37; a^:=^y h^=z — iOy ^xifi c^=,S; and, 
therefore. 



_''2 



:rz= 



6oCi —h^Cc —10 X 37—8 X 25 



'3— . 



y- ^l<^2-«2 



6x -10-9x25 
c, 6x8—9x37 



= 2, and 



«1*2— «2*1 



i_ 



6x -10-9x25 ^' 



the same as the values found by the particular solution of the 
example. 

Exercises* 

Find the values of ae and y in the following simultaneous equa-* 
tions. 



1. 



2. 



3. 



Exercises. 
w-\-Sy=. 
3a -h 



y=ll.J 
f3y=13,r 

- y= 9. J 



3x 



\a-ly=zl. J 



4. fa:-^y=l, 1 
fa7 4-|y=26.J 



Answers. 
a?=2, 

y=5. 

07=4, 

y=3. 

jr=10, 
y=12. 

«^=12, 
y = 24. 



Exercises. 



6. 



3 
3ar— 2y 



+07=22, 
t-y=12. 




Answers. 

07=13, 

y=7. 



0^=1, 

y=0. 






2 



a:-f 2 



3 

y-1 



=1 



4 



=4 




* llie student should perform these exercises, as well as those that 
follow them, in which the values of three unknown quantities are to be 
found, partly by one of the foregoing methods, and partly by the others, 
practising in the use of each method, till he feels himself sufficiently 
acquainted with the mode of employing it. He will find it useful, also, 
to work a number of the exercises by all the rules, as he will thus see 
the relations which the rules bear to one another ; and he ought to per- 
form several of them by means of the formulas obtained in Exam. 2. 

e 
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Exercises. 
9. 3x-\-5y=6S, 



RESOLUTION OF 



Answers. 



3x+5y=68,-l 







Exercises: 



Answem 






12. 



x+1 »-l 



= 2 ' 1 



^+y ^— 



ar=5, 
y=5. 



Exercises. 
13. ar + -Jy=y-2,l 
y+ia:=a:H-6. J 

^*- 2 5 -*' 

-T" +^= "2~ 
15. «+ays=6, 1 

100— ar _ 100H-y 
3 "" 4 ' 
50— a: _ 50+y 



-3. 



Answers. 

y=9. 

ar=2|, 
y=5|. 



0?= 



oc- 



a2_i> 



y= 






1& 



17. >v/(a:24-%-l)-l=ar, 

18. <m:4-^=<^* 






} 



*=io, 

y=20. 
ar=3, 

y=4. 






jr= 



6c -6V 



'-' 



y= 



_ gftftV— g^ft^^o 

147. YFT^en more ^^n ^loo unknown quantities are concerned^ 
the elimination can be effected by means of the same general 

• Or x-» + y-i«5, and 5ar'— 3y-»«l. The solution will be ob- 
tained most easily by finding 9^ and y^^, and taking their reciprofwla. 
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principles that have been explained with regard to two equations 
containing two unknown quantities. This will be illustrated in 
ihe following example. 

Here, to eliminate x between the given equations, (1.), (2.), 
and (3.), we first eliminate it v n 

between (1.) and (2.), multi- ^^^^ 7- 

plying the first by 3 and the 2ar — 3y + 4af=3 (I.) 

second by 2. We thus obtain 3a: + 2y — 5«= 13 (2.) 

(4.) and (5.); and, by taking ^ — 5y -\- Sz=^ (3.) 

the former of these from the 6x — 9y + 12«=9 (4>0 

latter, we get (6.), an equa- 6a; + 4y— 102f=26 (5.) 

tion containing only y and z. ISy—Q^z^lJ (6.) 

We next eliminate x between 4a: — 6y -f Hz =6 (7.) 

(1.) and (3.), by multiplying y — 5z=:—2 .... (8.) 

ihe former by 2, and subtract- ISy— -652?= —26 ... (9«) 

ing the result (7.) from the 432f=43 ... .(10.) 

latter, and thus obtaining (8.). z=il ( 1 !•) 

We have now, therefore, two y—5=— 2 . . .(12.^ 

equations (6.) and (8.), con- y=3 ..... (13.) 

taining two unknown quanti- 2a: — 9-|-4=3 (1^) 

ties, y and z ; and the rest of x:s. 4 (l^O 

the work may be carried out 

by means of any of the four methods established above. As it 
stands here, (9.) is found from (8.) by multiplying by 13 ; and 
(10.) from (p-) and (9.) by subtracting: while (12.) is found from 
(8.) and (11.); and (14.) from (1.), (13.), and (11.). 

The work, according to this method, would admit of several 
variations. Thus, x might be eliminated between (1.) and (2.), 
and between (2.) and (3.) ; or between (1.) and (8.), and be- 
tween (2.) and (3.); We might also commence by eliminating 
either y or % instead of ar ; and the effecting of each of these eli. 
minations, like the forgoing elimination of x, would admit of 
three variations. 

The solution might also be effected by means of any of the 
three remaining methods, with variations corresponding to those 
just mentioned. Thus, suppose we wished to eliminate z by the 
second method, we should find expressions for that quantity from 
each of the three given equations. Then, by setting the first of 
these equal to the second, and also the first equal to the third, 
^e should get two equations containing only x and y : and one 
variation would be obtained by equalling the first and second 
values of z, and also the second and third ; and another by equal- 

o2 
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ling the first and third and the second and third. In case of 
variations in this and other instances^ the student^ after some prac- 
tice^ will frequently he ahle to see heforehand which of the methods 
will give the simplest solution. On this pointy it may he stated 
as a general principle^ to which there are few exceptions^ that the 
simplest expressions/ such as those containing the smallest num- 
bers^ should he used as much as possible^ in preference to ones of 
a more complicated kind. 

Suppose^ again^ that we wish to eliminate y hy the third me- 
thod, we have only to find its value in any one of the three given 
equations, and to substitute that value for it in the other two ; as 
the results will be two equations, containing only x and x. 

In working by the fourth method, we may multiply (1.) by fit 
and (2.) by n, and add together the results and (3.). In the sum 
we can eliminate any two of the quantities, or, y, and «, by put- 
ting their coefficients equal to nothing, thus destroying two terms 
of the equation. Then, in what remains undestroyed, we sub- 
stitute the values found for m and n in the equations obtained by 
putting, as above mentioned, the coefficients equal to nothing ; 
and from the result we get at once the value of the uneliminated 
quantity.. 

Exercises. Find the values of x, y, and z^ ia the following 
sets of simultaneous equations. 



Exercises. 


Answers. 


Exercises. 


Answers. 


20. 




22. 




x-h2y-i-3i!f = S4, ■ 


*=3, 


ar+y+ z =6," 


z=t, 


247— 3y+4«=19, 


• y=5. 


3x-y-f2«=7, • 


»=2, 


Sd? -h 4y — 5»= — 6. ^ 


;»=7. 


4a: + 3y-^«=7.^ 


«=3. 


21. 




23. 




5a:— 4y + 2«f=48," 


ar=10. 


*+iy=io-K- 


»=7, 


3x-\-3y-^4ni}=24f, - 


y=2, 


^(ar+5f)= 9 -y, - 


9=*, 


2a?— 5«-l-3«— IQ. 


»=3. 


Ux—z)=z2v—7. 


»=3. 



148. The general modes of effecting elimination in the simple 
and more elementary cases have now been given. In many par- 
ticular instances, however, solutions may be obtained more easily 
and elegantly by other means. This is particularly the case when 
the equations resemble one another in form and structure, and 
especially when more than two unknown quantities are concerned! 
The following examples mid exercises will exhibit instances of 
this kind. 
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a? + 2y=7 . 

2rH-3y=12 . 

ar+y=5 . . . 

y=2 . . . 

ar=5— jf=S 



9. 



•' In this operation we derive (3.) Easam, 8. 

from the given equations (1.) and 
(2.), by subtraction ; and (4.) is 
derived from (1.) and (3*) by the 
same means. Lastly^ (5.) is de- 
rived from (3.) by transposition^ 
&c. 

Here, from (1.) and (2.), we 
get (3.), according to § 5?.^ by 
division. Then the two expres- 
sions marked (4.) are obtained 
from (2.) and (3.) by § 52. ; 
and, by squaring the results thus 
found, we get x and y. 

In Exam. 10. we find (4.) by adding to- 
gether equations ( 1 .), (2. ), and (3.), and taking 

half the result, putting s for brevity, here ^"; ^~,^ * 
and in some other instances, to denote l^alf 
the sum of a, b, and c. Then (5.) is found 
from (3.) and (4.) by subtraction : and, in the 
same manner, (6.) is obtained from (2.) and 
(4.), and (70 from (1.) and (4.). Hence, to 
get x, y, and ss, we are to find half the sum 
of a, 5, and c, and from it to subtract, suc- 
cessively, c, 5, and a. 

In Exam. 11. we get (4.) from 
the three given equations, where, as 
in the last example, a'^h-^-c is de- 
noted by 2*. Then the values of 
X, y, and z are obtained by sub- 
tracting (1.), (2.), (3.) severally from 
(4.), and halving each of the re- 
mainders. 

Here (4.) is found by 
taking the continual products 
of the members of (l.),(2.), 
and (3.), and extracting the 
square roots of the results. 
Then (5.) is obtained by di- 
viding (4.) by (3.) ; and y 
would be found similarly 
from (4.) and (2.), and z from (4.) and (1.). 

g3 



(1.) 
(2.) 

(3.) 

4.) 
5.) 



I 



Exam* 
ar— y=l6 . 

a/^— Vy=2 

^oo-=.5y and ^/y^=■Z . 
ip=25, and y=9 . . 

Exam, 10. 

y+z^^c . . 
x-^y+z=8 

J7=* — C . . 

y=^8—b . . 

Exam, 11 

— «+y+«=a . 
ar— y+jjf=:6 . 

x-{-y—z=c . 

*+i^+J»=2* 

Z=9 



f 



1.) 

2.) 
(3.) 
(4.) 
(5.) 



1^ 

2^ 



(1) 

(2.) 
(3.) 
(4.) 
(5.) 
(6.) 

(7.) 



Exam, 12. 



«y=a 

y«=c 

a:ysf=a56M 

x=:cib^~i= y^ / — , . . 



(I.) 

(2.) 
(3.) 

(4.) 
(5.) 
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Exercues, Resolve the following sets of equations^ without 
employing any of the four general methods that have been given. 



24. ar +v = 









25. 3^— 4y=5,l 
5ar-8y=7.J 



26. - + i=a, 
X y 

w z 

1^1 



27. ar+y+^=9. 

arH-2y+Sj»=20, 



Ans, a=z3, 
y=l. 



^n«. d7= 



y= 



Z=z 



*— c 

1 



} 



*— a 



y=s. 



} 



28. x'^yxzzza, 
xyz^=^c. 



29. -ar+y+5f+« 
a:— y + af + t? 



iJTlJ. ^= 



I — j»4-v= 



r— V 







149. This Chapter may be terminated by some miscellaneous 
matter^ and particularly by some examples and exercises^ illus- 
trative of the principles that have been established in this and 
some of the preceding Chapters. 

Exani, 13. Let it be required to resolve the two equations, 
6^+9y=27, and Sx^ 12y=S6, 
by the formulas found in Exam. 2. 

By substituting for a^, bi, &c, 6, 9^ &c., we get 

12x27-9x36 , 6x36-8x27 
6x12-8x9 0' ^ 6x12-8x9 

.. X * Here « =4(0 + 6 + c + cl). 
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"SoWy the values of ^ andy in Exam. 2., being fractions in their 
lowest terms^ and the results obtained in the present question 
being vanishing fractions^ it follows^ from § 126.^ that the question 
is indeterminate. In fact, the two equations are not independent 
of one another^ the second being formed from the first by in- 
creasing each of its terms by one third of itself; so that (§ 142.) 
the question is indeterminate.* 

JE^xim, 14. Let it be required to resolve the equations 

12« + 20y=9, and 15a? + 25y=ll, 

by means of equations (6.) and (10.) page 117* 
Here^ by the proper substitutions^ we get 

a: = ^ = 00, and y = — 1^= — oo. 

Hence it appears, that there are no finite values for of and y, 
that will satisfy the two equations. The equations, in fact, are 
incompatible with one another ; and if they had their origin 
from any question, that question would be absurd. That they 
are incompatible with one another, will appear evident from the 
circumstance, that the first member of the first equation is four 
fifths of the first member of the second, while there is not the 
same relation between the second members.^ 

Exam, 15. The following instructive problem has often been 
resolved and discussed. Two couriers, A and B, start at the 



* By putting the denominator and numerator of (6.) in Exam. 2. each 
>bO, we should find, that 

-* = -^, and "7^ =s -* ; and, consequently, -* = , ^ = -? ; 

and the same conclusions would he obtained from (10.) in the same ex- 
ample. If now we put each of these three equal quantities equal to q, it 
will appear that, uniyersally, the case in which the values of x and y will 
be vanishing fractions, will be that in which the numbers a^ h^, Cj in the 
9&coTid. equation are derivable from those in the first by multiplying each 
of them by 9( » J in the example given above). 

f This might be readily shown in a general way, by a process nearly 
the same as the one employed in the preceding note. That the values of 
X and y satisfy the given equations in an algebraical sense, will be seen by 
substituting them in those equations. By this means, we get in the 

12 X 5 20 X 3 
first, — — — — «a 9: whence, by multiplying by the denominator, 0, 

wfi obtain 60—60=0: and a like result would be obtained trom the 

Q 4 
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same time from two points^ C and D^ and travel in the straight 

line passing through those £/ q E" d e 

points^ A at the rate of a > ■ i i — 

mfles^ and B at the rate of 6 * 

miles, an hour. How far will each travel before they shall be 

together, CD being given =c? 

For solving this problem, let E be the point where the couriers^ 

travelling in the direction CDE, will be together ; and put C£ 

=ar, and DE=y. Then we have x—y=^c. Also, since A 

travels a miles an hour, if the time before they come together 

were multiplied by a, the product would he x ; and, conversely^ - 

X V 

— would be the time. For the same reason, ~ would also be the 

a 

X y , _ 

same time. Hence - = -^ ; and consequently bx=ay* From 

a 

the resolution of this equation and the former, x—yzszc, we get 

oc , be 

a — a — 

As particular examples, let the distance c=CD, be 10 miles^ 
and let a=7 and 6=6. Then, from the foregoing expressions^ 
we get ar=70 and y=60 miles, the spaces travelled by A and B 
respectively before being together. If a had been = 15 and 6 = 
14, we should have had 2: =150 and y=14A) miles. If, again^ 
a were = 10 and b = 9*99 > we should have a: =10000, and y^ . 
9990 miles ; the spaces to be travelled before the one should 
overtake the other, the spaces being alwa^^s greater, the less the 
velocities of the travellers differ. 

Suppose now a=6 ; that is, that the rates of travelling are 
equal: then a: =00, and y=zQo ; whence it appears, that they 
can never come together at any distance, however great 

Suppose, again, a=10, and 6=11: then :r= — 100» and 
y=: — 110. To interpret the meaning of these negative results, 
it is plain, in the first place, that the couriers can never come 
together on the side towards E ; since^ because B travels more 



second equation. This would be illustrated still better, by using for x 
and y their uncontracted values, 

25x9-20x11 , _ 12x11-15x9 

'12x25-20x15* ^ ^"12x25-20x15' 



* = 



and then multiplying by the denominators, still unincorporated ; as it 
woidd be found that the members of the results would be identical. 
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rapidly than A, their distance asunder would be continually in- 
creasing. If, however, they started from C and D, as before, at 
the rates we have supposed, but travelled in the opposite direc- 
tion, they would be together at a point E', 100 miles from C, 
and 110 from D, as would appear by interchanging a and b in 
the values of w and y. Keeping up the supposition, however, 
'that they are moving in the direction CDE, we shall readily see, 
that had they been travelling at the same rates before arriving at 
the points C and D, they must have been together at a point E', 
] 00 miles behind C, and 110 behind D ; and, in travelling through 
this space, B would have gained 10 miles on A, so that they 
would be simultaneously at and D. The true interpretation, 
therefore, of the negative results, — 100 and —110, is, that they 
denote lines or distances, lying in a direction opposite to that con- 
templated in the solution : and this will be found to be the true 
mode of interpretation in all similar cases. 

If, again, a^^St and 6=— 2, we get a: =6, and j^=:— 4?, 
Here, — 2 denotes a supposition contrary to that adopted in the 
solution, signifying that B travels in the direction DCE' : and the 
result, —4*, corresponds to this new supposition, showing that 
the point of meeting will be between C and D, and 4 miles to 
the left of D. 

In the last place, if c (=CD)=0, so that D may coincide with 
C, the values of x and y, with one exception immediately to be 
noticed, will be each equal to nothing; which shows, what is 
otherwise evident, that the couriers will be together at C, and 
only there. The exception referred to is the case in which 
a and b are equal. In that case, the values of x and y become 
vanishing fractions, the terms of which have no common vanish- 
ing factor. Hence (§ 129*) these values and the question itself 
are indeterminate. It is plain, indeed, that the couriers wiU 
be always together, however far they travel. 

Exam. l6. If a cask be supplied by three cocks, which can 
fill it in a minutes, b minutes, and c minutes, respectively ; in 
what time would it be filled, if they were all opened at once } 

To solve this question, let x b^ the required time : then, the 
^whole cask being taken as the unit, the parts of it filled by the 
three cocks in 1 minute, 2 minutes, . . • ., x minutes, will evi- 
Vlently be severally as follows : 

12 X X 2 X I ^ X 

«5 
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and, as the whole cask is filled in the time Xj the parts filled by 

the three cocks must be equal 

to 1, the whole cask. Hence x x x 

we have equation (l.), the -+ r + -=l • • • • (1-) 

resolution of which gives x. bcx-\-acx4-abx-abc (9. ^ 

We derive (2.) from (1.), by _ ^7.^ ^ ^!a ^^ ' * ' * >f X 

multiplying by 06., to V "^' {ob^ac^hc)x=.abc .. . .(s.) 

move the denominators ; and ar= -7 r- .... (4.) 

(3.) is the same as (2.), the ab-^ac^hc 

form of the first member 

(§ 51.)^ and the order of the terms being changed. Then die 

value of X is found by division. 

If, as a particular example, a=10, 6=20, and c=30, x will 
be found to be 5-^ minutes. 

Suppose, again, a=20, 6=30, and c= 00 « In this case, the 
two terms, oc and he, in the denominator of (4.), becoming in- 
finite, the finite term ab will be infinitely small in comparison of 
them, and may therefore be rejected. Then, by dividing the 

ab 
numerator and denominator by c, we get x = — —z =12 mi- 

' a-\-h 

nutes. It is better, however, to divide the numerator and deno- 
minator of (4.) by c. Then, (§ 127.) c being infinite, the term 

— in the denominator vanishes, and we get the same result as 
c 

before. 

The interpretation here is plain. If c be a very long time, 
the third cock must introduce the fiuid very slowly : and, if it be 
infinite, the meaning is, that no fluid is introduced by that cock ; 
since, if it introduced even the smallest quantity, it would fill 
the cask in some finite time. The question, therefore, is thus 
changed into one regarding two cocks instead of three. 

If, again, a=10, 6=20, and c=— 30, we get ar=84. The 
meaning here is, that the third cock draws ofi^ fluid, instead of 
introducing it. This will be plain from equation (l«), in which, 
when c is negative, the third term, which is the effect produced 
by the third cock, is negative, and thus it is subtracted from the 
sum of the first and second terms, which is the joint effect pro- 
duced by the other two cocks. 

If a were =20, 6=30, and c= — 12, x would be found to 
be infinite ; as, in that case, the quantity carried off^ by the third 
cock would be exactly equal to what would be introduced by the 
other two. 
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In the last place, if a =20, 6=30, and c= — 10, we should 
find a;= — 60 ; a result which shows that, in this case, there is an 
incompatibility in the conditions of the question. The problem 
would then be virtually reduced to the following. If a vessel be 
supplied with two cocks, one of which would fill it in 20 
minutes, and the other in 30, and with a third which can empty 
it in 10 minutes ; in what time, if it were empty, would it be filled, 
if all the cocks were opened. Now this enunciation is absurd ; 
«8 the first and second requiring, as we have already seen, 12 
minutes to fill it, cannot introduce so much as would be carried 
off by the third ; and the value, — 60, shows that, if it had 
been full 60 minutes before, it would now have been emptied by 
the action of all the three cocks. The question would be rendered 
correct by changing the words in italics into the following ; if it 
werefuUy would it he emptied* 

Exam, 1 7. Find a number expressed in the decimal notation by 
two digits, whose sum is 10 ; and such, that if 1 be taken from 
its double, the remainder will be expressed by the same digits in 
a reversed order. 

Let X and y be the digits. Then, by the nature of the 
decimal notation, the number will be lOx-^-y-; and the other 
niunber expressed by the same 

digits win be lOy 4- 07. Hence, 07+y=10 (1.) 

by the question, we shall have 20a: +2y — \=i\Oy-\-x .... (2.) 

the two equations (1.) and 19*— 8y=l (3.) 

(2.) in the margin. We find 

equation (3.) from (2.) by transposition: and from (l.) and 
(3.), we readily find, by any of the ordinary methods, a: = 3, 
and y=7 : so that the required number is 37- This answers 
the conditions of the question, as its double is 74 ; and, if 1 be 
taken from this, the remainder 73 is expressed by the same digits 
«s 37j but in a reversed order, and having their sum =10. 

Had there been three digits, the number would have been 
expressed by \00x-\-\0y-^z\ and, in general, any number 
would be expressed in the decimal notation by 

10'^iari4 10*'-2a:2 + . . . . -f-lOr^i +«r„ 
where n is a whole number, and arj, x,^, x^, &c., are each d 
them any one of the digits, 1,2, 3, . . . ., 9, or the cipher, 0. 

• The student will find it easy to generalise the views here given 
regarding the foregoing question, by using a, 6, and c, instead of the 
liartioular values employed above. 

g6 
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Exercises, 

30. A cask contains a certain number of gallons of rum^ and 
an mth part of that quantity of water : but^ if a gallons of rum 
and b of water be added to the mixture, the water in the whole 
compound will be an nth part of the rum. Required the quan- 
tity of each contained in the cask at first Examine also and 
explain the case, in which, m being equal to n, a is equal to nb, 
and the one in which it is not equal to it ; and also die case in 
which X and y come but negative, x denoting the original number 
ot gallons of the rum^ and y those of the water. 

. nb—a - w(n6— a) „ 

Ans, y = , and x = — ^^ -, When m^n, and 

m — n m — n 

iz=n&, the question is indeterminate : when m::^n, and 

a > or < nby the values of x and y are infinite, and the 

question absurd. When x and y are negative, the 

question wiU be changed into one in which the quantity 

of rum is diminished by a gallons, and that of the water 

by 6 gallons.' 

31. Find a fraction, such that if its denominator be increased 
by 1, the value becomes -^ ; while if the numerator be increased 
by 1 , the value is ^, Ans. -^^ 

32. Required a fraction, such that if the numerator and denomi- 
nator be each increased by 1, the value is changed into ^; but, if 
they be each diminished by 1, the value becomes \, Ans, ^. 

SS: One person says to another: " If you give me half your 
money, I shall have a hundred pounds." The other replies: 
*^ I shall have a hundred pounds, if you give me a third of your 
money." How much had each ? Ans, £Q0 and ^6*80. 

34. Given the mean of three equidifferent numbers = a (=20), 
and the product of the extremes = b (=279) l to find the ex- 
tremes. Ans, a—^{a^—b) (=9), andaH- A/{a^—b) (=31), 

S5, Find the extremes of three numbers in arithmetical pro- 
gression, the mean being = a (=11), and the sum of the squares 
of the extremes =: b (=260) : and find the extremes of three 
others, such that the mean may be = a (= 13), and the difference 
of the squares of the extremes = 6 (=4j16). 

Ans, The first pair, a— \/(^— a^) (=8), and 
«+'/(^— fl^) (=14); and the second 

P^"^> «- 4^ (=^)^ *"^ « + 4^ (=21)- 
36. Find four equidifferent numbers, such that the sum of 



IN EQUATIONS OP THE FIBST* DEGREE. 133 

4he squares of the extremes may be = a (=410), and the sum of 
the squares of the means = b (=346). 

^«*. i{ v/(96-«)-3V'(a-ft)} (=7), 
if\/(96-«)- V(«-6)} (=11), 
i{^/(96-o)+ V(a-6)} (=15), and 
i{v{9b-a) + 3V(a-^b)} ( = 19). 

37. Given the difference of the squares of the extremes of four 
equidifferent numbers = a, and the difference of the squares of 
the means = 5 : to find the numbers. 

Ans, The question is indeterminate, if a =^ 36; otherwise it is 
absurd : the one difference being always treUe of the other. 

38. Given the sum of four equidifferent numbers =:a(=26), 
and the sum of their squares =6(=214); to find them. 

An,. ^{a-S^^^) (=2), 

39. Given the difference of the squares of the first and third of 
four equidifferent numbers = a (^=.56) j and the difference of the 
squares of the second and fourth =6 (=40) ; to find the numbers. 

. ^"*- 27(^=6) ^=^^' i7F=0^=^^' 

40. .At what time, between ten and twelve o'clock, are the 
'hoar and minute hands of a common clock exactly together. 

Ans, At 5-f^ minutes before eleven. 

4 1 . Find two numbers, such that one third of the first exceeds one 
fourth of the second by 3, and that one fourth of the first and one 
fifth of the second are together equal to 10. An8* 24 and 20. 

42. Required two numbers, such that the sum of one half of 
the first and one third of the second may be 29, and that one 
third of the first and one fourth of the second may amount to 21. 

Ans, 18 and 60. 

43. A number expressed by three digits, whose sum is 22, is 
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less by 297 than the number expressed by the same digits in a 
reversed order^ and its first digit is less by 1 than its second. 
What is the number ? Ans. 679* 

44. A bill of 100/. may be paid by 50 bank notes of one value 
each, and by 38 of another ; or it may be paid by means of 75 
of the former kind^ and 17 of the latter. What are the values 
of the notes p Ans. Those of the first kind 21 shillings each^ 

and those of the second 25 shillings. 

45. Two persons set out from a certain place^ on the same day^ 
and proceed in the same direction, the one travelling 30 miles the 
first day; and going each day a mile less than he did on the pre. 
ceding ; while the other travels at the constant rate of 20 miles 
a day. When will they next be together ? 

Ans, At the end of 21 days. 

46. How many lines are contained in a page of a book, and 
how many letters at an average in each line of that page, if it 
be found that by adding one line to each page, and making each 
line contain an additional letter, the page will be increased by 
96 letters ; while, by adding two lines to the original page, and 
making each line contain -four additional letters, the number of 
letters will be increased by 286 P 

Ans, 44 lines, each containing 51 letters. 
47* Two persons get each a legacy of j^300, and one of them is 
then found to be worth three times as much as the other : but had 
the legacy to each been ^800, the one would have been worth only 
twice as much as the other. How much had each originally ? 

Ans. ^'1200 and ^200. 



CHAPTER IX. 

QtADRATIO EQUATIONS. 



150. Pure equations of the second or any higher degree are 
resolved in the same manner, in every respect, as equations of 
the first degree, except that, at the conclusion, the root cor- 
responding to the degree of the equati<m is to be extracted. 

Thus, if 7^^—4=4x2-1-23, we get, by transposition and con* 
traction, and by dividing by 3, x^=9', whence by extracting 
the square root, we find a:= -f 3. Such equations have already 
been resolved in a few instances of a simple kind, such as in 
JExara. 11. p. 90. 
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151. The general forai in which a compoiind quadratic equa- 
tion may always be exhibited is ax^-^bx:=c, where a, b, and e 
are known or given quantities^ and x is the quantity to be 
found : and we may now proceed^ as in the margin^ to investigate 
the method of determining that quantity. 

In this process, equa- ax^-\.bx=zc (1.) 

tion (2.) is found from 4a^x^^4:abx=4>ac (2.) 

(1.) by multiplying by 4a^x^-\~4>abx^b^=b''-^4ac . . . (8.) 
4a; and (3.) from (2.), 2ax + b=±V(p^-^^ . • (4.) 

by adding 62 to both _, .(b^A-Anc'i 

members. We then find x= - ^' ^Jtl^) . , (5.) 

(4.) from (3.) by ex- ^" 

tracting the square root, according to § 53, and 119*; and (5.) 
from (4.), by transposing b and dividing by 2a. 

By examining the expression thus found for x, in connexion 
with the given equation (1.), we see that the first term of the 
numerator is the coefficient of the second term of (1.) with its sign 
changed: that this is followed by the double sign ±, and by the 
sign of the square root : that the quantity affected by the latter 
sign consists of two parts, the first b^, which is the square of the 
coefficient b, and -the second 4ac, which is four times the product 
T)f a, the coefficient of the higher power of x, and c, the absolute 
term of the equation, that is, the term which does not contain x. 
Hence we have the following general rule. 

To resolve an equation of the second degree ; reduce the given 
equation, by transposition or other operations, to the form 
aa:2-t-6a:=:c, if it be not of that form already. Then, to find a:, 
to the coefficient of the second term, with its sign changed, annex, 
by the double 8ign + , the square root of the quantity obtained by 
«dding together the square of that coefficient, and four times the 
product of the absolute term and the coefficient of the first term ; 
and, lastly, divide the whole Exam, 1. 
expression thus obtained by x^-^-Sx 
twice this last-mentioned co- ar^^gar — 9*= — • • (^0 

^f"^^, 1 , . 3a:2 + 6a:-27=a:2 + 3ar . . . (2.) 

In this example we derive 2ar2-l-3ar=27 (3 ) 

(2.) from (1.) by multiplying _^ ^rQ + 2l6) " " ^ '^ 

by 3, so as to remove the de- x = ^ ± • • • (*•) 

nominator. We Aen obtain * 

(3.) from (2,) by transposing -^ - Z£±i? ^^^^ 

a?^, Sx, and —27, and con- ^ 

tracting the result : and thus « = 3, and a;= — 4J^ (6.) 
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the preparatory operations are condpleted. Then, to resolve 
the equation thus obtained, we write down x and the sign 
of equality ; and to find the expression equivalent to O!, we 
write in succession, in the numerator, —3, the second co- 
efficient, with its sign changed; the double sign +' ^^^ ^^ 
sign of the square root: after this sign, we place, in a vin- 
culum, the square of the coefficient 3, together with 21 6, which 
is four times the product of the coefficient 2 and the absolute 
term 9/1 : and, lastly, we write as denominator 4, the double of 
the first coefficient; thus finishing the solution, except the 
numerical operation. To effect this, we commence, as we ought 
always to do, with the radical, which by addition becomes 
Hh V225, or, by actual extraction, ± 15 ; and we thus get equa- 
tion (5.). Now, as 15 is preceded not only by the sign -f , but 
also by — , we must take it first with the one and then with the 
other. If + be taken, the numerator becomes — 3-|-15, or 12; 
and dividing this by the denominator 4, we get 07=3 : but if 
— be taken, the numerator will be —3 — 15, or —18; and, by 
dividing this by the denominator, we find x=— 4^. 

It thus appears, that x has two distinct values ; each of which 
will be found to satisfy the given equation. Thus if a? =3, we 
have a:2=9, and the first member of (1.) will become ^'{^^^d} 

or, by contraction 6 ; while the second will become — ^~, which, 

o 

by contraction, also becomes 6 : so that when 07=3, tlie equation 

is satisfied, its two members being rendered equal. Again, if 

ar= — 4J, or — f, we have ar2= ^^i, or 20|- ; and the first member 

of (1.) becomes 9.0^— 9 ^Q, or 9^; while the second becomes 

— ^— — ^ ; or, by contraction, 2^, the same as the first member ; 
3 

so that this value of x likewise satisfies the equation. It is plain, 

also, that equation (4.) or (5.) can give no other value for o?. . 

•The unknown quantity a:, therefore, Juis two values or roots, and 

only two ; and this is universally the case ; as is evident from 

the general expression (5.) in § 151 ., which will give one value, 

if the radical be taken positive, and another if negative ; but it 

will admit of no other variety in its results. The relations and 

properties of the roots of quadratic equations will form a future 

and separate subject of consideration. In the mean time the 

student should make himself master of the mode of finding tbie 

roots; and he ought frequently to verify his results by sub* 

stituting them in the given equation. 
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' Here (2.) is found 
from (1.) by multi- ^^^^* ^ 

plying by 5, and (S.) ^^ J^^ :^a;H2^-H0 (1.) 

from (2.) by trans- ^ 

posing 5^2 and jq^, 8^2^5^_-5^^ 10d? + 50 (2.) 

and contracting ; and ^^ — 5ob^=.50 (3.) 

this finishes the pre- ^_ 5 + ^/(25-^4x3x50) .^. 

paratory operations. 6 ' '\ J 

To find (4.), we write _ 5j:25 . 

down ^, followed by *•" 6 ^ ^^ 

the sign of equality ; a:— 5, and fl?= — S^. 

and^ to get the second 

member^ we write in succession^ as forming the numerator^ 6 
(the second coefiBcient with its sign changed)^ the double sign^ 
and the sign of the square root ; after which we place in a 
vinculum the simi of the square of 5, and four times the product . 
of the first coefficient S, and the absolute term 50 ; and, lastly^ 
we write the double of the first coefficient as denominator. For 
the numerical operation we contract the radical^ which thus be- 
comes ± a/625, or, by extraction, •\_ 9.5 ; and thus we get (4.). 
If 25 be taken positive, the numerator becomes 5 + 25, or 30 ; 
and dividing this by 6, we find ^=5 : but, if 25 be taken n^a- 
tive, the numerator becomes 5—25, or —20; and, dividing this 
by 6, we get —3^ for the other value of x: and this value, as 
well as the foregoing, will be found to satisfy the equation. 

In this example, „ « 

by multiplymg by 7 

we get (2.), and ^,Q^6^_?f+^ ,, x 

thence, by transposi- 7 

tion and by contract- 7^^ + 42=42^— -S^?— 2 (2.) 

ing, we obtain (3.). 7^^— 39vi?=— 44 (3.) 

Then, for the nume- __ S9± a/(39^~4 X 7 X 44) 

rator of the value of ^"" 14 ^^-J 

0? in (4.), we write in gg^ij 

succession 39^ the se- *= — JJ — (5.) 

cond coefficient, with ^^ . ^^ ^^ ^ 4 

its sign changed; the ^ 

signs ± and V ; and after the latter we place, in a vinculum, 

the square of 39, and —4 X 7 X 44, four times the product of 

the absolute term, and the first coefficient ; and the denominator 

14 is the double of this coefficient. In computing the radical, 

we find the square of 39, which is 1521 ; and the continual 
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product of 4fy 7} and 4<4 is found to be 1232. This^ as the sigil 
directs, is taken from 1521 ; and, the remainder being 289^ its 
square root is extracted, and is found to be 17. We thus get 
(5.), and from it we find a?=4, and a?=l^, each of which an- 
swers. The student will observe diat, contrary to what was the 
case in the two preceding examples^ the roots here are both positive. 

Here we first clear Exam. 4. 

the equation of the af^l= ^(a;+l)4-4i ' fO 

Jiod pomted out m ^2 ^10^^.^25=^ + 1 3.) 

§110. To effect ^a^n^^^g^ >4) 

dus we transpose 4 11+ ^(i2i_96) ' ' 

in (I.), and thus we i?= — == — ^ ^^—^ (5.) 

obtain (2.) ; and, by 1 1 j_ « 

squaring the mem* je= — (6.) 

bers of this, we get ^ 

(3.) ; from which, by ^=^> and a;=zS (7.) 

transposing 25 and ar, we derive (4.). Then, by resolving this by 
§ 151. we get (5.), and thence, successively, (6.) and (7.). 

If, for the sake of verification, we substitute 8 for x, we get 
the first and second members each equal to 7, so that the value 8 
satisfies the equation. Substituting 3, however, we have appa- 
rently the first member equal to 2 and the second to 6. The 
interpretation here is simply this, that in (1.) the term >/(«? + 1) 
may have either 4. or — prefixed to it, as the case may require; 
80 that equation (1.) might be written a: — 1=4+ A/(a:-|-l), 
8 being the value that must be given to x, when the upper sign 
is used ; while 3 is the value corresponding to the lower.* 

The work here proceeds in the same manner as in the pre- 
ceding examples, after the 

preparatory operations were Exam, 5, 

performed in each; and the 13472— 22ar=8 (1.) 

answers are found to be 2 __ 22 + ^(484 + 416) . _ . 

and — ^ When, how- ^ ^Q • ' v^v 

ever, as in this example, 22+30 

the coefficient of the second ^=^ — og — (^O 

term is even, the solution ^^.^ and a;=— * (4>.) 

may be obtained more easily ' ^^ ^ 

by means of a rule, which may now be investigated. 

* Most of the succeeding examples will be assumed so as to require 
no prf^aratory work, as that can in general present no difficulty. 
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152. Let the equation to be resolTed be ax'^'^9,hx=.c, where 
the coefficient 2b is divisible by 2. 

Here (2.) is derived from the given equation by multiplying 
by a, and (3.) from (2.^ by 

adding b\ Then (4..) is aar2^26ar=c (1.) 

obtained from (3,) by ex- a^x^-^-^abx^zac (2.) 

tracting the square root, and a^x^-\'2abx-\'l^:=l^'\'ac . , . (3.) 

(5.) from (4.) by transposing oar-f 6= +\/(ft^+ac) (4.) 

h and dividing by o» By _ — 6+ ^/(62-(-ac) 
comparing this residt with ^ ^ • • . « \o*) 

the given equation, and ex- 
pressing it in words^ we have the following rule : 

To resolve an equation of the second degree in the easiest 
manner, when the coefficient of the second term is even ; to half 
that coefficient with its sign changed^ annex^ by the sign +^ the 
square root of the sum obtained by adding together the square of 
that half coefficient, and the product of the absolute term by the first 
coefficient, and divide the result by the last-mentioned coefficient. 

The work of the last example by this rule wiU be as in the margin. 
The second member of equa- 

tion(2.) is found from (1.) i3a:2-22x=8 (1.) 

by writing 11, half the se- 1 1 ± ^(121 + 104) 

cond coefficient with its sign J?= r^ • • (2 ) 

changed ; by placing after - - , , ^ 

it the signs + and ^ ; and a:= — ^o — C^*) 

by subjoining to the latter, ^o a — 4 

in a vinculum, the square ^p— 2, and *_-—■ j-g. ..... (4.) 

of 11, together with the 

product of 8, the absolute term, and 13, the first coefficient : and, 
finally, by dividing the result by this coefficient. The mode of 
performing the rest of the work is obvious : and it will be seen, 
that the facility obtained in this method consists simply in em- 
ploying smaller numbers than those required in using the first 
rule. Thus, by comparing the two solutions, we find that 1 1 , 
1 3, and 1 5, in the latter method, are respectively the halves of 
the corresponding numbers in the former ; while 121 and 104, 
the numbers in the one radical, are each only a fourth part of 
those in the other. 

It may be remarked that each of the foregoing rules will 
resolve any quadratic equation whatever ; but that, in practice, 
the latter ought to be used when the second coefficient is even, 
and the former when it is odd. 
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Exam. 6. Given the sum of two numbers =18^ and their 
product = 77 ; to find them. 

Here^ let x be one of the numbers; then 18— « will be the 
other. Taking the product of 
these^ we obtain 18^7 — ^2^ 18ar— ^^=77 .*...•.. (1.) 

which by the question is to be d?^ — 18a:= —77 (2.) 

equal to 77 ; and we thus get a:=9± -1/(81 —77) . . . (3.) 

equation (I.). Then (2.) is x=9±2 (4.) 

obtained from (1.) by chang- ^=11^ and ^^7 • • • « (5.) 
ing all the signs^ and (3.) 

from (2.) by the second rule. In this operation, since, in equa- 
tion (2.), the coefficient of ^^ is 1, it is unnecessary to divide by 
it in (3.) ; and the same is the case in all similar instances. We 
finally get a?=ll, and J7=7. If we take the former of these 
values, we get for the second number 18 — 11, or 7; while if we 
take the latter, we get 18 — 7> or 11. Hence the required 
numbers are 11 and 7> or 7 and 11. In this example, therefore, 
we have in reality only one distinct solution, as the numbers ob- 
tained are the same in both cases, but in a reversed order.* 

* This cipcumstance (that of two values being obtained for the un- 
known quantity, when the question admits of only one solution,) takes 
place, in the present and similar instances, where the two required quanr 
tities are employed in the question in exactly the same manner. Thus, 
in the present question, the two are added together to find 18, and are 
multiplied together to find 77. In the solution, x was assumed to denote 
one of the parts of 1 8 ; and there was nothing either in that assumption 
or in the process, to make it denote one part in preference to the other. 
The operation, therefore, gives them both, as it ought. 

It may be remarked, that the two rules might be readily modified, so 
as to give the values of x directly from equation (1.), without changing, 
the signs so as to find (2.). Algebraists, however, universally write equa- 
tions, when prepared for resolution, so that the highest power of the 
unknown quantity may stand first, and may be positive ; and this uni* 
formity of arrangement is attended with advantage. 

Example 6. may also be solved in a neat manner, as in the margin, by 
means of two unknown quantities, and 

without employing either of the rules a:+y = 18 (1.) 

given in § 151. and § 152. In this pro- ary=77 (2.) 

cess, (3.) is obtained from (1.) by squar- a:* + 2ary + y«=324 .... (3.) 

ing both members, and (4.) from (2.) by 4a:y=308 (4.) 

multiplying by 4. Then (5.) is found .t«— 2xy + y««16 (5.) 

from (3.) and (4.) by subtraction; and ar— y=4 (6.) 

the first member of this being (§ 53.) the ar=ll, and arss7 (7.) 

square of ar—y (or of y—x), we get (6.) 

by taking the square roots oi both members. By (1.), therefore, we have 
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To give a general solution of this a:f»— ar)=p (1.) 

problem, let s denote the sum and x^sx=i—p (2.) 

p the product of the given num- s± a/{s^--^) 

bers, and let x be one of them: *— g • • (^0 

then s—x will be the other; and 

the work wiU be as in the margin. From (3.) it appears that 
to find the numbers^ we are to subtract four times the given pro- 
duct from the square of the given sum^ and to take the square 
root of the remainder. Then we are to take the sum and differ- 
ence of that root and the given sum, and .to divide the results 
by 2. 

Thus, if the sum were 17, and the product 60, we should 
have the square of 17 equal to 289« and four times 60 equal to 
240. Taking the latter of these from the former, we should get 
49, the square root of which is 7. Then 17 -f 7=24, and 
17—7=10; the halves of which are 12 and 5, the required 
numbers. 

If, again, the sum of two numbers be given equal to 13, and 
their product equal to 50, we should have, by equation (3.), 

_ 13+ ^/(169-200) _ 13+ V^^ 

Now, since (§ 121.) —31 has no square root, there can be no 
solution to this question. The data, in fact, are inconsistent with 
one another ; as it is impossible that there can be two numbers 
whose sum is 13 and product 50. Equation (3.) contains the 
radical ^/(8^ — 4p) ; and this will always be imaginary, if 4;p be 

the Slim, and by (6.) the difference, of at andy : and these quantities are 
then found by § 52. 

This question may also be solved by means of a pure quadratic, by 
putting half the difference of the numbers 
s=ar. Then, since half their sum is 9, we (9 + «)(9— x)«77 .... (I.} 

shall have (§ 52.) the numbers them- ar^— 81»— 77 (2.) 

selves expressed by 9 + a: and 9—x; and, x^^4 . (3.) 

since the product of these is to be 77, we xss2 (4.) 

get at once equation ( 1 . )• From this we 

derive (2.) by actual multiplication (§ 57.), and by changing the signs ; 
and thence by transposition, &c., we getdrs32. Then, half the sum being 
9 and half the difference 2, we get the numbers by means of § 52. 

Had the difference, and consequently the half-difference been given, we 
might with equal advantage have put x to denote half the sum. We 
have thus tv^o instances, (and there are numberless others,) in which 
it is advantageous tofind, instead of the quantity required^ another which can 
be obUdned more easily, and from which ^ one required am be derived* 
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greater than «^. The greatest possible value^ therefore^ that p 
can have is ^^, or^ in the present instance^ 4^2^ ; and^ conse* 
qiiendy^ when the product is given = 50, the question is absurd. 
By means of this principle we have it in our power^ in many in- 
stances^ to ascertain whether problems are possible or impossible^ 
and also to determine the greatest or least values that quantities 
can have in particular cases. 

Exam. 7- Given the sum of the side and diagonal of a square 
= a ; to find the side. 

Let X be the side : then 

(Euc. I. 47.) the diagonal will V2x^-\-x=a (1.) 



be \/2x^ ; and adding a to this, ys/2s^=a—x (2.) 

30 • • • • Ko%j 

equation (2.) is obtained by a:* + 2aar=a* (4.) 



we get equation (1.). Then 2j?2=a^— 2aar-f . 



transposing ar, and (3.) by a:=— a+ V(«*+o^) ••(5.) 

squaring. From this we get (4.) a:= — ajra^^, (6.) 

by transposing and contracting: 

and from it (5.) is obtained by § 1 52. : and (6.) is the same as 
(5.) contracted, and modified by § 101. Were we here to take 
the lower sign, so that a a/2 would be negative, the value of x 
would be negative ; and therefore, for giving a solution in the 
plain arithmetical sense of the problem, this term must be taken 
positive. Hence, suppose the given sum to be 100 inches, and 
from (6.) we shall have the side, 

a:=(^2—l)xl00=(l-4142136,&c.—l)x 100=41-42136, 
&c. 

This question may be solved very 

easily, as in the margin; where ^2x'^-\-x-=.a • OO 

equation (2.) is the same as (1.) arA/2+ar=a (2.^ 

modified by § 101. ; and (3.) the (A/2 + l>=a (3.) 

same as (2.) modified by §51. __ o • . x 

Equation (4.) is obtained from (3.) *"" ^2 4- 1 ^^ 

by division; and (5.) is derived a:=(A/2 — l)a (5.) 

from (4.) by •§ 108. 

153. While, as we have seen in Exam. 1., negative values of 
the unknown quantity will satisfy the equation from which Aey 
are derived, any such value is inadmissible as a solution of the 
question of which that equation is the algebraic expression, when 
the enunciation of the question is taken in its plain, oixlin^y 
meaning. It is an important fact, however, that in quadratic 
equations, and, in many instances, in others, every such value, 
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with its sign changed^ is a solution of a problem analogous to the 
original one ; differing from it merely in this^ that certain quan- 
tities are added instead of being subtracted, or are subtracted 
instead of being added. Thus, in the equation, ax^-\'bx=zc, if 
we change the sign of x, we get a(— a:)^— 6a:=c, or ax^ — bx=:c, 
which is the same as the original equation, except that the term 
&x is to be subtracted instead of being added. In a sinrllar way, 
ax^-—bx=^c becomes a(— x)^ — bx — ar=c, or ax^-^-bx^c; 
where the term &a; is to be added instead of being subtracted. 

The last example affords an illustration of this principle. In 
it the negative root was — a— 'oV'S; which, if its signs be 
changed, becomes a+a/v/2. To find the corresponding problem 
to which this is the solution,* we change the sign of x in equation 
(1.). By this means, we get ^/9,x^ — ar=a; an expression 
which is plainly the algebraic translation of the following pro- 
blem : — Given the difference of the side and diagonal of a square 
= a, to find the side; and the length of the side will be a'\-a^^, 
the quantity obtained above. The student wiU find it useful to 
work the question just enunciated, by putting x to denote the 
side, and proceeding as in Exam. ?• In doing so, he will find the 
positive xQOi to be what is here stated ; while the other, with its 
sign changed, will be the positive root of £xam. 7* 

Exam, 8. A person bought a number of yards of cloth for a 
shillings ; and he finds that, if he had got b yards more for the 
same money, each yard would have cost him c diiUings less. How 
many yards did he purchase ? 

To solve this, let ^ be the number of yards : then each yard ' 

a 
must have cost ^ shillings; but^ if he had got :r-f-5 yards for the 

'X 

same money, each yard 

would have "cost him ^ i ^ ^ /, \ 

a l^^^^x ^^' 

l^b ^^^^^ "^^^^^^ ex^+bcx:=ab (2.) 

by the question is less ^_ -6c+V(6V-t-4flftc) ^ .^ . 

by c than the actual price 2o • • • • V •/ 

of each yard, as found 

above ; and hence we have equation (1.), By clearing this of 
fractions and rejecting ax, we get (2.) ; and from this (3.) is ob- 

* Hie numerator and denominator- of this fraction are divisible by 
Vc For the purposes of computation, however, it is better to retain it 
as it is. 
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tained by § 151. As a particular example, let a=^60j 5=1^ and 
e^=z2 ; and x will be found from (3.) to be 5^ or — 6. The 
former of these is the answer to the proposed question in its or- 
dinary meaning. To find the general problem to which the nega- 
tiye value of x, with its sign changed, is the answer, we have 
merely to change x into ~ ;r in equation (1.) : then^ by changing 

the signs of all the terms in the result, we get -— c=- ; an equa- 

X — X 

tion which is evidently the algebraic expression of the following 
question : — 

A person bought a certain number of yards of cloth for a shil- 
lings ; and he finds^ that if he had got b yards fewer for the same 
money, each yard would have cost ff shillings more. How many 
yards did he purchase ? 

Resolving ihe equation just found we should get for x the same 
expression as in equation (S.)^ except that the first term of the 
numerator would be be not— -be; and taking, as above, a=60, 
ft=l, and c=2, we should have a? =6, and d?= — 5, the former 
of which is the answer to the new question in its obvious meaning.* 

Exam. 9* Given one leg of a right-angled triangle =12 inches^ 
and the excess of twice the hypotenuse above the remaining leg 
= 21 inches ; to find that leg and the hypotenuse. 

Let X be put to denote the remaining leg ; then (Euc. J. 47.) 
the hypotenuse will be -v/(^^ + 144); and, by the question, we 
have equation (1.). From 

this we get (2.) by squar- 2^/(x^ + 144)=^ + 21 (1.) 

ing; and (3.) is obtained 4j:2-i-576=ar2+42ar-f 441 (2.) 

from (2.) by transposing Sa;^— 42a: = — 135 (3.) 

and contracting. £qua- ar^— 14jr=— 45 (4.) 

tion (4.) is derived from x=7± a/(49— 45)=7±2 . . . (5.) 

this by dividing by 3 for a;=9, and x=5 (6.) 

a simplification; and (5.) 

* To gain farther improvement in tracing such relations as we have 
been considering, the student may solve the following question, either 
deriving its solution from equation (3.)> or solving it independently of 
what is done above. A person bought a number of yards of cloth for a 
shillings ; and he finds that, if he had got 6 yards fewer for the same money, 
each yard would have cost him c shillings less. IIow many yards did he 
purchase ? This question is evidently absurd ; and the student may con- 
sider how the absurdity is manifested by the algebraic solution. He may 
also illustrate it in numbers, taking aBBl2, &s5, and c^iO; and also 
as 12, 6^:5, and c=8. 
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is obtained by § 152, It thus appears^ therefore^ that jff m^j 
be either 9 or 5. Taking the former^ we find the hypotenuse 
^(x'^-\- 144), to be 15 ; but taking 5, we get 13 for the hypote- 
nuse. Hence, there are two triangles, entirely distinct and dis- 
similar, each of which equally answers the question ; the sides of 
one of them being 12, 9^ and 15, and those of the other 12, 5, and 
13. That each of these answers the question is plain, since each 
of them has one leg =12, and since twice 15 exceeds 9 in the 
one by 21, and twice 13 exceeds 5 by the same in the other. 

To have a gene- ^ ,/ 3 ^2 w^: + 5 (i) 

ral solution of this ^J^^^L^^aj,;:^ \ \ \ \ \ \ \ \ '(2] 

problen., let the («2.i;)^2_26^=62_„2«2 ^3. 

given leg be de- ^ / , / 2 ,v.o 9 2\> 

noted by a, and the ^^ &± ^/{6H(n2-l)(6^-n%2)} ^ ^ ^^^ 

excess of n times n^— 1 

the hypotenuse __ 6+ >v/{w^6^~n^(n^ — l)a^} . . 

above the remain- ^ n^^l ^ ^^ 

ing leg by b; and b-^-nVi^-in^-iy} 

the process will ^=-^= 2^^^i v"v 

stand as in the mar- 
gin. In this, (5.) is derived from (4.) by performing the actual 
multiplication of b^ by n^— 1, and rejecting b'^—b^ in the result; 
and (6.) is obtained from (5.) by means of § 101. 

In considering the nature of the results that will be given by 
this equation according to the relations of the data, we may, 
throughout, naturally regard the given leg a as positive. Then, 
if » be positive, it will be greater than 1, or a positive fraction' 
less than 1^ or it will be equal to 1. Now, from equation (6\), 
it will be seen, that the question will be possible only when 
(»2 — l)a2.does not exceed 6^. Hence, if, as in the foregoing 
question, n were =1 2, and a = 12, but 6 = 20, instead of 21 ; 
these data would be inconsistent with each other, and the question 
would admit of no solution. If (n^ — l)a^ were equal to b^, 
there would be but one solution, as the radical would disappear. 

Suppose, in the second place, n<l: then w^— 1 would be 
negative, and therefore — (n^— l)a2 would be positive. In this 
case, since b^ is necessarily positive, the radical would never be 
imaginary, and the solution would always be possible. 

In the third place, suppose n=l. Then (6.) becomes 

a;=^~~; whence a:=— =00, and 3?=^. 
Each of these values, if substituted in equation (1.), will satisfy that 
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vc 



equation^ when nssl. Thus, by substituting the former^ we get 

and, by multiplying both members by 0, we get ^/4fb^ for the 
one, and 2ft for the other, which are equal, as they ought. By 
a similar process, the substitution of the other value of x wiU 
give each member = 0. Now, to obtain the interpretation, we 
have merely to take n=:l, in equation (1.). We thus obtain 
^/(a:2 f o2^=ar + 6 : whence, by squaring and contracting, we get 

a2=26a: + 62 . atid consequently j?= , the value required.* 

It may be remarked, that in this case the problem becomes the 
simplest possible, being merely this : Given one leg of a right- 
angled triangle, and the difference between the hypotenuse and 
the other ; to find the latter. 

The case in which b is negative, and which implies that n times 
the hypotenuse (n being evidently a proper fraction) is less than 
the required leg, presents no difficulty ; and the expression for 
a? will be found to be the same as the one obtained above, except 
that the first term of the numerator would be —6 and not b. If 6 

^ , ,,, . , naA/(l— »^) na . 

were = 0, we should haved?simplv = r-^^ — s — ^= —ttz sx* t 

1— n^ //(I— »2j 

Exam. 10. 

Here, equation (2.) /ar— 2 , /l±l«_4. 

is obtained by squaring a/ ^^q \/ ar— 2"" ^'^ 

the members of (1.), ^_^ ^ , g 

and transposing 2. j = 14 (2.) 

We then clear (2.) of * + 2 a: -2 

fractions; and (4.) and 2ar2-f 8 = 14a:2— 56 (3 \ 

(5.) are obtained by 12a?2=64 (4.) 

transposition, &C.J: ,4 ,4 , 

♦ This vfilue may also be obtuned from ^ — ~- ^--^, by 

multiplying its numerator and denominator by 6 + nA/{6*— (n*— l)a2} ; 
as the numerator and denominator of the result can each be divided by 
n9 — 1 : and by taking ns 1 in what is obtained, the same value as above 
will be found for :r. 

t This is a solution of the question, in which one leg of a right-angled 
triangle and the ratio of the hypotenuse and the other are given, to find 
the latter leg. 

I The following solution of this example, taken ht>m Kelland's Alge^ 
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154. The methods that have heen estahlished for the resolution 
of quadratic equations enahle us to resolve trinomial equations 
of any degree whatever^ which contain only two powers of the 
unknown quantity^ provided the index of the one power he 

bra, pp. 122. and 123., shows the disadvantage of introducing the sub- 
sidiary quantity y in this instance, though such substitutions are in many 
cases beneficiaL 

yx-^2 yx + 2 

« Given \^ ;: + \r X =4, to find x. 

x+2 x—2 



f V £ 



** Here we observe, that if \/ --—^ be called y,the equation becomes 

1 ^ 

y . 

*' Let Us first solve this equation: it is, 

y2_4y + 4=3, 

y«2±//3, 

Jx — 2 
or, \/^ — q.~^^ v'Sssc suppose; 

. ar— 2 = c«(a: + 2) by squaring, 
2c8+2 _ 1-f ca 

*-l-c2 "^"l-ca 

l + (4i:4^/3 + 3) 

'*^* 1-(4±4a/3 + 3) 
_o 8±4V3 _^ 2±V3 



-6=F4a/3 • -3T2V3' 
the signification of the double sign being, that, if the upper one be + 
the lower is -r, apd vkt versa. 

** This value of x may be simplified in the following manner : — • 

-3T2V3 = -(3±2-v/3) 

«-V3(a/S±2) 
4 2±^/3 

— V3 a/3 ± 2 
If the upper sign be taken, we get 

4 



if tHe lower, 



a:=s 



therefore the values of xaxe 



4 2-a/3 

■^3 a/B-S 
_4 

V3' 



h2 
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6xactly double of the index of the other. To show this^ let us 
take die general equation 

(L), where n is any num- €ur2« -{- 6ar»=o (1. 1 

ber, positive or negative, ar"=y #..*.. (2.) 

whole or fractional. Then, a:2»=y2 (3 S 

^assuming ar»=y, as equa- «3^+&y=c (4.) 

tion (2.), we get equation __ — *± >/(&^+4ac) . . 

(3.) by squaring : and ^"^ 2^^ V^v 

equation (4.) is found «.j-|. ^(^2+4^^) 

from (1.) by substituting ar"= = — ^ (6.) 

fp for a:-*, and y for x% 

Equation (5.) is derived ^_. I -ftf ^/(6H4flc) 11^^ .^ . 

from (4.) by means of I 2a J • • V v 

§ 151.; and (6.) is the 

same as (5.)^ except, that instead of y, its equal or" is written. 

Then, in the last place, (7.) i& obtained from (6.) by taking the 

nth root. It thus appears from (6.) that We obtain the lower of 

the two powers of x by means of § 151. ; and thence the value 

of X itself by extracting the nth root. 

It would be shown in a similar way, that § 152. may be em- 
ployed, when the second coefficient is even. 

Here (2.) is found from 
(1.) by means of § 152. ^*^^*- l^' 

Then (3.) is found from 3^-2^2=225 (I.) 

(2.) by contracting the ra- ^2-- 1± a/(1h-675) . . 

dical, and.extracting its root. 3 • • • • V •/ 

We finally get a? = 3, ^ „ 1±26 



= -3, _«=^>v/-V> and 3 ^^'^ 

ar= — V—^^ ; the first and ^=9> and a:2= — 2^ .... (4.) 

second values being real, a?=±3, and ^=+ ./— 2^ .(5.) 
and the others imaginary. 

In this example we get (2.) by means of § 151. From the 
first value of x» in (3.) we 

get (4.) by cubing; and Exam, 12. 

thence we obtain (5.) by 5j7l-|-7^i=i08 (1 ) 

«tractmg the square root. -7+v'(49 + 2l60) \ ', 

We might also get ex- x^^ = — ~-~ ^ . (2.) 

pressions for x from the , ^ 

second value of ari in (3.); %'=^^' and arf=-V • • • W 

but they would be ima- «^=o4 (4.) 

ginary. x^ ±8 (5.) 
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In Example 13* equation 
^2.) is got from (1.) by Exam. 13. 

means of § 47. ; and (3.) 43 32 

from this by § 152. Equa- ^ + ~^ ^ ^^ C^') 

tion (5.) is the same as (4.) 48^^-2 ^ 32^-1 - j 1 (2.) 

with the indicated operations -16+^/(256+528) ,^ , 

performed^ and the mode d;"*= ~" /L •Kp') 

of writing x'^ changed; -i6+28 

and the yalues in (6.) are a;-*= -^ — (4.) 

the reciprocals of those in *° 

(5.). We have thus an ?: = 1, and - =-H (5) 

instance in which an equa- ^ ^ 

tion is resolved without J?=4, and ar=— ^ ...... (6.) 

clearing it of fractions. 

Exam, 14. Given tiie sum of four equidifibrent numbers = 
24^ and their continual product = 945 ; to find them. 

Here (§ 132.) the sum of the means as well as that of the 
extremes will be 12^ the 
half of 24. Putting, there- 1296—S60a?8 +9^^=945 .. (1.) 

fore, 2^7 to denote the com- a:*— 40x^+144=105 (2.) 

mon difference, we shall a?*— 40ar2=— 39 ^g^j 

have (§52.) the. means a?2=:20± \/ (400—39) .... (4.) 
= 6— ar, and 6+j?; and a;2=39> and a:^=l ....... (5.) 

(§ 130.) the extremes will x^y/SQ, and ^=1 (6.) 

be 6 -- 3ar, and 6 + 'Sx, Now 

(§ 57») the product of the means is 36—^^ and that of the ex- 
tremes SQ—^x^, The product of these two results is then found, 
andplacedequalto945; and thus we get equation Cl.). From 
this (2.) is obtained by changing the order of the terms, and, for 
8 contraction, dividing by 9* Then (3.) is found by transposition, 
and (4.) by § 152. We finally get x^./S9> and ar=l. Taking 
the latter of these, we find the four numbers (12— 3a:, 12 — x, 
&c) to be 3, 5, 7> and 9> which satisfy the conditions of the 
question. If we take th& first value of x, we find the four num- 
bers to be 6— 3 VS9, 6— a/39, 6+ >v/S9, and 6+3^/39; and 
these will also be found to answer. The first and second of them, 
however^ are negative ; and, therefore, in the ordinary arithmetical 
meaning, it is only 3, 5, t, and 9> that are to be regarded as the 
answer? to tiie question. In this problem, it is imnecessary to 
take — V39 and — I, the negative values oix, as they would give 
the same terms in a reversed order. Thus, if — ] had been 
taken, the terms of the series would have been 9y 7> ^y and 3. 

fi 3 
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155. The principle establiBhed in the last § sonletinies gives 
an easy and elegant method of resolving equations containing 
radicals^ without previously removing the radicals by involution 
according' to § 110. This application of the principle will b^ 
understood from the following examples. 

Exam. 15. Let it be required to resolve the equation, 
X— v^CSo?— 2)=14, without previous involution. 

In solving this, . 
because the radical a: -(3^— 2)*= 14 (1.) 

contains the term Sj7, 3ar— 3(84?- 2)i =42 . • (2.) 

we multiply by 3 in 3^-2-3(Sx-2)l=t40 (3.) 

equation (1 .) to get ^ ^ ,,q , j g^x 

(2.). Then, by sub- (3a?-2)^= ^- ^^^^^"^^ (4.) 

tracting 2, we get 

equation (3.), in (347-2)i^8, and (3a:-.2)i=:-5. . (5.) 

which 3j:— 2 and its 3d?-2 = 64, and 3a7-2=25 (6.) 

square root both 47=22, and x=:Q (7.) 

occur in connexion 

with 1 (the coefficient of 3a; — 2), —3, and 40, which are known 

quantities. In the next place, considering (3ar — 2)3 as the quan- 
tity to be determined, we find(§ 151.) the values of that quantity 
to be 8 and — 5, as in equation (5.). Thence, by squaring, we get 
(6.) ; and, from the expressions thus obtained, we find a;=s22, 
and 07=9 in (7*)* '^^^ former of tliese is the value of x, which 
satisfies the question in the terms in which it was proposed ; and, 
therefore, it is naturally to be regarded as the answer. The other 

value 9> however, will also answer it, if (3j7 — 2)« be taken nega- 
tive; as we should then have P — (— 5), or 9-\-5, which is 
equal to 14, as it ought. 

Exam. 1 6. Resolve the equation, afi — 26=9 Vi^ — 4), with- 
out previous involution. 

eqSn (I) frS -«- 26 =9(^^-4)* (1.) 

(1.) by adding 22 073—4—9(473—4)^=22 (2.) 

to boA members, / o 4\Ji_ 9 Jl a/(81 +88) . v 

and by transposing v^ *) — g C •/ 

9(,:3_4)i. Then (^^-4)l:=ii, and (ar3-.4)i=-2 . . (4.) 

the coefficient of ^^5^ and ar=2 (5.) 

a:^— 4, regarded as 

a single term, being 1, and that of its square root being —9, wq 
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get (3) by § 151. From this the two parts of (4.) are obtained 
by using first the upper^ and then the lower sign of the radical : 
and from these^ by squaring^ transposing, and extracting the cube 
root, we get the values of x in (5.). The first of these satisfies 
the given equation, if ^(x^—is) be taken positive; the other, 
if it be taken ne^tive. The former, therefore, is the answer to 
the question understood in the plain arithmetical sense. 

It will be seen from these examples, that the first object, in such 
cases, is to modify the given equation so that its second member 
may be a known quantity, and that its first may consist of a quan* 
tity, simple or compound, with a known coefficient, together with 
another which is die square root of the same quantity having 
also a known coefficient. When such a modification cannot b j 
made, this method is inadmissible. The process will be simplified 
to the student, when commencing, if a single character be put for 

the radical. Thus, in Exam. 15., we might put (3t— 2)5=f/ ; 
and then equation (3.) would become j/^— dy=40. In like 

manner, in £xam. l6., we might put (ar^— 4)«=y, and equation 
(2.) wcmld become y^— 9l/=22. 

156. When two or more simultaneous equations are given, 
one or more of the unknown quantities must generally * be eli- 
minated, till an equation is obtained which contains only one 
unknown quantity : and if this equation be of the second degree, 
it will be resolved by one or other of the modes that have been 
explained. The elimination will be effected by means of some 
of the methods explained in Chapter VI II.; and most usually by 
the second or third method. 

Exam. 17* Find the values of x and y in the equations, 
3a?--4y=3, and x^-^y^=zl6. 

Here, equation (3.) is de- 3a:— 4y=3 (1.) 

rived from (1.) by transposi- a?^— y*=l6 . (2.) 

tion and division; and (4.) ^3x—3 . . 

from (3.) by squaring. ^"~ 4 v*'-) 

Then, by substituting the Qx^^lSx-\-g 

value of y2, thus obtained, in y = jg (^v 

(2.), we get (5.), which does 

* In some particular instances, we may advantageously proceed other- 
wise. Thus, if the equations, x—y=(h and (a? + y )**• + 6(x + y )** s= c, were 
proposed, we might find x+yby means of § 154. ; and then the values of 
X find y would be found by pieans of § 52. 
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\iot contain y. The rest of ^ Sar*— 18:r-h9 

the operation proceeds in the ^ fg =lo • . . (5.) 

usmil way and presents no i6x^^9x^ ^ 18x^9=256 . (d) 

difficulty. In addition to the 7:ca-f.l8ar=265 )7\ 

positive values a?=5, and -9+ ^/(81 + 1855V ' ^ ^^ 

y=3, we have the two nega- ar= - ^ ■ ^ ^ . . (8.) 

tiveones, a?=— 7* and v= t- ji ^a. , . 

-63^ d?=5, andar=-7* (^g\ 

As'a slight variation of the ^=^^ ""^ ^= "^ W 

process, we might have found the value of y^ from (2.), and have 
put it equal to its value in (4-.) : or we might have commenced 
by eliminating a?. 

Exercises. Find the values of a? in the following equations, 
1. 18+ar2=180-a:2 Ans.a=z±9. 

o 44 198 

3. V(««+a:*)=J*. Ans.x=-lr—ri . 

e A Q X 

6 ^Haar+ft _g /62-ac 

7. a:2 + 6^=7. ^rw. a:=l, and ar=— 7. 

8. a;2— 6a:=7. Ans. jr=: -1, and a:=7. 

9. ^ar2~^a:=9. ^n«. ar=6, and x= -4^. 

10. 2047—0:2=51. ^»*. a?=17, and x^S. 

1 1. ^2_^--|^g^2_7^^70.) Ans. ar=7, and ar= - 10. 

12. 2a7-7=10-ar4- v^CeS-ar^). ^n^r. a:=7, and a?=3^. 
IS. ^-. V(2ar2^9a7+l)=l. ^^. a?=7, and ^=0. 

14. a?— //(aa?2— fta?-f c2)=:c. ^»*. a?=-^^^, and ^=0. 

15. 4a:24-17^=a:+468. Am. Mf=^9, and a?= —18. 

16. S^+5>v/j?=22. ^?w. 57=4, and ^=1S|^ 

17. 2072+207+2=24—507. ^In*. ^r=2, and a?=— 5J» 

18. or2— 6o7=6or + 28, Atm^ 07=14, and a?=— 2. 
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19. 8+d?— ^ — = 1». -4»*. d;=6, and »=— 5. 

4 6 
?0. d?H — =- + 1. -4n*. a7=2, and a:=— 1. 

12 10 

21, 1 7=9- ii/w. a?=3, and 07=4. 

a: 07—1 

22. arH-ao72=-, ^n*. a:=s ^^ ^ k* 

n xna 

23. ar+a;"i=a. ^n*. 07=^{a+ V(a^— 4.)}. 

24. 07»+x-»=a, Ans. ar={^[a+ ^/(a^— 4)]}". 

25. (o7— 3)2 + (^+4)2=(^H-5)2. u4n*. a?=8, and 07=0. 

26. (a?— 2)» + (o7+5)2=(a: + 6)2. Jiw. ar=7, and 07=-.l. 
27- .^(«+5)3+3^(jr-|-5)=28, ^n*, or =59, and or =—348. 

28. wy^=^6f and ar2+y^=50i u4n*. o?s=7> and y=l; or 

ar= — 1, andy=— 7. 

29. « + 2y=5, and o:2 + 2y*=ll. Ans. x=3, and y=l ; or 

ar=^, and y= J. 

SO. 07+nys=a, and ar2-fny2=6. 

^n,. ,^«±V{('''+n)6-««'} ^ 

n+1. 

* If n be very large in comparison of a, so that, the coefficient of x 

being unity, the absolute term - may be very small in comparison of the 

n 

eoefficient of xS it will appear, from this result, that the positive value of 

» will be a small fraction. To show this, divide the numerator and 

denominator of that value of x by 11: thcn.xs= — 7; ^ ; an 

expression in which, because of » being very large in comparison of a, 
the radical part is very little greater than 1. Hence the numerator is 
very small ; and, the denominator being 2a, this value of x must be a very 
small quantity. 

Thus, suppose a were s 1 and » = 100» the positive value of x would 
be found to be less than 0*01. It would appear, in iact, from § 126^ 
that, if n be very great in comparison of a, the positive value of x will be 

very nearly -, the terms in the square root of 1 +a^~i, after the firsjt 

and second, being extremely small in value. 
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32. 07^=36, and y-|-2 ^/(ar— y) = a:— 3. ^n*. a:=:12, y = 3 ; 

or a?=^>v/H5 + l), andy=i(v'145— 1> 

33. a;H>/(a:^— ar— 6)=ar+48. 

Ans. z=7 or —6; or ar=^l+ V221). 

34. » , , --sH — r-=5, and-7| — — ^ =2. 

Ans, ar=4, and y=:3 ; or a?=— ^, and y=f J^. 



Miscellaneous Exercises in Quadratic Equations.* 

1. Given the sum of two numbers = 8 (=«i), and the sum of 
their squares = 50 (=^2) ; to find the numbers. 

Ans. 7 and 1 ; general expression, i{Si± v'(2*2— *i^. 

2. Given the sum of two numbers = 7 (=«j), and the sum of 
their cubes = 133 (=*3) ; to find the numbers. 

Ans. 5 and 2 ; general expression, ^ ■! *i + a /j -^— i- ) l ^ 

3.? Given the difi*;rence of two numbers = 2 (=^d{), and the 
difference of their cubes = 218 (=^3); to find the numbers. 

Ans. 7 and 5, or —5 and —7; general expressions, 

*['.±A/(S-a--*5-^.±A/(s.-¥)j- 

* In solving these exercises, it may perhaps be better for the beginner 
merely to use the particular nunabers, and thus to get the numerieal 
answers ; but when he has had more practice, he ought to employ the 
characters a, 6, p, &c., so as to get the general solutions, and thence to find 
the numerical answers by substituting for those letters their particular 
values. As usual, the positive results alone would be recognised as the 
solutions to the questions in their literal meanings ; but the learner should 
find the others, and endeavour to discover their interpretations. Some of 
them may be better solved by other means than by employing the rules, 
that have been established for , resolving quadratics. Such in particular 
is Exercise 8. The student should compare Exercises 9. and 10. with 
4. and 5. He ought also to compare Exercises 13. and 14., and like- 
wise 15. and 16. In Exercise 17. he will find the time during which the 
first person travelled t© be II days or —60 days. Let him consider th« 
meaning of the latter result. 
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• 4. Given the sum of two nnmbeis = 22 (=«i), and theit pro- 
duct = 117 (=p) ; to find the numbers. 

Ans, 13 and 9 ; general expression, i{«ii \/(*i^— 4p)}. 

5. Given the difference of two numbers = 5 (=dj), and their 
product = 36 (=jt)) ; to find the numbers. 

Ans, 9 and 4, or —4 and —9; general expressions^ 

6. Given the product of two numbers = 18 (=p), and the 
sum of their squares = 85 (=^2) > to find the numbers. 

Ans. 9 and 2, or —9 and — 2 ; 

general expressions, i{ V'(«2"I"?P)+ V(«2'~"2p)}> 

and ^{ x/(«2+2p)±^(«2-2;>)}. 

7. Given the product of two numbers = 40 (=p), and the 
difierenc<i of their squares = 39 (=^2) > to find the numbers. 

Ans. 8 and 5, or —8 and —5 ; 

generd values, a: = + V {^2 ± i \/ (^2^ + ^p^) } ^ 

andy=±V'(-^a±ivW + 4p2)}. 

8. Find two numbers, such, that the cube of their sum may 
exceed the sum of their cubes by 60 (=a), and the difference of 
their cubes may exceed the cube of their difference by 36 (=6). 

Ans, 4 and 1 ; general expressions. 






9. Given the product of two numbers = 6, and the sum of 
their cubes = 35 ; to find the numbers. Ans, 2 and 3. 

10. Given the product of two numbers = 20, and the differ- 
ence of their cubes = 61 ; to find the numbers. Ans. 6 and 4. 

11. The product of two numbws is 240 (=a), and, if one of 
them be increased by 4 (=6), and the other be diminished by 
3 (=^c), the product of the results is still the same. Required 
the numbers. 

Ans. 16 and 15, or —20 and -^12^ general expressions^ 

" 20 -^ ^"^ — T ' 

12. Find four numbers in arithmetical progression, such that 
their continual product may be 1 05 ( =fl), and that the product 
of the means may exceed that of the extremes by 8 (=6). 

Ans. 1, 3, 5, 7, and —1, —3, —5, —7; or, 
in general, X'-3y, x—y, ^-j-y, and ar+Sy, 

where ar= ±i>v/{l064:8 >v/(62+4a)}^ and y= + v'l*'. 
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13. A person purchased a certain number of oxen for one 
hundred and twenty pounds^ and he found that, had he got three 
more for the same money, they would each have cost him two 
pounds less. How many did he purchase ? Ans, 12. 

14. A person purchased a certain number of oxen for one hun- 
dred and twenty pounds, and he found that if he had got three fewer 
for the same money, they would each have cost him two pounds 
more than they did. How many did he purchase ? Ans. 1 5. 

15. A company at a tavern had a reckoning of seven pounds 
four shillings to pay ; but, two persons being exempted from 
paying, the rest had each to give one shilling more than they other- 
wise would. How many persons were in the company ? Ans. 1 8. 

16. A company at a tavern had a reckoning of seven pounds 
four shillings to pay ; but, two of them having paid who had been 
intended to be exempted, the rest had each to contribute one shil- 
ling less than they otherwise would. How many persons were 
there, exclusive of the two ? Ans. l6. 

17> Suppose two towns, A and B, to be 300 miles asunder, 
and that one traveller sets out from A towards B, travelling the 
first day 10 miles, the second 11, the third 12, and so on ; while, 
two days after, another starts from B for A, and travels every day 
15 miles : where will they meet ? Ans. l65 miles from A. 

18. Find four numbers in geometrical progression, such that 
the sum of the extremes may be S5, and that of the means 30. 

Ans. 8, 1% 18, and27. 

19* Two couriers start at the same time from two towns, A 
and B, and travel each towards the other town ; after some days 
they meet, when it is found that one of them has travelled 84 
miles more than the other, and that by continuing to travel each 
at the same rate as he had done before, the one will finish the 
journey in 9 days, and the other in l6. Required the distance 
of the places, and the rates at which the couriers travelled, 

Ans. Distance 588 miles ; rates 28 miles and 21 miles daily ; 
or distance 12 miles ; rates 4 miles and — 3 miles daily.* 

* Of the various modes in which this question may be solved, the fol- 
lowing is an outline of perhaps the simplest and most elegant. Let t be 
the time that elapsed from starting till the couriers were together, and 
« + 42 and x^42, the spaces travelled by each in that time ; then, 
x + 42 : ar— 42 :: < : 9, and a:— 42 : ar + 42 :: t : 16. 

Take the products of the corresponding terms of these two analogies ; 
then <3 a 144, and therefore <» ± 12. Use each of these values of f in 
either of the foregoing analogies, and the values of x will be found by 
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157> The methods of resolving quadratic equations having 
been fully exemplified and illustrated^ we may now proceed to 
consider the relations of their roots^ and to deduce some results of 
an interesting kind connected with the theory of such equations. . 

Equations of the second degree may have four distinct forms. 
Thus^ if a, h, and c are numbers which are in themselves positive^ 
we shall have 

1. flur*-4-64?=c : where x = r » 

2. aF*-^&a?=c ; where z = -= — ^ ' : 



2a 



3. ar^— 6a?= — c: where x = -= — ^- -^: 

2a 



and 



4. aa7^+6a:= — c; where x = . — — | i, 

Now^ in the first and second of these the radical part is real; 
and it is greater than h, since the square root of 6^+4ac is 
greater than that of h^, that is^ than &. In the third and fourth, 
the radical is real, when h^ is not less than 4ac ; but, if 4ac be 
greater than 6^, it is imaginary, as l^—4iac is then negative. 
Farther, also, in these two forms^ when the radical is real, it is 
less than & ; as the square root of h^ — 4ac is less than the square 
root of 6^, th^t is, h. Hence, therefore, when the absolute term 
is positive, as in the first and second forms, the roots are always 
resd ; but, when it is negative, as in the third and fourth forms, 
the roots are imaginary, when 4ac is greater that h^ ; otherwise 
they are real. 

Now, in the first and second forms, the radical, being greater 
than b, may be represented by b-j-d. Then, the numerators of 
the roots in the first form wiU be — 6-|-6+d and — 6— 6 — d, or, 
by contraction, d and — 2ft— rf; one of which is positive and the 
other negative : and, in absolute magnitude, the positive one is less 
than the negative. If these be divided by 2a, the quotients wUl 
be the roots ; and in these the same relations will still exist : that 
is, one of the roots is positive and the other negative ; and, in 

equalling the products of the extremes and means. The second answers 
correspond to the question in which the couriers must have travelled in 
the same direction, and in which the first would require nine days to 
travel back to B, and the second sixteen to trayel to A ; the sum of the 
spaces travelled, before being together, being 84 miles. 
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absolute magnitude^ the positive is the less. In the second fonn^ 
the numerators of the roots would be found in a similar manner to 
be S5 + d and — d : and^ by reasoning as before, it would be founds 
that, in that form, one root is positive, and the other negative ; 
and that, in absolute magnitude, the positive is the greater. 

In the third and fourth fcmns, we have seen that, when the 
roots are real, the radical is less than b ; it may be represented, 
therefore, by &— <f, where, it is plain^ d lies between the limits O 
and b. Then, in the third form, the numerators of the roots will 
be b+b^d and b—Qt—d), or, by contraction, 2b—d,andd, 
which are both positive ; and, if these be divided by the denomi- 
nator 2a, the quotients, that is, the roots of the equation, will be 
positive. In the fourdi form, the numerators of the roots would 
be found to be — d, and —2b-\-d, which are botl\ negative, d being 
less than 6, and consequently than 2b ; and, since by dividing 
these by 2a we should get the roots, it follows that, in this form, 
the roots, when real, are both negative. 

Lastly, in the third and fourth forms, if &^=4ae, the radical 
vanishes, and the roots are equal ; being each positive in the third 
form, and each negative in the fourth. 

158. The principal results obtained above may be briefly stated 
in the following manner. When the absolute term c is positive^ 
the roots are real; and one of them is positive and the other 
negative. In this case also, when b, the coefficient of the second 
term, is positive, the positive root is less in absolute magnitude 
than the negative one : but, if 5 be negative, the positive root is 
the greater. When the absolute term is negative, the roots are 
real, if 4ac be not greater than h^ : otherwise they are imaginary. 
When they are real, if 6, the coefficient of the second term, be 
negative, they are both positive ; but, if 6 be positive, they are 
bodi negative. It may be remarked, in the last place, that the 
roots are either both real or both imaginary, a single imaginary 
root not occurring in any case. 

The relations thus established will be illustrated by means of 
the following equations, which the student will do well to resolve, 
and to consider in connexion with those relations. 



5. Sx^'—Bx^ — 4. 

6. 3.T2 4-5a7=-.4, 



1. 124?2-|- 5^7=25. I 3. 6^2_29^-.__28. 

2. 12a?2— 5a;=25. | 4. 62:24.292:=:— 28. 

159. If we divide all the terms of the equation, cua^ -^bje =: c, 

b c 

by a, and put, for brevity and simplicity, -=2^ and -=5, we 
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^hall have jp^+Qpa^^q, or, by transposition, ^4- Spar— ^2=0; 
ivhere p and 9 may be any numbers, whole or fractional, positive 
or n^ative, according to the data of any particular problem. By 
resolving this by means of § 152., we get «=|— p± y/ip^-^-q), 
an expression which contains the two values of x. Writing 
these separately, and putting ^j to denote the one having the 
upper sign, and jp^ ^^ other, we liave, ^1=— p+ \/(i>^+9)> 
and ap2=^-'P— V(p^-hq)» By adding these, the radicals dis- 
appear, and we get j?|-|-^2= — 2p : whence it appears, that, when 
the coefficient of the highest power in a quadratic equation is 1, 
the sum of its roots is equal to the second- term with its sign 
changed. Thus, in Exam. 4., the sum of the roots 8 and 3, with 
its sign changed, is equal to —11, the coefficient of the second 
tenn in equation (4.). 

160. By taking the products of Zi and Xg, and of their values 
in § 159., we get (§ 5?.) XiZ^=p!^—(p^-{-q)=. —q ; and, there- 
fore, the product of the two roots of a quadratic equation having 
unity as the coefficient of its first term, is equal to the absolute 
term with its sign changed, or to that term, if it be transposed to 
tfic first member. 

Thus, in £xam. 4., the product of the roots, 8 and S, is 24, the 
same as the absolute term in equation (4), with its sign changed. 

161. If the values of ar in § 159. be attached to that letter 
with their signs changed, we shall have ar+p— V(p^ -^ 9)=0, and 
X -hp-l- V(p^-\-9)-- 0. Taking the product of these, we get by 
§ 57., (^-hp)^— (p^-}-9) = 0; from which, by actually squaring 
X -f Pj and subtracting p^ + 9 from the result, we get, x^ 4* 2px —9=0, 
which is the original equation. Hence it appears, that, if the roots 
be attached to x with their signs changed, and if the results he muU 
tiplied into one another^ the product, put equal to 0, wiU be the 
original equation; and, conversely, if it be required to find what 
factors of the first degree wiU produce any proposed quantity qf 
the second degree, we have merely to put that quantity equal to 
nothing ; to find the roots of the equation so obtained, and to 
attach them separately to x with their signs changed ; as the ex- 
pressions thus found will be the factors. 

Thus, if the expression j:* — 2j? — 15 be proposed, by putting 
it equal to 0, and resolving the equation thus found, we get:r = 5 
and d?= — 3 ; and therefore the factors are a:— 5 and a: + 3, the 
product of which will be found to be the proposed expression ; 
and thus the correctness of the process is verified. 

162* If the quantity of which the factors are to be found be of 
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the fonn eue^-^bx—e, where a is difierent from unity ^ the factors 
are obtained in the simplest manner^ by putting that quantity 
equal to 0, and finding the roots by § 151 or § 152. Then^ by 
what we have seen^ the product of die factors obtained by chang- 
ing the signs of the roots^ and attaching them separately to x, would 
give the expression that would arise from dividing ax^-^bx-^e by 
a ; it is therefore necessary to multiply one of the factors by 
a, or to multiply one of them by one factor of that quantity^ and 
the other by its remaining factor. We shall find, in fact^ that 
this object will be accomplished by freeing both the factors so 
found of fractions, if both be fractional, or one of them if only 
that one be fractional. 

Thus, to find the factors of 6w^^l7x -|- 12, we put this expres- 
sion = ; and^ by resolving the equation so obtained, according 
to § 151.^ we get a^^, and a7=|^. Hence, the factors of 

x^ ^ — 1-2 are 4?—^, and a*— ^ ; but that quantity being only 

one sixth of the proposed one, the product of these factors must 
be increased six fold ; and this will evidently be accomplished^ if 
the one factor be doubled, and the other trebled ; so that the re- 
quired factors are 2^—3 and So?— 4, which wiU be found to suc- 
ceed. In like manner, we should find the simple factors of 
2ar*+5d7— 3 to be a?-f-Sand 2ar— 1 ; and those of 12*2-1-31^7+20 
to be 40: -{-5 and 3ar+4. 

l63. The method of establishing the important principles con- 
tained in §§ 159, 160, l6l, and l62, may perhaps be regarded 
as too synthetic : and, on this account, the following mode of 
treating the subject, which also affords a very simple and elegant 
investigation of the method of resolving quadratic equations, will 
perhaps be considered preferable. 

Let us assume, as in § 159., x^^Qpx=:q: then, by adding p*, 
we get equation (2.). Equa- 
tion (3.) is the same as (2.), x^ + Qpx=zq (l.) 

Ap* being put, for brevity, to x^-^2pjp-{-p^=p^'\-q .... ^2.) 

denote p^-fg ; whence we (x-\-p)^=k^ (S.) 

have k equal to the radical, (x-i-py—k'^zsiO (4.) 

\/(p2+^). By transposing (ar+jp— A:)(a;-fp+Ap)=0 . (5.) 

k^ we find (4.) ; and thence, jy-fp— Ar=0 (6.) 

by § 57., we get (5.). Now a-{-p-\-k=0 (7.) 

there are two ways, and only a?= —p-^-k • . . . . (8.) 

two, in which equation (5.), «r= —p—k (90 

and consequently those from 
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"which it is derived^ can he satisfied^ that is, can have the first 
memher = 0. One of these modes is to take the first factor 
equal to 0, and the other to take the second equal to the same : 
and thus we get equations (6.) and (7.). That there can he no 
other mode of satisfying equation (5.) is plain ; since, if both 
its factors be different from 0^ their product cannot be eqUal to 0. 
Equations (8.) and (9*) are deriyed from (6.) and (7.) by trans- 
position ; and^ by writing, in place of k, its value according to the 
assumption in equation (3.), we get the same values for x that 
we should have obtained by means of § 152.; and thus we obtain 
the means of resolving quadratic equations in a manner very 
different from that formerly employed. We see also^ that, in such 
equations, the unknown quantity can bave two values, and only two. 

l64. By examining the last operation, it will be seen that (4.) 
is the same as x^-^^px^q, A^ being the jsame as j^-^-q; and, 
therefore, the subtracting of it from (a;+p)*, or a;2+2pa:-fp^, 
will give for remainder x^+^pw—q. The process, in fact, was 
such as, without any change of value, virtuaUy to reduce 
a^+^px^q to the form (4.). Now, according to (5.), the first 
member of (4.), and consequently what is identical with it, 
w^-i-^px—q, is found to be the product of the two factors in (6.) 
and (7.) ; and these, according to (8.) and (9*)^ ^^^ ^e same as 
w with its two values attached to it, with their signs changed : 
and we thus see that the trinomial, x^-\-2px—qy is produced by 
the multiplication of two factors which are found in the manner 
above described. 

l65« In the equation, y^=^ax^-\'bjif+e^ it is of importance, in 
certain cases, to determine what values of x render y real, and 
what others render it imaginary ; or, which is the same, to find 
what values of x will make ax^-^-bx-^-c positive, and what nega- 
tive. To effect this, divide the second member by a; and (§ l6l.) 
find x-^Xi and x — X2, the factors of the quotient. Then, by 
multiplying the product of these by a, we shall plainly have 
y^=a(x — Xi) (x — a^g). Let us now consider the case in which 
Xi and x^ are real. If, then, ^=^1, or x^^x^ we shall havci 
y2~0; but, for every other value of x, y^ will have ^ value 
either positive or negative. Of other values of x there can 
plainly be three classes, and no more ; as any of its values must 
either be intermediate between Xi and x^, or must be greater than 
either, or less than either. In the first of these cases, one of the 
factors, x—x^ and x—x^ wiU be positive and the other negative, 
a being greater than one of the quantiti^, x^ and s(^ and lesa 



l62 TO FIND WHEN QUADSATIC KZPBB88I0M8 ABE REAL. 

than tibe other. The product, therefore, of these factors will he 
Qegative ; and, accordingly, ^ will he positive if a he n^ative, 
and negative if a he positiTe. In each of the other cases, how- 
ever, the sign of y* will he the same as that of a : for if d? he 
greater than each of the two quantities X| and ^2, the factors 
w — Xi and x — x^ will hoth he positive ; and therefore their pro- 
duct will he positive : but, if 4? be leas than each of the two, iP| 
and dpj, the factors will he hoth negative ; and therefore their 
product will also he positive. Since, therefore, y^ is equal to that 
product multiplied hy a, it follows Uiat y^ will he positive when 
a is positive, and n^;ative when a is n^ative. 

l66. The conclusions now arrived at may he recapitulated in 
the following terms. If there be an equation y^=€uef^-{'bx-\'Cy 
and if the values of r in the equation, ax^-^-bx-^-c^s^Oy be deter- 
mined, and be called a;^ and x^ ; then, when these are real, if a 
be taken equal to either of these, y'^ will be equal to 0; secondly, 
when X has any value intermediate between j^i and X2, the sign 
of y^ is the opposite of that of a ; but, when or has any other 
value, y^ has the same sign as a. 

Thus, for example, if y^ssar^— 4, we have a=l, 6=:0, asd 
c=— 4 ; and we get d7i=2, and 0^2=— -2. Then, a hemg fom-* 
tive, any value of x between 2 and —2, will render f^ negative ; 
while values beyond thoe limits will make it positive. Thus, if 
jr= +1, ^=— S; if /r=0, y*=— 4, &c. : while, if a;=4;S, 
y*=5, &c. . Por values of ar, therefore, between 2 and — 2, y is 
imaginary ; but for all others it is real. 

If, for another example, y^=4 — a:^, we have now 03= — 1 ; 
and 2:1=2, and ^2= — 2, as before : and, as a is negative, values 
of X, such as 1, — 1, &c., between 2 and —2, will render y^ 
positive ; while values beyond these limits will render it negative. 

For a third example, let y^ = Sx'^ — 5^; — 1 2. Here a is positive^ 
and we find a;i=3, and argsr— ^: every value of x, therefore, 
lying between S and — ^, will give y imaginary; while others 

wfll make it real. Thus, if ar=:2, y=i\/— 10; but if 
» = — 2, y=±A/10. 

If, again, y2=:2a;2— I2a? + 18, we get x^ and arg each equal 
to 8. Then, as there can be no values of x intermediate between 
these, and as the coefficient of x^ is positive, y^ will be positive, 
whatever value, except 3, is assumed for x. It may be remarked, 
diat, in this example, we have y^=2(j7— S)*; and, as (af— S)* 
must always be positive, except when 4? =3, its product by 2 
must have the sign of 2» In this case, we have ys= +{jr-r>3) V^i 
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and there is always a similar relation^ when xi and ^3 are equal 

to one another. 

167* Let us now consider the case in which ^i and x^ are 

imaginary; that is (§ 158.)^ when ^ae is n^ative^ and is greater 

in absolute value than 6^. In this case, let 4ac^b^'f-d, where 

6^ d 
d is necessarily positive. Then ^=7^+7^* and, therefore 

y^ =(M7^ + 6ar -f c becomes 

the latter value being evidently equivalent to the former. New, 
the two ports of the latt» form of the value of y^ have evidently 
the same sign as a ; one of them being a square, which is neces- 
sarily positive, multiplied by a> and the other a quantity, which, 
as we have seen, is also positive, divided by 4a. It follows, 
therefore, that if the values of x found by putting a:r2+6j?+c=0 
be imaginary, every value of y^ will have the same sign as the 
coefficient of x^, whatever value may be assumed for x. 

As an example, let y^=^— 2j?+5. By putting the second 
member of this =0, we get :r=l +2 \/— 1, which is imaginary. 
Then, since I, the coefficient of x^ is positive, every ▼alue given 
to X must make y^ positive. Thus, if x=^0, y^=5; if mtirl^ 
y2=4,.and if ^=—2, y^=zl3. 

As another example, let y^= —2^^+ 2d?— 1. Then, by putting 

this =0, we get 0?=^+^^/— 1 : and this being imaginary, and 
the coefficient of x^ negative, every value of x will give y^ nega- 
tive ; and therefore y can have no real value whatever. 

168. It may be stated in the last place, regarding the trinomial, 
ax^+bx-^-c, that it will be an exact square, if 6^=4ac. This is 
evident from § 151. ; for we saw there, that when a trinomial is 
a square, its middle term is twice the product of the square roots 
of die first and third. Hence, that ax^-^-bx-^c may be a square, 

we must have bx=2a^€^x ; and from this, by dividing by x, and 
squaring, we get &^=4ac. 

169, Since (v'«-h_y'y)2=x+y-j- 2 >v/^ it follows, conversely, 

that v^(a?-hy-|-2 v'ary)^ a/^-I- A/y. In some cases, however, 
and especially when x and y are numbers expressed in the com- 
mon notation, the traces of those quantities, x and y, are lost by 
their incorporation; and we get an expression of the form, 
a 4- V6, where a is equal to the sum of the rational parts, x and y. 
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and js/h equal to the irraticmal part^ 2 */xy or /J^xy. Thus^ for 
instance^ 

and (v'Cx+y)- V(a;-y)}2=2a:-2 >v/(a?2-y2). 

If we wish^ therefore^ to extract the square root of a.+ v^5> we 
have merely to divide a into two parts^ x and y^ such that twice 
the product of their square roots 

may he //&> and consequently ar+y=a • OO 

4fxy=b : and thus we have equa- ^wy^^h (2.) 

tions (1.) and (2.). Equation (3.) ar? + 2ary-|-y2=a2 , . . (3.) 
is ohtained flrom (1.) hy squaring; a:^— 2j?y+y2=a^— 6 . (4.) 
(4.) from (2.) and (3.) hy suh- «— ys=; V(o*— 5), • • (5.) 
tracting; and* (5.) from (4.) hy ar=^{a-t- >/(o^— 6)} * (6.) 
€Xtracting the square root. Then, y=^{a— \/(a^— 6)} . (7.) 
by taking half the sum and half the 

difference of (1.) and (5.), we get (6.) and (7.). Hence, the re- 
quired root being ^/x+ ^y, we shall have 

If the proposed quantity were a— a/^> the required root would 
evidently be found by subtracting the square root of the second 
member of (7*) from that of the second member of (6.), instead 
of adding them. 

These formulas are used with advantage, when c^^h is an 
exact square. When this is not so, they are of scarcely any use^ 
jon account of their being complicated. 

As an example, let it be required to extract the square root 
of 5 +2 a/6. 

Here we have o = 5, a/^ = 2 <>/ 6 ; and therefore 6=24. Then 
j?=^{5 -1-^/(25-24)} =3,. and y=^{5- ^/(25-24)} = 2. 
Hence the root is a/3 4- \/2. 

If again the square root of 11—4^/718 to be extracted, we 
have 0=11, and 6:= 112, the square of —4^/7 ; and by equa- 
tions (6.) and (7.), we get a7=:7> and y=4; and therefore 
the required root, ^/x^- Vy, is a/7 — 2. 

Lastly, let it be reqidred to extract the jsquare root of 

2t>H-2A/(«*— «2). 

Here, a=2«, and 6=4v^— 4j8r^; and therefore a^— 6=4«^.; 
and A/(a^— &)=2*. Hence, by equations (6.) and (7.)> ^^ 
have j:=f7-)-j!r, and y=v— ;;: and therefore the requireid root is 

'v/(v+«f)+A/(«— i?). 
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Exercises, 
Find the square roots of the following quantities. 

Exercises. Answers. 



Exercises. Answers. 

1. 8 ± a/60 VS±VS. 

2. 6±2V'5 V5±l, 

3. 49±12a/1S 6±V1S. 



4. 76+32 >/3 8+2-^5. 

5. 39±6V4>2 V21±3V2. 

6. 52±30V3 5±3V3, 



7. P^'\-2V(p'q^-q^). Ans. V{l^-q^) ^•q. 

8. 4a2— (4a-26)A/(4fl6— 6^) ^„,^ 2o— J— A/(4a6— ft*). 

9. 2a2+262+2 V(a*+a26*H-6*). 



CHAPTER X. 



QBNEIIAL THEORY OF EQUATIONS^ AND RESOLUTION OF EQUA- 
TIONS OF THE HIGHER ORDERS. 



170. When an equation contains only one unknown quantity/ 
», it is either of the form^ 

«"+l>i«^^+JP2^'^+ +l>»-i^+Pi,=0 (a); 

where n is a whole positive numher, and Pi> je>2> • • • • > P»* ^' 
efficients^ either whole or fractional^ positive or negative^ and 
independent oi ai or^ if it he not of that form, it may he re- 
duced to it hy involution^ transposition, division, or other opera- 
tions already explained. Thus, the equation, a;^— 4a7 + 5=0, is 
comprehended in (a), n being = 3, j>i=0, P2=— 4, ind p^ or 
in the present case, p„=5. If, again, 2a?2--a?+. V(3a?— 4)=0, 
we get, by transposing the radical, squaring, again transposing, 
and dividing hy 4, ^— j;^+^2_^_|_1s-0; which is also 
comprehended in equation (a), n being =4, pj=— 1, jP2=J, 
j>3=—- ^, and p^, or here j9„=l : and so in all other cases. 
Hence, in the following Chapter all the equations treated of will 
be of idae same form as equation (a). Instead, however, of 
writing such an equation at full length, we may often, for brevity, 
write ity^=0 ; / being the first letter of the term ^nc^ion, and 
fx may be read y^nc^ion of x. The term/wnc^tow, which is much 
used by modem writers on mathematics^ denotes, that the quantity 
which it expresses depends en the one qf which it is a function^ 
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Thus, ar' ia a function of x, since, being the third power of a?, its 
value necessarily depends on that of x. In Hke manner, also, 
car"" and >/(a*— aar-f-a:^) are functions of ar. Again, if ^r = 
— ^i v^(i«* + ^)^ a? is a function of the two quantities, a and &; 
and we may write the equation thus : 'a=:f(a, h). In this instance 
a is either of the roots of the quadratic equation, a;^4-aa;=:& : 
whence it appears, that the roots of a quadratic equation are func- • 
tions of the coefficients of its terms * : and the same is plainly 
the case with regard to the roots of all equatio^ns whatever;, as 
the values of the roots must obviously depend on those of the 
coefficients. It will thus be seen that fie may denote an infinite 
number of different functions of or. The function, however, 
which it will be employed to express in this Chapter, is the first 
member of equation (a). 

171. The following is an important proposition in the theory 
of equations. If a be a roop of the equation, fioz^O, fit: is divisible 
without remainder by x—a. To prove this, let fie be divided by 
x^-a; and let the quotient be denoted hj fx, smd the remainder^ 
if there be any, by n Then, by the nature of division, ya:= 
(a?— a)/'af+r. Now, a being a root of the equation, fie=zO, 
the substitution of a iot x will render ya;=:0 ; a root of an equa- 
tion being a number which, if it be substituted for the unknown 
quantity, will make the two members equal. The factor x — a, ' 
also, wiU become a— -a, or : and therefore the foregoing ex- 
pression will become 0=0 x/'ar+r, or simply, 0=5r; that is, 
the remainder is 0. 

172. If it be taken for granted, that every equation has at 
least one root ; that is, that there is a value of the unknown quan- 
tity, such that, if it be substituted for that quantity, the members 
of the equation will be rendered equal to one another t; the 

• When the equation is written thus, x^ + ojr— 6=0, — 6 may be re- 
garded as the coefficient of x^, 

t While no one hesitates in admitting that every equation has a root, 
it is difficult to prove it. Besides other attempts, a demonstration has 
been given by Cauchy, Courz d^AnoLyse^ pp. 331 — ^339., which appears 
to be satisfactory ; but it is too difficult, and too little elementary, to be 
given here. If the equation arise from the expression of the conditions 
of a problem in the language of algebra, with a view to fiod an unknown 
quantity, the existence of that quantity, that is, of a root of the equation, 
is implied in the very nature of the inquiry ; and even should the ques- - 
tion be impossible, in consequence of the incompatibility of some of the 
data, this impossibility would be pointed out by the circumstance, that 
the values which would be obtained for the unknown quantity, would be 
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property just established leads to the following proposition^ which 
is one of the most important in the theory of equations. The 
first member of equation (a) is the product of n fetctors of the 
first degree, and of the forms x^a, a:-- 6, . . • ., ar— Ap, x-^l; 
where a, b, c, . • . • , k, I are the roots of the equation. To prove 
this^ suppose a to be a root of the equation, 

/a?=0, or a?«-fpiar»-i-|- . . • . +|>,=0, 

and let the first member of that equation be supposed to be 
divided by ar—o. Then, by § 171.» thare will be no remainder ; 
and the quotient will evidently be of the form 

so that, conversely, fx=(x—a)(x^'^'^p[x^'^+ H-l>i«i). 

Suppose, again, d to be a root of the equation. 

Then, by § 171 •> the first member of this is divisible by a;— 6; 
and the quotient will be of the form, 

and consequently, 

«»-!+ +i>:-i=(ar-&)(^-2 4- +K'.2> 

By substituting this in the value just found for/r, we get 

By proceeding in a similar manner with c, a root of the equation 
a^"^-^ . . • • • +j[>J^i2=^^ ^^ should introduce a new factor, 
x—c: and as, by the division by each new factor, the index of 
the highest power of x in the quotient is less by unity than the 
corresponding index of the dividend, the successive divisions may 
be continued till, after n~2 such divisions, a quotient is obtained 
which is only of the second degree: and this (§ l6l.) will be 
the product of two factors of the first degree, such a» x—k and 
a— 'I, Hence, therefore, we shall have 

fx={x—a){af—b) .... (a?— ft) (a:—/) ; 

where the number of the factors is plainly n. Now this will 
become ; that is, the equation will be satisfied, if any of the 
factors, X — a, &c., be equal to nothing, and in no other case. 
The first of these fkctors will become nothing, when a? = a, as the 




garded .„ _ 

Equations, second edition* chap, iii 
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factor will then become a—aorO, instead of ar— a. The second; 
in like manner^ will become nothings when ^=6; the thirds when 
07= c ; and so on. Hence the roots of the equation are a, b,c,,, ,, I;. 
since, if any one of these be substituted for w, one of the factors 
Gi fx, and therefore fx itself^ will vanish. Thus, if «=&, we 
should have Q> — a) (6— ft) ... . (fi—k) (6—/), which is equal to 
nothing, since the second factor ft— 6 =: 0. It is plain also, that 
the equation can have no other roots besides these ; as no value 
for X, except a,byCy., .,,1, could make any of the factors become 
nothing ; and a product can become nothing only when one or 
more of its factors vanish. An^ equation, therefore, can have as 
many roots as there are units in the index of the highest power of 
the unknown quantity , and no more. 

173. From § 17^. we see, conversely, that if the roots of an 
equation be given, the equation wiU be found by attaching them 
severally, with their signs changed, to x, taking the continual pro- 
duct of the quantities thus obtained, and putting it = 0. Thus, 
if the roots be a, 6, c, .... , the equation nvill be 

(/F— a) (x~h) (a?— c) . . . =0 : 

and if, as a particular example, the roots be 2> -^3, and 4, the 
equation will be (d?— 2) (^4- 3) (a?— 4j)=0 ; or, by actual multi-« 
plication, a;3__3ar2 — 10^7+24=0; an equation which will be 
satisfied by taking ^=2, .jr=--3, or a?=4. 

174. It also follows from § 172., that if we know one root a 
of an equation, ya:=0, and if we divide /c by ^— a, and put tlie 
quotient = 0, we shall have an equation of a lower degree, the 
roots of which will be the remaining roots of ya:=0. Thus, if 
we know that one root of the equation, a^^ + a:^— 8a:— 12=0, is 
— 2, we get, by dividing the first member by ar-f 2, and putting 
the quotient =0, a:^— ar — 6=0; the roots of which quadratic, 
S and —2, are the remaining roots of the proposed equation. 

It is plain also, that, by attaching to x each of two or more 
known roots, with their signs changed, by taking the product of 
the results, and by dividing /p by it, the quotient, when put == 0, 
will be an equation, the roots of which will be the remaining 
roots of^=0. 

175. When an equation, fx=:0, which has its coefficients 
real, has imaginary roots, they occur in pairs of the form 

a-|-a'>v/— 1 and a— a'//— 1 ; the two differing only in the 
sign of the imaginary part In proving this, we see, in the first 
place, that^=0 cannot have a single imaginary root : for, if it 
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could have a + aV"~l as a root, without any other imaginary 
one, then (§ 173.) we should have 

/F=(a:— a)(a?--&) . .. . (a?— -a— aV — 1) ; 
and^ if the actual multiplication were performed, the product of 
the part, a;— a by (ar— •a)(a;— 6) .... would evidently be real, 

but that of — a'>v/ — 1 by the same would have all its coefficients 
imaginary. The entire product, therefore, could not be fx^ 
■which, by hypothesis, has only real coefficients. 

Let us now examine, whether there can be two imaginary roots, 

a + a'V'— 1 and j3-|-j3'yv/— 1 ; and if so, what must be the 
relations of the quantities a, ouy p, and p\ If these roots be 

admissible, the product of the factors, a?— a— a'v^ — 1 and 

a:— j3— j3'>v/— 1^ must be real. Now, that product is 

Of these four terms, the first and last are real : and therefore 
the entire product will be real, if the two remaining terms can 
be made to disappear. These terms may be written under the 
form, — 47(a' + j3') v'^Ti -f (ajS' + «'i3) >v/— 1 ; and this ex- 
pression will vanish, if a'H-j3'=0, and a^' + a'i3=0. The 
firsi of these conditions gives p^=z—a: and by substituting this 
in the second, and resolving, we get j3=a. Hence /g s=0 may 
have two imaginary roots, the second becoming a— a'v^ — 1, and 

the first remaining a+a'/v/— 1, as it was assumed: and, by 
similar reasoning, it would appear, that, if there be olher ima- 
ginary roots^ there must be two, or some other even number of 
them ; and that each pair must have the relation that has been 
established.* 

It may be remarked, that the product of the two factors 
ar— a— a'//— 1 and ar — «+a'/v/— 1, is (a?— a)2-|-a'2 . which, 
£is it is the sum of two squares, must (§ 118.) be positive : but 
{§ l.?^*) it must be equal to nothing; and hence the incon- 
gruity which gives origin to the imaginary roots. 

As an example, let it be required to find the equation whose 

roots are 3, 2 -I- 2 >/— 1, and 2— g^/— !• Here, the two imagi- 
nary factors are af— 2— 2^/— 1 and a;— 2+2 V'— 1 ; the pro- 
duct of which is a?2— 4a?4-8. Multiplying this by a?— 3, and 
putting the product = 0, we get a^ — 7a?* + 20af— 24=0, the 
required equation. 

* Roots thus related are often called conjvgaie roois, 

I 
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JSxereUei, Find, in tenns of x, the equationB whose roots are 

as follows. 



1. 3, —2. 



Am. ^— *— 6=0. 



2. 2+Sa/— 1, 2-Si^— K A»s.x^'-^-\'lSz=iO. 

3. 1,2,3. ^n#.«3^6x3+ 11^—6=0. 

4. 2, —4, 5, —6. __^iw. ar*+Sar3^s6*«-68dP+240=rO. 

5. 1, —1, V— 1, — V— 1. -4iw. ar*— 1=0. 

6. 1, 1, 1, —1, —2. An9. z«— 4a:3^2«>+3«— 2=0. 

176. If, as in the annexed process, we p^orm the actual 
multiplication of the factors, x^a, a^b, x^c, and x^d, so as 
to get, first, (1.) the equation which has a and b as roots ; then 
(2.) the one which has for roots, a, b, e; and, thirdly, the one 
marked (3.) whose roots are a, b, e, and d, we shall he ahle to 
discover from the results some important relations, which exist 
hetween the roots of equations and their coefiSicients. 
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By examining the three products, (1.), (2.), and (3.), we find 
that in each, the coefficient of the second term is the sum of 
all the roots, and the last term the product of them all, with 
their signs changed in hoth cases : and, by considering the mode 
in whidh each product is derived from the one before it, we 
shall find that this principle holds universally. Thus, for in- 
stance, the coefficient of the second term of (2^) is, by the nature 
of multiplication, composed of the coefficient of the corresponding 
term of (1.), together with the next root c, with its sign changed ; 
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ftnd to this coefficient^ -^d is added to get the corresponding 
coefficient in (3.). The last terms also^ in (1*)^ (2.), and^(3.)^ 
are respectively file products of —a and — 6; of —a, —6, and 
-'— c ; and of -^a, —6, — c, and — d: and these relations must 
plainly hold^ whatever may be the nmnber of the roots. 

It will he readily seen also^ that the coefficient of each of the 
third terms is the smn of all the products that can be ohtained 
by combining the roots by pairs; the fourth^ with its sign 
changed^ the sum of all the products that can be formed by taking 
three of the roots as the factors of each ; and so on.* 

177- From the last § it follows^ that^ if the second term of 
«t equaticm be wanting^ its roots must be partly positive and 
partly negative^ and must balance one another. Thus^ the equa- 
tion a?*-- 7^ + 6=0, may be written a^+O^?^— 7a:-|-6*=0. 
Then, the coefficient of the second term being nothings the sum 
of the roots must be nothing. The roots^ in fact^ are 1^ 2, and 
— 3 ; the algebraic sum of which is nothing. It follows also 
from the same §^ that if the last term be wanting^ that is^ be 
equal to nothings one or more of the roots must be equal to 
nothing; as the product of the roots could not otherwise be 
nothing. Thus, one root of the equation, a:^— gflw?^— j9a?=0, is 
; and this, being substituted for a?, satisfies the equation, as it 
ought Then, dividing by a?, which (§ 17^*) must be a factor 
of the first member, we get x^— 2flW7^p=0; the roots of which, 
a+ Vi/^-^p)} are the remaining roots of the proposed equation. 
In like manner, the roots of s^—aco^ are 0^ 0, and a. 

178. By examining the product found in § 176., we sliall see, 
that, if we change the signs of the terms occupying the second, 
fourth, and other even places, we shall get an equation having its 
roots die same as those of the proposed equation with the op- 
posite signs : as the signs of those terms will be changed without 



* The conclusions arrived at above might be established in a stricter 
maimer according to the method employed in § 116. Thus, if the pro- 
perties be true in an equation of the ntii degree, it might be shown by 
multiplying by a fiictor f — p, that they will hold also in an equation of 
the next higher order. Now, since, as we have seen, they hold in an 
equation oCthe fourth degree, they must also hold in one of the fifth ; 
and therefore also in one of the sixth ; and so on. 

The student will find it easy to prove the following additional pro- 
perty : if iht eoeffieiaU of the hut term huionehe divided by the laet term, 
the quotient, mth itt ngn changed, is equal to the turn of the reciprocdU of 
the roots, 

Z2 
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changing the absolute magnitudes of the terms tbemsdves^ if the 
signs of all the quantities^ a^ b, , , . ., l, he changed; while the 
other terms, being each the product of an even number of 
factors, will not be affected by such a change. Thus, in the 
equation 07^+5^—14=0 the roots are 2 and —7; while those 
of or^— 5o?— 14=0 are —2 and 7: and in the equation 
a^— 13^— 12=0, or »»+Oa^2-18j;— 12=0, the roots are 4, 
—3, and —1 ; while those of 4?»— 13ar+12=:0 are —4, S, 
and 1.* 

* The following rule, which was given by Descartes, and which 
is sometimes useful, is easily establisheid : Jn any equaiioH the number 
of potUive root* cannot exceed the nnmber of changes of the eigne of its 
eucceeeive termSf and the nunAer of ite negative note cannot exceed the 
number of permanencee among the same signs. Thus, in the equation, 
ar* + 3x3 — 36**— 68j + 240=0 (Exer. 4. p. 170.), the signs are + + — 
— + . In these there are two changes of signs, one between the second 
and third, and one between the fourth and fifth ; and therefore, according 
to the rule, there cannot be more than two positive roots. There are also 
two permanences of signs, one between the first and second, and one be* 
tween the third and fourth ; and therefore, if Uie rule be true, there can- 
not be more than two negative roots. These conclusions are correct, as 
the roots are 2, 5, —4, and —6. 

The rule is easily shown to be true by multiplying a polynomial con- 
taining the successive powers of Xy with several variations of signs, first 
by :r— a, a factor corresponding to a positive root, a ; and then by or + a, 
corresponding to a negative root, — a ; and it will be seen, that tiie for- 
mer process must always introduce at least one additional variation of tlie 
signs ; while the latter, introducing no additional variation, but producing 
one additional term, will add at least one to the number of permanences. 
In doing this, it is sufiicient to employ merely 

the signs, as in the margin. In these pro- +—+ + +.«» + . 
cesses, when the quantities to be added have + — . 

opposite signs, the double sign ± is used as what +..+ 4. 4.\__^«. 

is to be prefixed to their sum ; since, with- -» + — + + h 

out knowing whether the positive or negative -. »- + + — + h + 

term is the greater, we cannot know whether 

the corresponding term in the product is positive or negative. Now, it ia 

easy to see, that, in the first process, the double 

or ambiguous sign must occur as often as there H — +-1- + — — +-' 

are permanences in the multiplicand, and in ++ 

the other as often as there are variations ; so ^ |. + + — — + — 

that it will appear on a little reflection, that in +.^ + 4. 4.. 

the first operation the number of permanences, _^..__^ 
and in the second the number of variations, 

cannot be increased ; and as each product contiuns one term more than 
the multiplicand, it follows, that in the first the number of variations, 
and in the second the number of permanences, must be increased by at 



J 



TRANSFORMATION OF EQUATIONS. 173 

' 179* Equations may often be transfonned into others^ which 
may be more easily lesolved^ or in other respects more easily 
managed, than the equations themselves. One of the most com- 
monvof these transformations is that which is technically called 
the taking away of the second term, that is^ the deriving of an 
equation wanting the second term from the given one. The 
method of effecting this wiU be understood from ti^e annexed work, 
where the first line contains as much of equation (a), § 170., as 
is necessary. 

aj"-f j^i*"-* -I- &c (fl) 

a?=a/-f y (1.) 

ai"=a:'«+na:''»->y+&c (2.) 

a^-i=ar'«-i -H &p (3.) 

^+Pi«^"* .... =y + nar'"-iy+&c.+pid7'— 1 + &C. (4.) 

»y+jPi=o (5.) 

y=-^'- («•) 

In equation (1.) ^ is assumed = ar'+y, where y is the quantity 
to be determined. Equations (2.) and (3.) are obtained from (1.) 
by means of § 11 6. ; and in (3.) the first term alone is sufficient 
in the present case. Equation (4.) is derived from (a) by sub- 
stituting in it the values of x** and x**'^, found in equations (2.) 
and (3.). Now, in the'^second member of this, it is plain, that 
the second term, that which contains o;^'*'^, will disappear, if its 
multiplier, ny-rPit be:= 0; a condition which is expressed in 
equation (5.) : and we get (6.) from (5.) by resolving it for y. 
Hence, therefore, to obtain the required equation, we have merely 
to attach to a new letter s/, an nth part of the coefficient p^ 
with its sign changed, and to substitute the result for x in the 
given equation.* 

least one ; and this being so for every root that is introduced, the truth 
of the rule is evident from § 176. The subject will be illustrated by the 
exercises in p. 170. 

It would be easily shown, that the part of the rule which regards posi- 
tive roots will hold in incomplete equations ; while, with regard to nega- 
tive roots, the equations must be completed by inserting, with ambiguous 
signs, and with zeros as coefficients, the powers that are wanting. 

* By assuming as above, xsx^ + y, an equation may be found wanting 
the third or any other term. As such transformations, however, are 
rather curious than useful, they are merely suggested for the consideration 
of the student ; and he will find that, to take away the third term, it 
would be necessary to resolve an equation of the second degree ; to take 
away the next, one of the third degree, and so on ; and that, to take away 

I 3 
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As an example, let it be required to change the equation^ 
a?*— 4»*-f 3a?*--20=0, into another wanting the second teaaa^ 
Here, by dividing 4, the coefficient of the second term with its 
sign changed, by 4, the index of the highest power, we get 1 ; 
and, therefore, in equation (1.), we assume «=a?^+l« Then^ 
equations (2»), (3.), and (4.), are found from (1.) by taking the 
second, third, and fourth powers ; and (5.) is got from (3.) by 
multiplying by --^4, and (6.) from (2.) by multiplying by 3. 
Now, the first members of (4.), (5.), (6.), and (7.), are the 
terms t)f. the &:st member of the given equation : and, therefore^ 
by adding together their second members, and putting the suin 
equal to 0, we get (8.), which is the required equation^ as it 
does not .contain x^K 

X =dp' +1 (1.) 

a^z^a^^^xf -f 1 (2.) 

^=a?'3-f 3ar'2 + 3^ ^1 (3.) 

^=:y* + 4x"» 4. 6a:'2 + 4/ 4. 1 , _ (4.) 

— 4ar3= — 4^3— 12a:'2_i2ar' — 4 . . . (5.) 

3^2= 3^2 4. 5V + 3 ... (6.) 

—20 5= -20 . . . (7.) 

,'4_3^^2_2«'_20=0 (8.) 

Exercises, From the following equations derive others want- 
ing the second terms. 

7. a:2-f 2a^— 6=0. Ans. x'^-^a^—h=Q. 

8. ara+6a:Hl2ar— 56=0 Ans, ar'3— 64=0. 

9. a?3— 2^_3s=o. Ans. x'^—^x'—S^^. 

10. ar4— 8ar34.5=0. Ans. ar'^— 24:r'*— 64ar'— 43. 

180. The most important transformation of equations is that 
which is technically called the increasing or diminishing of the 
roots of an equation hy a given quantity ; that is, when there is 
an equation given, the finding of another in terms of a new un- 
known quantity, such that its roots may be greater or less, by an 
assigned quantity, than those of the given equation. The follow- 
ing examples will make the student acquainted with the method 
of effecting this transformation. 

the last term, it would be necessary to resolve an equation of the nth 
degree ; in fact, virtually, to resolve the proposed equation. He will 
also find, if he choose to go through with the investigation, that the taking 
away of the second term will also destroy the thir(( if the coeffidents of 
these terms be so related, that {n — l^^ss^np^y An instance of this 
occurs in Exercise 8. 
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Exam, 1. Let it be r^uired to increase the roots of the equa- 
tion «^— 4a;^— 2ir-f 15=^0 by 2 ; that is to transform this equa. 
tion into one in terms of x\ x' being = or -)- 2. 

To effect this^ let the first member be divided by ;r-{-2« which 
is done most easily by the method of 

detadied coefficients^ as in the mar- 1—4 — 9 15|^2 
g^n. We thus find the quotient to be —2 12—20 
*•— 6a: + 10, with —5 as remainder. —6 10 — 5 
Then^ by the nature of division^ we 

ahaflhave the first member,/ar=(a:2— 6ay-|-10)(a:-f 2)— 5. Di- 
viding again^ as in the margin^ o?^— 6^7 + 10 
by 0? + 2, we get as quotient jr~8, with the 1 — 6 10 | — 2 
remainder 26 ; and therefore^ by the nature — 2 l6 
of division, we have ar^— 6^+10 =(«— 8) » 8 2B! 
(x -f- 2) + 26. By multiplying this by «+ 2, 
and substituting the product in the foregoing value of fx^ we get 
^=(ar— 8)(x-f2)2-f26(ar+2)— 5. Lastly, di- 
viding x— 8 by x+2, as in the margin^ we get 1 — 8 | — 2 
1, with —10 remaining; and therefore, by mul- — 2 
tiplying by 47+2, we get a?— 8=a:+2— 10. —jo 
Multiplying this by (ar + 2)^, and substituting the 
product in the last value of ^, we obtain (ar + 2)3— 10(a?+2)* 
+26(ar+2)— 5=0; or «'«— 10d/H26j:'— 5=0, by writing x' 
instead of :r + 2. In this equation, the roots (the values of x^) 
will evidently be each greater by 2 than those of the original 
equation (the values of x), since x's=:r+2. In fact the roots of 
the given equation are 3, ^+-^a/21, and^— ^^^21 ; while those 
of the other are 5, 2^+^ ^^21, and 2^— ^^21. 

By uniting the foregoing processes 
by means of the detached coefficients, i«.4^2 151 — 2 
the work will stand as in the margin. _ ^ 12 — 20 
In this form each line is one step ^ /^ — ^ ^ ^ 
shorter than the preceding; and the ^^ ^^ 

coefficients of the required equation are ^ 

1, the first coefficient in the given one, "" ° *" 
and —10, 26, and— 5, the last num- "" ^ 
bers in the several columns. We thus — 10 
gee^ how, by means of the coefficients, 

the required equation is found by an easy, uniform, and continu- 
ous process. 

Exam. 2. Let it be required to find an equation^ having its 
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roots each less by 3, than those of the equation^ x^-{-3x^ — 6** 
-Sot 4-5 = 0. 

Here we are to divide the first member by a: — 3 ; the quotient 
by ar— 3; the next quotient by x— 3; and the quotient so ob- 
tained^ still by the same divisor. It 
will be seen from the annexed pro- i 
cess by means of the coefficients^ that 
the first quotient is a:*-f 6ar^-j-12x 
+ 33, with the remainder, 104; that 
the next quotient is x^ + Qx-^ 39, with 
the remainder, 150; that the next 
quotient and remainder are 2: + 12 
and 75 ; and that the fourth and last ^^ ''^ 

quotient is l,.with the remainder 15. _ 

Hence, by proceeding as in the last 15 

example, we shall have the following 
transformations of the value offx : 

fx=zx^+3x^-^6x^--3x'\-5—0 

= (ar3 + 6x2 + 12a: + 33)(a:-3) + 104 

= {(^H9^H-39)(a:-3) + 150}(a:-3) + 104 . 

= (a:2 + 9J?+39)(a:-3)2-fl50(a:-3) 4-104 

= {(a:4-12)(a:-3) + 75}(a:-S)2 + 150(ar-3) + 104 

= (.r-fl2)(a?-~3)3 + 75(ar~S)Hl50(a:-3) + 104 

= (a:-3 + 15)(a:-S)3 + 75(^-3)2 4.150(a:-3) + 104 

= (a:-3)4 4- 15(x-3)34-75(ar-S)2 + 150(^-3) 4- 104. 

By writing, therefore, a:' instead of a?— 3, we get 

fx=:x''^+l5x'^ + 75x"^ + l50x'+104f=±0 ; 

an equation in which the values of a:' will severally be less than 
those of X by 3, because x^=: x—3, A process of the same 
kind may evidently be employed with regard to any similar 
equation whatever ; and thus we have the means of solving this 
important problem, in every case that can present itself.* 

* The following investigation, though not quite so easily followed out* 
is more general than the method given in the text ; and it will therefore 
be preferred by the student, as soon as he shall be able readily to under- 
stand it. 

■ Let/,a?=a:" + p,a:"""*+ +p„=0; and let it be required to find 

m equation having its roots severally less by r (greater if r be negative) 
than those of/,a:. Divide /jX, and what is equivalent to it, by x—r, and 
there will result 
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Exercises. In Exer. 11., diminish the roots by 2 ; in 12., by 
4; and in 13., by 5 ; and in the next increase the roots by 1. 

11. ar2— 4ar + 3=0. u4n*. a:'^— 1=0. 

12. a?3— 13a?— 12=0. ^?w. ar"3+12ar"a + 35a?'=0. 

^^~ =*/»*+ — ^» *"d consequently,/iar=/jar(ar — r)+ R, (!*)» 

vhere /jX is an expression of the (n — l)th degree in terms of x, such 
as ar'>~'i+p']X"'~3 + , &c., and R, a remainder independent off. In a si- 
milar manner, hy successiye divisions by ;r— r, &c., we should get 

A^^fA'-r) + Rj (2.); 

/r»^=/4<*-0+ R3 (3.); 



where /^r, /^x, , and f^Xf are expressions of the (n— 2)thi 

(n— 3)tl^ , and 1st orders; while the expressions, Rp R^, ^ . . . ., 

and Rn-\ are mere numbers. Now, since the coefficient ofx*^ in/,x is 
unity, it follows from the nature of division, that the coefficients of the 

highest powers of 27 in the expressions, /^^y /s^* * and/„a:» are each 

unity. Hence, fi^ must be of the form x+ A; and therefore we have 

/,ar , A+r /„x , R, 

;^5— = 1 + , or -:^^— « 1 + — -^ 

X— r x — r x — r x — r 

by putting A + rasR„; whence /„x=x—r+ R„ (n.) 

By substituting this value otf^x in equation (n — 1 ), we obtain 

/«-ia? = (x-r)2+ R,(ar-r)+ R^ij. 

By substituting this, in like manner, in equation (n — 2), we should get 

/«-a^ = (a:-r)3 + R„(ar-r)< + R„_,(x -r) + R,., : 

and, by similar substitutions, we should at length obtain 

/,.r=(x-r)'»+R„(x-r)"-i + R,.,(ar-r)"-«+ +R,«0 (a.) 

Hence, by putting x— rssx', we find for the required equation, 
x'»+ R«x"»-i + R,.ix'»-«+ + Rjx'+ R,=0 (6.) 

To obtainy2^,/3X, &c., by a simpler and easier mode of division than 
that which is commonly employed, let us assume 

/jir«a:»-»+/)'iX«-2+j>',x»-3+ .... +;>'— j : 
Then, from (I.) we have xn+p^xn-i +^,^^-2+ +p^ 

« (x«- 1 + p\xn'i +/)'jX»-3 + + ;>'*-i)(x - r) + Ri ; 

or by actual multiplication, 

X»+/>iX«-»+J92X«-«+ ..... +/)«-.,X+/)«a« 

x»»+y, xw-i+Za xn-2+ +j»'n-i ±+R, 

Now, by the nature of division, these two expressions are identical ; and, 
therefore, we must have p\ ^r^sp^, or, by transposition, p\ »/), + r. In 

i5 
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IS. x*— 125jr-|-4=0. -4fi. a/* ^- SOX'S-!- 150x^3 + 8753/ +4=0. 
14. x3+3x8-.S=0. Ans.a'^^Sx' -1=0. 

181. If in equation (a), § 170, we take xrsx'^"', so that 
x'z=qx, we shall get y'»g'"'»+ .... +jj„=0 ; whence, by mul- 
tiplying by q*^, we have 

We have thus the means of deriving, from a given equation, 
another having its roots in any ratio (that of ^ to 1) to diose of 
the given equation. Thus, in the equation x^ ~ Sx^ -)- 2j7 + 5 =0, 
by taking x=-j\jx' we have g=10, and we get x'* — SOx'^ 
+ 200y + 5000=sO; an equation which has each of its roots 
ten times the corresponding root of the given equation. 

1 82. The formula in the last § is useful in enabling us to 
derive from an equation having its first coefficient = 1, and 
having one or more of its other coefficients fractional, an equa- 
tion having also its first coefficient = 1, and its others integers. 
Thus, suppose the equation x^— |x2— ^a?+l=0, were given, 
we find (^Arithmetics p. 84.) the least common multiple of 
6 and 4 to be 12 ; and, by taking q equal to this, we get 

like manner, we must h&ve p'^—rp\'=p^; whence />'j s=jpj + ly'j. In a 
similar way we should get 

Hence we have the following form of the division by x— r : 
1 Pi P2 /'a P^i pA »• 

H 'y I *y'a • • • • rp'n~a *y^«-^ 

P'l P'% P'z' ' ' ' P'n-i K-r 

Now this process is nothing else than the operation by means of the 
detached coefficients, as explained in § 50. ; for the first line consists of 
l,Pi, p^i » ' ' 't the coefficients in/,x : also 1, the first coefficient is mul- 
tiplied by r, and the product is placed- under p^ ; and we have seen tbitf 
p\ is the simi of these two. We then multiply />',, so found, by r, and 
place the product under /), ; and we have seen tiiat f/, is the sum of 
these ; and thus we proceed throughout the operation, exactly according 
to the method of dividing by means of the detached coefficients. 

In this way, 1, pi* Pa? > the coefficients of yjx, are determined; 

and, by looking back t^ equation (2.), we shall see that, by <^eratiiig in 
a similar manner on all the coefficients thus found, except Rj, weshoold 
get the coefficients of/^x, and the second remainder R, ; and, by a con- 
tinuation of the process, all the other remainders, R^, R^, , R^ 

would be found; and these being the coefficients of equation (5.), that 
equation becomes known. 

It will be readily seen, that the solutionof the problem in $ 179. it 
easily derived from the present solution. 
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tf^— 10^2-. i08a?'4- 1728=0. In this particular question, 
since the square of 6 is diyisible by 4>, the denominator of the 
third term, we might have taken 9=6 ; and we should thus 
have got y 3 — 5x^^ — 27^?^^ +216=0; an equation which would 
be preferable to the former as being expressed in smaller numbers. 
It would be easy to find the means of keeping q as small as 
possible ; but the matter is of little importance. 

IBS. A subject of much importance regarding equations is the 
limits of their roots* Any two nunibers, one of which is greater, 
and the other less, than a root of an equation, are said to be 
Umits of that root ; the greater a superior limit, and the less an 
inferior one. Thus, since ^19 lies between 4 and 5, if a root 
of an equation were 1-1-^^/19, 10 and would be limits of 
that root, as would also 7 and 4, and narrower limits still would 
be 6 and 5. It will thus be seen, that a root may have innu- 
merable limits ; and it is plain that the less those limits differ, 
the more definitely is the position of the root fixed. Many of 
the rules therefore that have been given on this subject are of little 
or no importance, giving limits that are too wide. The following 
are some of the most valuable in a practical point of view, 

1 84. If two numbers ar' and x^^, of which 0/ is the greater, when 
substituted for x in fx, give results with contrary signs, there 
must lie between x^ and x^^ an odd number of roots of fx=^0; 
but if the results have the same signs, there must lie between 
x^ and ar" either no root, or an even number of roots. To prove 
this, let us put ^ under the form (a: — a)(a7 — 6) . . . . (a? — /), 
where the roots of /p=0 are taken in the order of their mag- 
nitudes, a being the greatest, and / th^ least. Now, if w^ 
be greater than a, fx will necessarily be positive, each of its 
factors x^— a, af—h, &c., being positive. Then, that the sub- 
stitution of ^'' for 07 may give a negative result for fx, an odd 
number of the factors, ar" — a, x'^— b, &c., must (§ 36.) be 
negative; that is, there must be only one, a:''— a, negative; or 
three, as ar^'— a, x^' — 6, and a/'— c, &c. If only 0?— -a be nega- 
tive, x''^ must lie between a and h ; and, therefore, between it and 
07^ there will lie one root a. If, again, three factors and no 
more be negative, x^^ must be less than a, thap 6, and than c ; 
and, therefore, between it and x^ the three roots, a, 5, and c, will 
lie : and so we miglit reason, if there were five factors, or any 
other odd number of factors, negative. To produce, however, a 
positive result by the substitution of x^' for x, either none of the 
factors must be negative, or there must be an even number of 
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tbem negatiTe. If none erf" dicm be negiliTe, af' is well as x' 
imut be greater tiuun a ; and, therelbie, no root lies b ci w e e n j/' 
and y\ If two factors be negatiTe, 4r^'' most be less than a, and 
less than b, bat greater than e, dy &c.; and, Aevefore, between it 
and 4< there wOl be ^tut two rootSy a and &: and siniikr reasoning 
is applicable when there are four, or any other evm number of 
factors, negatiTe. 

Shofdd j/ be less dian some of ^ roots, a, 6, &c., suppoae 
dian each of the first m ai diem, we may divide 

(jp— a)(x— 6) (or— i)=0 

by the prodoct of m factors, s — a, jt — 6, &c., with the sign + 
or — prefixed, as the case may require, so as to make the quo- 
tient positiye : and then all the foregmng reasoning will be appli- 
cable in reference to the quotient.* 

185. In the subjoined process, it is shown that the quantity 
marked (1*) is less than unity; m and n/ being whole positiye 
numbers, and jp not less than unity : and this is a proposition 
which is of use r^arding the limits of roots, and on some othei 
occasions. In this, lines (2.), (3.), and (4.) are each equi- 
valent to (1.), being deriyed from it by sucoessiye transforma- 
tions. Line (2.) is obtained by dividing by the last term of (I.), 
and multiplying the result by that term : and (3.) is equivalent 
to (2.) according to § 137. Lastly, (4.) is derived from (3.) 
by dividing the numerator and denominator by x — 1 , and then 
by resolving the denominator x*"^*"^ into the factors, ar""! and 
^m^-t-i . 2^Q^^ since each of the two fractional factors of the ex- 
pression (4,) is less than unity, that expression must itself be 
less than unity ; and hence the proposition is true. 

* To illustrate these principles by an example, let us take the equation 
x3 . 9x9 + 1 4jr + 24 s 0. Then, by substituting in this, first O, and then 10 
for X, we get successively for the first member 24 and 264 ; and these 
having the same sign, and the equation being of the third degree and 
having therefore only three roots, there must be either no root or two 
roots between and 10. Again, by taking xss5, the first member be- 
comes — 6. Now, as this differs in sign from each of the two foregoing 
results, there must be a root between and 5, and another between 5 
and 10. Then, by trying the Intermediate numbers, 3 and 7, we get 12 
and 24 ; and, as thCse have the same sign, there must be two roots be- 
tween them. By trying, therefore, 4 and 6, we find that they are roots, 
as each of them makes the first member become nothing. The remain- 
ing root may be found (§ 176.) by taking 10, the sum of those already 
dutermined, from 9, the coeflicient of the second term with its sign 
changed ; that root, therefore, is —1. 
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(x-l)'»» (ar->l)m (a;-i)m (x-l)'» 

;pm • ^ijiirH. ">" ;pm+2 "T • • • "I" ^+«/ • • • • K^*) 

^^^ . (x-^+^-i+^^-2+ . . . +a; + l) (2.) 



(3.) 
(4.) 



1 86. The foregoing proposition enables us to find values of x, 
which will render the first term of the expression marked (1.) at 
the end of this §, greater than the sum of all the others^ m and 
n being positive whole numbers^ and n the greater. To effect 
this^ let P denote the greatest in absolute value of the coefficients 
Pm> Pm+if &c« Then, if we assume the expression (2.), the part 
of it after j?" is evidently greater than the corresponding part 
of (1.); and, therefore, if we can render d?" greater than what 
follows it in (2.), O^ will exceed what follows it in (1.), and 
in a still greater degree. Now, (2.) is transformed into (3.) by 
dividing by ^, and indicating the multiplication of the result 
by J?" ; and (4.) is obtained from (3.) by writing (a?— l)*" instead 
of P. What follows 1, in the vinculum in (4«.), is the quautity\ 
which in § 185. was proved to be less than 1 : and, therefore, this 
quantity multiplied by w^ must be less than 1 multiplied by the 
same, that is, than of* itself. Hence, to render the first term in 
(1.) greater than all the rest, we have, as in (5.), (a?--l)"»=P; 
and consequently, to find x we must take the mth root ofP, and 
increase it by unity. It is plain, however, that je may have any 
value we please, greater than the one thus assigned, as the pro- 
position in § 185. merely requires that x shall not be less than I. 

^+/>«ar«-»»+p^+ia7»-'«-i-f +Pn^l^+Pn (1.) 

^p»-|-P(a;«-"«+j7»-»»-i + +«+l) (2.) 

'"(i+5-fiL+-----+^i+3 (^0 

(a?— 1)«=P; and a?=P«+l . . < (5., 

1 87. When an equation, /ar=:0, has one or more negative terms, 
and when the index of x in the first negative term difiers from 
its highest index by m, a superior limit for the positive roots will 
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be found by adding I to the mth root of the negative coefficieiit^ 
taken positive^ which is greatest in absolute magnitude. This 
follows from the last § ; since the number so founds or any one 
greater^ will make the first term alone^ exclusive of any poeitive 
terms that may be between it and the first negative term, exceed 
in amoimt that negative term and all the terms that may follow 
it, and will therefore always render faf positive^ so that (§ 184.) 
there can be no root greater than the limit so found. Thus^ in the 
equation, a?^— 7^— 9=0, the greatest negative coefficient is — 9 ; 
and the difference between I, the index in 7^, the first negative 
term, and S, the highest index, is 2. We take therefore the 
second root of 9 ; and, adding 1 to it, we get 4, which exceeds 
the greatest root of the equation.* Li like manner, in the equa- 
tion <r* — Sj?^— 4a: — 3=0, a superior limit of its roots will be 
l-hA/4, or 3; and in the equation ^— 38x3+210^2^533^ 
-|- 289=0, no root can exceed 39. 

188. The inferior limit of the negative roots of an equation 
will be obtained by changing the signs of the terms occupying 
the even places, and finding the superior limit in the result by 
the last §. This, with its sign changed^ will be greater in absolute 
magnitude than any of the negative roots ; as is evident from 
§ 178, Thus, if the equation, ar3—d?2— 14a: +20=0, be proposed, 
we get, by changing the alternate signs, ay'+a:^— .14a7— 20=0: 
and (§ 187.) the superior limit of Ae roots of this is 1 + V20, 
or nearly 5^ or 6. Hence, the proposed equation can have no 
negative root that does not lie between and —6, or even be- 
tween and —5^. 

189. Since (§ 176.) the last or absolute term of an equation 
is the product of all its roots wid; their signs changed, it follows, 
that if any of the roots be a whole number, it will be one of the 
factors of that term : and hence, in such cases, the roots may 
often be easily found by trial. Thus, in the equation, 

a^-\-4tx^'+x — 6=0, 

the Integral factors of the last term are 1, —1, 2, —2, 3, — 3, 
6, and —6 : and, by taking a? = 1, yS? becomes 1 + 4+1 — 6 ; 
which, being := 0, 1 is a root of the equation. If, again* we 
take fl7 = — 1, we get —1+4—1—6, or, by contraction, —4; 
and therefore — 1 is not a root, as it does not make ya; = 0. 

* It will be found in fact, that the only real root of the equation is 
S'140923S. In the next example also, the greatest root is 1*3660254 ; 
and in the third it is SO '535654. 
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Trying 2 in like manner^ we find ^^=20^ and therefore 2 is not 
a root : but trying —2, we get —8 + 16—2—6, or 0; so that 
— 2 is a root. In a similar way we should find the remaining 
root to be -8. 

190. Since (§ 171.) if a be a root 
oi farz=0, fx is divisiMe by a?— «, the 
trials for finding the roots in the last 
§, and in all similar cases, are most 
easily efiected by performing the di- 
vision in the manner pointed out in 
§ 50. Thus, the work for 1, 2, and 
«-2, will stand as in the margin : and 
as the first and third give no re. 
mainders, 1 and — 2 are roots; but, as 
in the second there is the remainder 20, 2—3 
S is not a root. 

191* When the roots of numerical equations are incommen- 
surable, their values, though they cannot be exactly assigned 
in numbers, may be approximated to any degree of accuracy 
we please. Of aU the methods that have been proposed for 
efibcting this approximation, that which was given by the late 
Mr. Homer of Bath*, is much the best, combining a degree 
of facility and elegance belonging to no other method that has 
yet been given, or that is likely to be discovered. Thi8 method, 
in its main feature consists in diminishing a root of the proposed 
equation by its first Jigursy according to § 180. : then in diminish^ 
ing the corresponding root of the resulting equation, by its first 
figure, which is the second figure of the required root : again, in 
diminishing the root of the equation last obtained by its first figurCf 
which is the third figure of the required root : and so on, till as 
many fibres are obtained cts may be considered necessary. The 
process also admits of certain abbreviations, which may be re- 
garded as a subordinate, but a very important, part of the 
method. The mode of proceeding and its nature wUl be under- 
stood from the following examples and illustrations. 

Exam, 1. Required the roots of the equation, 

Here (§§ 187. and 188.) the roots must lie between 4 and —4. 
Now when a? = 0, a? = 4, and ^ = —4, we get 20, 4, and —92, 

* Mr. Homer first published bis method in the Philosophical Trans' 
aetiontfoT 1819. 
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as the respective values o£ fx.* Hence (§ 184. and note to 
§ 178.)^ since there is hut one permanence, there will be one 
root, and only one, between and — 4 ; while between and 4, 
there may be two roots, or none. For determining whether there 
are two or none in the latter interval, let us take x = 3: then 
yj7= — 1 : and, the sign of this differing from the results found 
by taking or = 0, and 07 = 4, there must (§ 184.) be one root be- 
tween and 3, and another between 3 and 4. Hence the first 
figure of the latter must be 3. Again, by taking j? = 2, we get 
/r=4; and as this differs in sign from —1, the value of /jc, 
when 0? = 3, there must be a root between 2 and 3 : the first 
figure, tiierefore of this root must be 2. To find the position of 
the negative root, let 47 = — 2 ; then /p =: 4 ; and as x=z — 4 gave 
/r=— 4, there must be a root between —2 and —4. Taking 
X =: ^S, therefore, we find fx=.—3; so that there must be a 
root between —2 and —3, and, accordingly, the first figure of 
that root must be — 2. 

The three following processes exhibit the computations of the 
roots. In the first of these, we proceed exactly in the mode pointed 
out in § 180., £xam. 2. : and, by taking the numbers marked with 
1 subsoibed, without the ciphers, we find that the equation /x'=zO, 
which has its roots less by 2 than those of the given equation^ 
is 07^3 _|. 24?'^ — 8^ + 4=0. Then, to prevent trouble in the 
management of decimal fractions, we annex one cipher to the 
coefficient of 47^^, two to that of x\ and three to the remaining 
one. We thus get (§ 181.) the coefficients of an equation 
having its roots ten times as great as those of ^47^=0 : and there- 
fore the first figure obtained from this new equation must be 
taken as expressing not units but tenths. In finding this figure, 
which will be the first figure of the root of j/^-^-^x'^—Sx^-^- 
4=0, we are assisted by transposing 4, and dividing by 

x"2^^^8, as we thus get ^'= ^r2_^_^ , or 47'= ^^, 
nearly, since, 47^ being small, 47^^+247^ in the denominator, may 

• When X SB 0, fx is evidently reduced to its —4 — 4 20 | 4 
last term. When x is 4, —4, or any other num- 4 — 16 
ber different from zero, the value of fx is most o ZTJ 4 
easily found by the method of detached coefficients, 

as in the margin. See $ 190. In a similar man- .4.4 30 | —4 

ner, we should find the values of fx, when « « 3, ^4 32 — 1 1 2 • 

X « 2, a: « —2, &c. — s 28 — 02 
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be rejected in roughly estimating the value of the fraction to 
which y is equal. In this way we see that af ought to he nearly 
equal to 0'5 : on trials however^ we find that 6 is the figure 
which must he taken.* Then^ hy a process of the same kind as 
that in § 180.^ £xam. 2., we get the numbers marked with 2 
subscribed, which give the equation y*-|-38y^'^— 452^-1-136 
=0 ; the roots of which are less by 6 than those of a^'^+SOo?^^ 
— 800^^ + 4000=: 0. For the same reason as hefore, we add one 
cipher to 38, two to —452, and three to 136: and then, by 
dividing 136000 by —45200 with its sign changed, we get 3 as 
the next figure, with which we proceed as we did regarding the 
last figure ; and we get, as the coefficients of the terms after the 
first in the next equation, 389, -42893, and 3847. To the 
first of these we might annex one cipher, to the second two, and 
to the third three ; and, by proceeding as before, we might find 
the next figure, and the coefficients of the equation which would 
give (he figure after it : and, by continuing to work in a similar 
way, we might evolve figure after figure, till we should attain 
any degree of accuracy that might be required. It is plain, 
however, that, in this way, the coefficients would rapidly increase 
in magnitude, and that the operation would thus become very 
laborious : and therefore we ought to consider, whether we cannot 
fall on some expedient for abridging the labour. "We are enabled 
to effect this object in the most advantageous manner possible, on 
the same principle that is employed in contracting the division of 
decimal fractions in common arithmetic. In employing this 
principle in the present example, instead of annexing ciphers, w« 
point ofi* one figure in the last column but one, and two in the 
column preceding it. Then, as 4289 is not contained in 3847j 
a cipher is annexed to the root ; and one figure more is pointed 
off in the last column hut one, and two in the preceding one, which 
is thus exhausted, even with a cipher prefixed. After this, the 
work proceeds exactly according to the contracted method of the 
division of decimal fractions.f (See Arithmetic^ p. 111.) 

• This is illustrated in the subjoined operations. When we take 5, 
6, and 7, we find the corresponding values of the function to be 625, 136, 
and —277 ; and therefore ($184.) the required value must lie between 6 
and 7, on account of the change in the signs of the results. 



20 -800 4000 I 5 
5 125 -337 5 

25 -675 625 



20 -800 4000 I 6 
26 -644 136 



20 -800 4000 I 7 

7 189 -4277 

27 -611 -277 



\ To see clearly the nature of the contracted process, the student 
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In the following process for finding the second root^ after the 
numbers marked with 4 subscribed have been found, the contrac- 
tion is commenced by cutting off one figure in the last column but 
one, and two in the column before it. When figures are thus cut ofi^ 
we merely consider what we ought to carry from them, if they 
were retained, but in every other respect we neglect them. Attsr 
we have cut off figures twice in this way in the present example, 
the first column is exhausted ; and, therefore, the rest of the work 
is completed according to the contracted process for the division 
of decimals. 



should work this example, and perhaps one or two others, at fiill length* 
so as to find four or five places of decimals ; and then, by drawing a ver- 
tical line in each column (see Arithmeticy p. 1 1 1 . ), he will separate tke 
part retained from that which is rejected in the contracted process. It 
may be remarked, that, in addition to the valuable method of contraeti<Mi 
that has been pointed out, various other abbreviations will, on many occ». 
sions, readily suggest themselves to the student. Few of these, however, 
will be found to be of importance ; as, in most instances, they do little 
more than shorten the process to the eye, without really abridging the 
labour. 
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The operation in the next page for finding the negative root is 
in every respect similar to the others.* 



* The sum of the three roots found in the text is exactly 4 ; and as this 
is the same as the coefficient of tb^ second term of the giyen equation with 
its sign changed, which (§ 176.) it ought to be, we have strong reason to 
presume that the roots are correct, as fisur as they are carried, unless per- 
haps in their last figures, in which there might be small errors balancing 
each other. For the benefit of the student, the three roots have been 
computed independently of one another. When any one of them, how- 
ever, was found, it might have been attached to x with its sign changed > 
then by dividing /r by the expression thus found, and putting the quo- 
tient equal to 0, a quadratic equation would be obtained, the roots of 
which (§ 174.) would be the remaining roots oifx^O, Tlie division in 
reference to the root first found, is annexed by the method of detached 
coefficients. 
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Were the root quite accurate, there would be no remainder; and though 
there is the remainder, 0-000003, the minuteness of this shows that 



188 



bobner's mbtbod op 



—4 


— 4 


—2 

-6 

-2 


12 

8 
16 


-8 
-2 


22400 
101 


— 2IOO 
— 1 


2501 
102 


-101 

— 1 

— 102 

— 1 


326*0300 
5175 

265475 
5200 


-3IO5O 
-5 


42706*75 
63- 


-1035 
-5 


27130 
63 


— 1040 
-5 


27193 

• • • 



20 I -2-156325 

-16 

24000 
-2501 

31499000 

— 1327375 

4171625 
— 16 -2780 

8845 
—8158 

687 
—544 

143 
— 136 



-4IO45 



ICjcam. 2. Resolve the eqaation ««+««— 8*— 15 -q. 

The c^ffidents of this incomplete equation are 1, 0. 1 -^8 
«Kl -15 Now, if we take - befoi^o, we shaU W thrS 
changes of signs ; and, hy Descartes's mle, we might W £^ 
poeiuve roots. This cannot he so; however, sincetf wT^ + 

•"J^"^!!^^^^^"'^'^ todo, we have only one c^TLL 
and then^ there cannot he moie than oneiodti^e^ 

AttonliBg to § IT8., if • pori»b« wot qf ih« M«A.. _,^^ . 
-SO-0. b. found. «d if jTsig. bT.ta^ir^t^C*' 
Beg««i»e root of the pnpawd cqaSon. B^Ti-Ti.-^™ will be « 

which is the o«l, oegeti^ wot of ^p^JSl^r^ '^'^-S' 
I«rt»!»i prefe this ««»hod «f S«fio. JS;!^^^^'^^ 

oue of the metboa, i«^w;»r^* SiT^*^ " *™^ ^ "*^ 
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manner^ by taking + before 0^ we have three pennanences^ bat 
by taking — we have only one ; and therefore there cannot be 
more than one negative root The equation therefore cannot have 
more than two real roots^ one positive and the otiier negative ; and 
these it is found to have/ and (§§ 187* and 188.) they lie between 
4 and —3, Then^ by taking a successively equal to 4^ 0, and — S, 
we get 225, "15, and 99; and hy farther trials we find that 
the values of of lie between 2 and 3, and between —1 and —2. 
The computations of the two roots are exhibited in the subjoined 
processes. 
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In the foregoing operation, the full number of ciphers is added 
twice over^ and we are thus enabled to get nine places of deci- 
mals^ which may all be depended on except the last^ or at most 
the last two ; a degree of accuracy which is seldom necessary. 

In the process in the next page^ had the contraction been com- 
menced with the coefficients marked with 3 subscribed^ since the 
last but one of them, —19388, admits of having four figures 
cut off without being annihilated, we should have got, besides the 
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deeimal figure S already fonnd, toox olix&n, the kat ai which, 
however^ could not be depended on. Should this number of places 
be oonaideied too smaU, and should we wish to get not four otfaeEB, 
but two, we may proceed as in the operation, annexing two ci- 
phen in the last column, one in the preceding column, and none 
in the one before that ; and, lastly, pointing off one figure in 
the first column. Then, as the number in the third column la not 
contained in the one in the fourth, we put a cipher in the root ; 
and, after that, cutting off df^ers, we proceed aa in the former 
operations. The root so found is true in all its figures esuept 
the last, which, as in the other root^ ought to be & 
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By attaching the roots that have been found to a with iheir 
signs changed, and taking the product of the two expressions, we 
get ^^—^—3 ; and if the first member of the given equation be 
divided by this, and the quotient be put equal to 0, there is obtuned 
«^ 4-^+5=0; an equation, the roots of which (§ 174.) are the 
remaining roots of the given equation. Resolving this therefore, 
we find t he two imaginary roots to be ^— 1+V-"19)> and 
j{— 1 — >/— ]9)« It thus appears, that the first member of the 
proposed equation is the product of the quadratic factors, or^- «— 3 
and^+d7+5. 
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Emm. 5. Required the fifth root of 12S456789> 

The efi^cting of what is here required is nothing else than the 
resolution of the equation ofi = 123456789^ otsfi-^ 123456789 = 0. 
Now, in binomial equations^ such as the present^ we can find 
the positions of the roots more simply dian in other cases. 
Thus, (§ 9^.) 40» being =:4«XlO*, or 4«x 100000, and 50* 
=5^ X 100000, it is plain^ that the fifth power of any number 
between 40 and 50, being greater than one of these and less 
than the other, will lie between 4^ and 5^ with ^ye ciphers an- 
nexed to each. Hence therefore^ in the operation, five figures 
are cut off towards the right hand ; and then 1234, the« number 
remaining to the left, being between 1024, the fifth power of 4 ; 
and 3125, the fifth power of 5, the root must lie between 40 and 
50.* We take 4 therefore, as its first figure ; and placing as 
headings to the first four columns, four zeros, the coefficients of 
47^9 sfi, a^, and w, we proceed exactly as in the other examples. 
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1447760 
35300 


-5442 
4460 


201 

1 


16403 
203 


,689210 
84* 


1483060 
143- 


-982 
892 


202 

1 


16606 
204 


6976 
84. 


148449 
143 


-90 
89 


203 

I 


0,16810 

• • 


7060 
84 


148592 
3- 




204 

1 




7144 


14862 
3 





' 0,205 



14865 



* This might be easily generalised, and it would appear, that in ex« 
trocting the nth root of a number, if we cut off, as often as possible, pertodt, 
as they have been called, of n figures each, the first figure of the root will 
be that whose nth power is either equal to the left-hand period, complete 
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Exercises. Required the roots of the following equaidons. . 

1. «3^7-p_3=:0. Am, ar='418128. 

2. ;r'— 2a?a+Sa:— 4=0. Ans. ar=l-650629- 

3. a:3 + 2ar»-f8a:+4=0. -4iw. *=— 1*650629. 

4. ar4— 2a:3+Sx— 20=0. 

Ans, 2-648688, and — 1-876837. The rest are imaginary. 

5. a?*— 2ar3— 3ar2-4ar + 5=0. 

Ans, a:=S'l 82478, and ar= 0-728727. 

6. :r«—7x4 + 15ar3—58ar5^+44a?— 300=0. -4»w. a:=6-1195S8. 

7. a;2+x— 1 = 0. Ans. ar5=:0-6 18034, and «=— 1-618034. 

8. a^-^x^-^x — l^O. iliw. a:=0-543689. 

9. ar^+xS+ar^+a:— 1=0. 

^jw. ar=0'5 18790, and ar=— 1-290649. 

10. ar^ -h X* + :r3 + a:^ + X - 1 =0. Ans. 0-508660.. 

1 1. x-f 4/(x-5)-10=0.* ^rw. 8-4840198. 

192. If an equation, /r=0, have m roots, each equal to a, 
/r (§ 172.) will have (x— •o)'" as a factor. Conversely, if yS? 
contain the factor (x— a)% ^=0 has m roots each equal to a ; 
for (§ 171.) taking a as a root, if we were to divide by x— a, the 
result would contain the factor (x— a)""^ ; and that result being 
put equal to nothing, a would also be a root of the equation so 
obtained ; and therefore we might a^in divide by x— a, and so 
on. It thus appears that if yx=0 have m roots each equal to a, 
and if fx be divided by x— a, the quotient and fx will have the 
common factor (x— a)"*~* : and consequently, if we can, directly 
or indirectly, perform the division, and then find the greatest 
common divisor of the quotient and fio, that divisor will be 
(x— a)'""'^ As the root is not known, however, we cannot per- 
form the division directly : let us therefore endeavour to find the quo- 
tient in some other way. To enable us to effect this, let us write 

or incomplete, or is less than it, but which approaches it most nearly. 
Thus, if the cube root of SI 460259 were required,, we should divide it 
into periods, as follows ; Sl'460'959 : and the first figure of the root would 
be 3, the root of 27, the greatest cube contained in the first period, SI. 
The work would then proceed in the usual manner : and thus the ex- 
traction may be effected in all similar cases. 

* This may be solved by freeing it (§ 1 10.) of radicals, and then pro- 
ceeding in the usual way ; or, perhaps preferably, by putting ^(x - 5) »y, 
so that the given equation may become y^ + y^SsO. Then, the value 
of y being obtained from this latter equation, that of x will be found by 
cubing it, and adding 5 to the result. 
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under the fonii^ 

Now (§ 58.) the quantity in each vinculum is divisible by 07— a : 
and^ since a is a root oi f»=^0, the second line (§ 171*) must be 
equal to nothings since it is what fx becomes^ when x is taken 
equal to a. If we divide, therefore^ the first line ^aJ x—a, the 
result will be the quotient that would be obtained by dividing fx 
by the same. Hence^ if we divide the quantity in each vinculum 
by x—a, according fo § 58.^ and multiply ijie second quotient 
by Ply the third by p^* ^^ fourth by p^ &c.^ we shall find the 
entire quotient to be 






-I-JP2 



•1 



•¥p^ 



«-3 



193. The quotient obtained in the last § is true universally^ 
whatever may be the nature of the roots ; as in finding it no 
supposition has been made regarding n, except that it is a root of 
the equation. If, however, fx=0 have two or more roots, each 
equal to a, that quotient will become nothings if a: be changed 
mto a. Let that change be made, and the first line of the quo- 
tient win become a"~*-|-a"~*-|- +0**"*, or na^"^, the 

number of terms being plainly n. In like manner, the second 
line would become (n— l)pia'»~^, the third (»— 2)p2<*'*"^> *^d 
90 on : and the entire quotient becomes simply 

Now, ^18 is the same that would be obtained by changing x 
into a in 7wr"~i4-(n— 1)j:"~2-|- . . . • +p„.j=0: and, as the 
change of x into a satisfies this equation by making the first 
member equal to nothing, a must be a root of it ; and therefore 
its first member, which may be denoted by f^x^ is divisible^ in 
common with fio, by x— a. 

194. By comparing f^x with x, we shall find that the latter. 
may be derived from the former by the following extremely simple 
and easy rule : Multiply each term of fx by the index in the 
same term, and diminish that index by unity.* 

* It will be seen, that in this process the last term p„ disappears. Even 

K 
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195. We have it now in oar power to discover whether any 
equation /r=0 has equal roots^ and if so, to determine them^ as 
we have merely to find fx hy the rule given in the last § ; and 
then, hy § 81. or § 82. to find the greatest common divisor of 
fx and fx : if this he unity, there are no equal roots ; hut if it 
he (x^dLf^^ there are m-f 1 of them, each equal to a. It is plain^ 
also, from exactly similar considerations, that in general, if the 
common divisor should he found to he (j;— a)*(a;— 6)^ . . • • y 
there would he m + 1 roots each equal to a, Ap+ 1 each equal to h^ 
and so on. 

Exam, 1. Find whether the equation a:'— 7**-fl6*— 12=0 
has equal roots ; and if so, determine them. Here, hy § IQ^, 
we find/'ar to he 3a:2-^14a: + l6; and, by § 81. or § 82., the 
greatest common measure of this and of sfi — tx^-^XQx — 12 is 
found to he x — 2. Hence the equation has two roots, each equal 
to 2. Then, hy dividing the first memher of the given equation 
by (a:— 2)*=a;*— 4xH-4, we get «— 3; and therefore the remain- 
ing root is 3. 

Exam, 2. Find whether the equation, 

ar4—4ar3—2a?a + 12ar 4-9=0, 
has equal roots ; and, if so, determine them. Here, we have 
/'a:=4a:3— 12a:2— 4j:4-12 ; au^^ ^jy dividing this hy 4 for the 
sake of a simplification, and hy finding the greatest common 
divisor of the quotient and/r, we get a:*— 2ar— 3 : which (§ I6I.) 
is the same as (a?— 3)(ar + l). Hence the proposed equation has 
two roots each equal to 3, and two others each equal to — 1 ; and 
being of the fourth order, it has no others. 

Exercises, Find the roots of the following equations, nrhidi 
have equal roots. 

1. x3+ar2— ar-l=0. Ans, —1, -1, I. 

2. ;p3— 9ic2+27ar-27=0. Ans. 3, 3, 3. 

3. «*— 2ar3-Sa;2+4ar + 4=0. Ans. 2, 2,-1,-1. 

4. ««— 15^— 10ar»+60ar+72=0. Ans. 8, 3, —2, —2, —2. 

5. ar«— 6ar*+3a:«+46a:8— 108a:-h72=0. Ans. 2, 2, 2, 3, —3* 

with regard to it, however, the rule will be seen to hold, if it be put un- 
der the form p^x^, as the multiplication by the index will destroy the 
term. The function fx is called by the French mathematicians the 
derived function (fottction derivie, or simply dirivSe) ; and it is the same 
as what is generally called the differential coefficient by the writers on the 
difierential calculus. Sometimes also it is called the UmUing equatum. 
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196. From what has heen established regarding equations 
having equal roots^ it appears that their roots may all be obtained 
by the resolution of equations of lower degrees than their own ; 
and the same is the case regarding what are called recipfi)cal 
eguatiojM, We may now^ therefore^ enter on a short consideration 
of equations of this kind. A reciprocal equation is one of such 
a kind that if a be one of its roots, the reciprocal of a will be 
another, Fdr discovering the nature and form of such equations^ 
it is necessary to consider one of an odd and one of an even 
degree. Let us therefore consider, firsts 

an equation of the fifth degree. Now, by the definition given 
above, this must hold equally, if x be changed into its reciprocal 

«"*, so that 4:~*-|-Piar*"*-t-P2*~^+P3*"^+P4*"*+P5=^» Mul- 
tiply the original equation by p^ ; multiply also the last result 
by x^, reversing the order of the terms : then 

P5^ +P6Pi^* -^PsPt^ +P5P3*^ +^5^4^ +l>5^=0, and 

Now, these will be identical, if the coefficients of the like powers 
of a: be equal. Hence we have ^5*=!, and therefore ^5= + !. 
Taking jt>5=l, we get P4=Pi, and p^^P^' ^^t i^ ^® t^e 
P5= — 1, we find |>4=— pi and J»3=— /Jj. Hence /x takes 
either of the forms, 

«®+Pia^+P2^+l>2«^^+l>r!P-M=0 • , . (1.) 

and x*H-pia?*+j92i:3— pjoy^— Pjj:— 1=0 . . . (2.) 

It thus appears that, throughout,' the coefficients of terms 
equally remote from the extreme ones, are either equal and have 
like signs, or are equal but have contrary signs; and this is 
always die case when the equation is of an odd degree, as would 
be shown by operating, as above, on the general equation^ 

Again, if we take 

fx^jfi +Pi«* -hPaX* +P3*' +P4** +P6* +P6==0, 
and proceed in a similar manner, it will appear that fx may be 
of either of the two forms, 

«*+Pi«*+P2^+P3**+P2*^+Pi* + l=<^ (5-) and 

^ + Pl^^ + P2^^""P2^^""Pl^'~'l=0 (4>.) 

Hence, the coefficients of any two terms equally distant from tiie 
extreme' bnei^ are' equal ; and they have eithi^ both the same sign, 
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as in (3.) ; or opposite signs as in (4.) ; ako^ when the signs «Ke 
opposite, as in (4.), the middle term is wanting. This would be 
shown to hold regarding all reciprocal equations of an even de- 
gree, by employing the general equation, 

z^-hPiX^'^+ 4P2,i.=0. 

197- Every reciprocal equation of an odd degree has one of it» 
roots equal to 1, when its first and last terms have contrary signs ; 
and equal to — 1 when they have the same sign. Thus, equation 
(S.) by 'Connecting^ the first and last terms, the second and last 
hut one, &c., may be put under the form, > 

(ar5_i)+pjar(x3-l)+;>2a:«(x-l)=0; 

which (§ 58.) is divisible hy a?--! ; and therefore I is a roots 
and in a similar manner it would be shown, that equation (1.) is 
divisible by j?-f 1, and therefore — 1 is a root. Hence, by dividing 
a reciprocal equation of an odd degree by 2r+l or or a? — 1, as 
the case may require, and by putting the quotient equal to 0, we 
shall have an equation, the roots of which will be the remaining 
roots of the reciprocal one. The equation thus obtained will also 
be a reciprocal one ; as is plain, from considering the quotients 
found by dividing ar^n+i ^ i by d? -(- 1, and ar^'^+i — 1 by ar — 1 ; in 
which it appears from § 60., that each of the terms will have I 
or — 1 as coefficient ; and that, when the first and last have the 
same sign, so will also those that are equally distant from them ^ 
but that if the first and last have contrary signs, the signs of those 
equally distant from them will also be unlike. It only remains 
therefore, that we find the method of resolving reciprocal equa- 
tions of an even order ; and the following exam^iss will show 
how that is efiected. 

Exam. 1. Let it be required to resolve the reciprocal equa- 
tion, x^-Sx^^^x^-- (a?* + l)-3(a^4-^)-2a?2=0 (1.) 

Sj'-|-1=0, which IS (a?2+a:-2)-3(x-f ^-i)-2=0 . . . (2.) 

of the same form as a?4-a?'*^=y (3,) 

equation (3.). w^'^Q+a;'^=y^ ../.'/. ! ! ! .' ! ! ! (4.) 

Intheannexedwork, ^^^-f a:-2— «2_2 >5 \ 

ecjuation (1.) is ob- y^ ^^—Sy --2=0... ........ \( 6.) 

tained by connecting ffi^Sy^if,, , , , (7,) 

the first and last terms .._ 4 gj^^ w= — 1 ! ! ! i (S.) 

of the given equation, x=^{y± -v/(y*-4)V. ! '. '. ...[ !' \ (9.) 

and aliso those • next ^==2 -|- ^3 \ ^ ^ (iq \ 

them ; and (2.) is de- ^_ ~i j_ 1 /~« * * /t ^ \ 

rived from this \v x=-i±iV-S (U.^ 
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'diTiding by x^. In (S,\ so f. x"^ is assumed equal to j^ ; and firom 
it (4.) and (5.) are derived by squaring and transposing. Equa- 
tion (6.) is obtained by substituting in (2.) y^— 2 and y for their 
.equals in (5.) and (3.) ; (7.) is derived from this by transposi- 
tion ; and (8.) is found by resolving the quadratic equation in 
(70' W^ g®t (9») from (3.) by multiplying by ar, by transposi. 
tion, and by resolving the quadratic so obtained. In the last 
place^ (10.) and (11.) are obtained from (9.) by substituting for 
y the values found in (8.). 

Exam. 2. Resolve the equation, o:^— d^+34?— IssO^ which 
is of the same form as (4.). 

Here^ (!•) ^^ obtained by 

connecting the first and last (a:*— 1)— Sj7(j?*— 1)=0 . . . (1.) 

terms^ and also the others: (j7^ + l— SarX^^— 1)=0 . . . (2.) 

and (2.) is the same as this^ a;^»l=0 '. (3.) 

resolved into factors. In ar^-f 1— >3ar=:0 (4.) 

(3.) and (4.) these factors x=z + 1 (5.) 

are put separately equal to ar=-|^(3+ jy/5) • • . (6.) 

nothing, as each of these 

assumptions satisfies (2.). Then (5.) and (6.) are found by re- 
solving (3.) and (4.). 

Exam, 3. Resolve the equation 8x^ — 1 6x^ — 25x^ — . 1 6x^ + 8 
=0^ which is of the third form^ the coefficients of x^ and x being, 
each nothing. 

Here^ equation 

(1.) is obtained 8(a:ni)-l6(a:* + a:2)-25a:»=0 . • . (1.) 

by connectmg the 8(a:*H-ar-3)-.l6(ar+a:-i)— 25=0. . . (2.) 

terms^as in thefor- x^-^x^^^-x-^x'^^z^-^Qy (3.) 

rner examples^ and a?*-|-ar~3=ry3 — 3^ . , , . , ^4.) 

(2.) is found from 8(y^--Sy)— l6y— 25=0 (5.) 

it by dividing by 8jf3— 40y— 25=0 1 • . (6.) 

ar«. Equation (3.) y=^/ (7.) 

is got by multiply- y'3—20/— 25 = (8.) 



ing the members ^^=5, and ^=i(~5i 'Z^) (9«) 

y=K-5±v5) (10.) 

Ex. 1. by a;+z~l a:=2, and a:=^ (11.) 



of equation (5.) in y=^i, and 



andy respectively: a:=^{ — 5±v'5HhA/(— 34 + 10 /v/5)}(12.) 
and from (3.) we 

get (4.) by using y instead of ar f a;~i, and transposing it. By 
substituting the value just found in (2.), and also y in the same 
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for a?+x""', we get (5,), the modificatioii of which gi^es (61). To 
transform (6.) into an equation having the coefficient of its first 
term 1, we change (§ 182.) y into ^^, as in (7.)> and thus (6.) 
hecomes (8.). Now^ the divisors of the last term of this being 
1, —I, 5, —5, 25, and —25, we readily find (§ 189-) that one 
value of y* is 5. Then, dividing the first member of (8.) by 
y^— 5, putting the quotient equal to nothing, and resolving the 
equation so obtained, we get the values of j^in (9*)> ^°^> ^^<^ 
cording to the assumption in (7.) we find the values of jr as in 
(10.). Equation (11«) contains the values of x found by taking 
y=4 ill equation (9.)> Exam. 1. ; and those in (12.) by taking y 
in the same equal to |(— 5+ >v/5). 

198. From pursuing the mode of investigation employed in 
Exam. 2., it will appear that every equation of the form of equa* 
tion (4.) in § I96. has one root equal to 1, and another to — 1 ; 
and that^ by division by x^— 1, an equation two degrees lower 
will be obtained, the roots of which will be the remaining roots 
of the original equation ; and as this will be a reciprocal equation^ 
its roots will be found by means of an equation of half its dimen- 
sions. Hence, an equation of the 71th degree of the form (J^\ 
requires only the resolution of an equation of the order ^n — 2). 
It is plain, also, that an equation of the form (1.) or (2.) in 
§ 196. requires only the resolution of an equation of the order 
|{» — 1); while one of the form (3.) is resolved by means of an 
equation of the order ^n. 

199* Binomial equations, that is, equations of the form 
x^iiP„=^0, are a remarkable class of reciprocal equations, which 
may now be briefly considered. If we put the nth root of p, 
equal to p% so that J!>„=p'", we shall have a:'*+j»''»=0. Then, 
changing x into p^jsr, we get p'"5f"+jo''''=:0 ; whence jb"+1=:0. 
Hence, therefore, if we can find the values of isr in this equation, 
we shall obtain those of x, since x=:p^z, 

200. Let us first consider the case in which «" — 1 =0, n being 
an odd number. Hence, «;"= 1, and therefore, one value of z is 1, 
since the nth power of 1 is 1. It is plain also, that there can be 
no other real root, since the nth power of no other real number 
whatever, such as 2, — 2, ^, &c., can be 1 : and consequently^ 
the equation must have n— 1 imaginary roots. To find these, 
divide (§ 58.) «"— 1 by z—l : then, by putting the quotient 
equal to nothing, we get 
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a reciprocal equation of the third form^ the resolution of which 
.¥rill give the values of «, 

201. If the equation be ««-|-l=0, n being still odd, we shall 
have merely to change the sign of x in the last §, as we shaD 
thus get — «"— 1 =0, or «» -h 1 =0. Hence, if we find, as in the 
last§, the roots of «»-l=:0, these (§ 178.) with their signs 
changed will be the roots of jr" + 1 =0. 

Exam, 4. Required the three cube roots of 1. This problem 
is the same as to resolve the equation «^=:1, or «"— 1 =0 ; and, 
n being 3, and one value of z being 1, the depressed equa- 
tion in § 173. becomes g^-hg+l =0; the roots of which are 
^—14-^113) and ^— I—aZ-S). These, therefore, and 
1 are the three required roots. It follows, also, from the last §, 
that the three cube roots of —1 are —1, ^{1— V— 3), and 

The cube roots of any other number +a, or a x +1, will be 
found (§ 98.) by multiplying the arithmetical cube root of a, 
into the three cube roots of 1 or -^ 1, as the case may be. Thus, the 

cube roots of 125 are 5, f (— 1 H- a/^^), and f(— 1— V— 3) ; 

and the cube roots of —27 are —3, f(l — a/— 3), and 

202. If the equation be a?"— 1 =0, and n even, we shall have 
the square root of «* equal to 1 or —1. Thus, if «®— 1=0, we 
get af^=l, and «3— _ 1 . a^ji therefore the six roots of «^=1 
are the same as the roots of «^=1 and 5f^= — 1, taken together. 

203. If the equation be «f«-|- 1 =0, with n even, the roots will 
be obtained by resolving it directly as a reciprocal equation ; and 
it is plain that all the roots will be imaginary, as — 1 has no 
real even root. If, for instance, we have «^+l = 0, we get 
j8f^+2f~2=:0; which, by taking z-\-z'^:=iV, becomes v^ — 2=0; 
whence ©= + ^2. Hence, z ^ z"^ =• ± ^/^ \ whence, by re- 
solving the equation, we get af=^(+ / 2+ >/ -2) ; an expres- 
sion which contains the four fourth roots of —1.* 

Exerciaes, Find the roots of the following equations. 

1. 34?< + 2^-34j?2-|,2j?+S=0. 

Ann. x^S^^, and a7= — 2+ v^3. 

* Those who wish for further information regarding binomial equations, 
may have recourse to Gauss's Disquisitionea ArithmeticcB ; Legendre, 
' Thiorite des Nombrtt ; and Lagrange, Resolution da Equations Nvmi- 
riques. The trigonometrical resolution of such equittions will be found in 
the Author's Treatise on the Difftrential cmdlniegral Calculus, Section XV. 
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2. 2j?»— ar*— 4^-4^2 -ar 4.2=0. 

Am, a:= — 1, x=2*^, and ar=|{— 1± v^^^^- 

^?w. ar= ± 1, ar=4*^ and a?=^— 1 + V—6S). 

4. 8ar»4-l6ar«-l25:p« + 125ar^- 16x2-8=0. 

^rw. x = ±l, and ar=J.{5^1+ >n/C25(>^1)2- 16]}.^ 

5. Find all the fifth roots of 1024. 

Ans. 4, and - 1 ± V5 ± >v/(±2 V^5 -10), 

6. Resolve the equation x* + l =0. -4rw. (i± v^2+->/— 2)v 



CHAPTER XI. 

JNDETBBIONATB CCHBFFIOIENTS AND THE BINOHIAL TH£0RE3r. 



204. The method of indeterminate coefficients is of much use 
in various investigations. . The general principle of this method 
consists in the assuming of unknown coefficients for the required 
quantity : then^ hy findings aceording to the natiure of the in« 
vestigation^ two series or expressions of the same form^ which 
are to he identical^ we render them so hy taking their correspond- 
ing terms^ or the coefficients of those terms^ equal ; and we thus 
obtain a series of equations^ which give the values of the assumed 
coefficients. As a simple example^ let it be required to divide a 
by 1 -|-2j?+a:2, according to this method^ taking, for simplicity^ 
1 as the leading term of the divisor. By carrying out thQ 
division in the ordinary way, so as to get two or three terms of 
the quotient, and considering the relations of those terms, we 
should see tl^at the first term would not contain x, while the 
other terms would contain its successive powers, with coefficients 
independent of that quantity. Let us assume, therefore^ 

i-T^^^-T =Ao4-Aiar+A2J?2+A3^+ . . -f A^+&c» . . (1.); 
where Aq, Ai, . . . ., A„ are the coefficients which are to be de- 

* The six roots comprehended in this expression will be found by em- 
ploying all the cube roots of 1 found in Exam. 4. p. 199. Two of the 

roots so found will be 2 ^ i. The rest are imaginary. 
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terxnined. Now^ if the two members be multiplied by the same 
quantity the products must be equaL Let them be multiplied 
by 1 +2^+^^ so ^ to obtain quantities free of fractions^ and we 
shall get 



d=A 



0+ A, 

+2Ao 



ar-h Aa 
+2Ai 
+ Ao 



A 

+ 2A 



«^-|- -3 



a:*+&c. 

+ &C 

+&C 



;l.(2.)^ 



ar«+..+ A. 

"i" Aji 4* • • *r A„.« 
Now^ whatever may be the value of ^, the members of this equa- 
tion will be rendered the same^ if K^^^a, and if the coefficients 
of the several powers of x be taken equal to O.f Since therefore 
AQ=a> by taking the next coefficient we get A^ +'2Ao=t}^ or 
Ai+2a=0; whence Ai = — 2a. In like manner we have 
A2-f-2Ai+Ao=0, or Aj— 4a4-a=sO; and therefore A^^-Sai 
and from fiie next coefficient we should find A3= — 4aj and thus 
we might proceed^ as far as we please. From the general term 
we get A»=— 2A,_i— A^^: and hence it appears, that each 
coefficient after the first is found from the two immediately pre- 
ceding it, by adding the first of them to twice the second, and 
.changing the sign pi the stun. By introducing the values thus 
found in (1.), we get for the required quotient^ tf— 2ar + 3aa:2 
— 4<Lr^+&c. ; the same that would be found by division. 

As another example, let it be reqtdred to find the square root 
of a^+^ byfthe method of indeterminate coefficients. 

Here we assume >v/(o^-t-^)=Ao+Aia7+A2a7^-f-A3a:^+&c. : 
and by squaring, both members, so as to get quantities of the 
same fbrm^ we obtain 



o«-f-ar==:Ao^+2AoAia: + 2AoA2 

+ Ai^ 



a:« + 2AoA3 



ar3-}-&c. 



Hence, by putting the corresponding coefficients equal, we get 



. * To show the identity of form, the first member of this may be 
written a + Oar + Oar* + &c. . . 

f It is besides otdy in this way, that the members can be made univer- 
sally equaL For if a be transposed to the second member, we shall have 
an equation of the form, AI, + A'.ar+ Ajar«+ &c. esO: and, by the na- 
ture of equations, if Ag, Aj, &c., ao not each become 0, but have finite 
values, the equation wiU be satisfied only when x is taken equal to a root 
of the equatioii, and not when it is of any value whatever. 

It is plain from what we have thus seen, that if there be two series, 
A(^+ A,ar + &c., and Bq+ Bjjr + &c., which are equal for all values of ar, 
we must have A^^Bq, Ai = Bi, &c. For, by putting the two series 
equal, and by transposition, we get Aq — B^ + ( A , — B , )ar + &c. ■■ ; which 
cannot be true universally^ unless Aq^Bq, Ai^^Bj, &o. 

K 5 
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Ao*=oa, 2AoAi = l. 2AoAj+Ai2=0, 2AoA3+2AiA,= 0, &c. 
The first of these gives A^^za; and by subetitutiiig this in the 

1 

second^ transposing^ and dividing by 2a, we find A|== — • By 

substituting these values in like manner in the tlurd, we readily 
find A] = ^^-7-3 ; while the next would give^ in a similar way> 

1 13 

Aa = , - ^ ■ K =::r-rzy-n ' ^d thus we might proceed withoat 

Umit Substituting these values, therefore, in the assumed equa- 
tion, we get 

The native value of v^(a^+4f) would be found by changing 
the sign of a in every term, or, which is the same, by changing 
the signs of all the terms of the series. 

Exercises, Develope the following quantities by means of in- 
determinate coefilcients; 



1— ar-f a;^ 

(l-f4?)(l— x3+^— ^+ &c.) 



1. ; ; — 5. Ans* 1 +*— x^— ^-f«*+*'^— **— &c. : or. 



2. r 5 ;. Ans. 1— «+^— «®-)-d?*— i^+ &c. ; or, 

(1— J?)(l+^ + «® + a?J2-|-&C.) 

« ,/. ox . , «« a:* 1.3ar« 1.3.5^8 ^ 

3. VCl+x^). ^n.. i4.--_+^-^-^g-^+&c. 

205. The object of the binamUil theorem is to determine any 
power of a binomial. To facilitate the process for establishing 
this important theorem, we 

may examine the form of 1 + J» i^: + ^i^r^ 4- r jX* + &c. 
certain expressions that 1 +P2*+92*^"i"''2**+ &c. 
will occur in its investiga- 
tion. In the first place, 
then, by taking the product 
of the two polynomials in 
the margin, which contain 

the successive integral l + (Pi+|»2)*+^2*^ + ®3^+^c» 
powers of ar, we find that 



l+i>l 


^+9i 


*Hri 


ar^-j- &c. 


+P2 


+P1P2 


+i>2^1 


+ &c. 


+ ^2 


4Pi?2 


+ &C. 


+ ^2 


H- &C. 



the product ifi of the form 1 +(Pi4-P2)^+®2^^ + ®3*'+ &c., 
the coefficient of x being the sum of its coefficients in the pro-^ 
posed factors ; and the oti^er coefficients^ which for brevity are de- 
noted by B2, B^ &c,y being quantities independent of x. Were 
^e to multiply this product by another similar polynomial 
^41^3^+93^^+ ^c., we should find; in like manner^ diat the 
form of the product would be 

1 + (Pi -^Pn + P8> + Cjjx^ + Caar* + &c., 
the coefficient of x being P1+P2+P39 &iid the other coefficients 
^2) C^i &c.; being independent of x: and by multiplying by other 
like polynomials^ we should find from the mode in which the suc- 
cessive products are generated^ that the first term must always be 
1 ; that the second must be x with a coefficient which is equal to 
the sum of the coefficients of op in the various factors ; and that 
the remaining terms would be x^, 3^, &c.; with coefficients in-* 
dependent of ;r ; so that the product would be of the form^ 

A2*> As^ &c.; depending only on the coefficients p^^ q^^ 

206. If the polynomial factors have all the same coefficients^ 
Pv 9i> ^^'9 ^^^ ^ ^^^ number be n> we shall evidently have 

(1 +Pi« + gi«^+ &c.)«=l +npiar+A2ar2+A3a:3+ &c. : 
and hence it ^appears^ that^ n being a whole positive number^ the 
first term of the »th power of the polynomial^ l+Pia?+5'i^^-h 
&cc.y is 1^ and the second np^x ; and that the remaining terms 
consist of the several succeeding powers of x, with coefficients 
which depend only on Pi, q^ &c.; and on n the index of the 
power. 

207. Hence, we infer conversely, that the nth root of a poly- 
nomial of the form, l+Pi«+P2*^+P3*^+^c., is of the form, 

14-— ;F+A2«^+A3ar3+&c. ; since, by the last §, the nth 
n 

power of this quantity will have its first and second terms the 

same as those of l-fPi*-l-P2*^+ ^*^'^ *^^ ^^ ^*^^ ^^ other 
terms of the form P2^^> P3^> &c. In the nth root, also, of the 
polynomial, 1 + p^x + p^ -f &c,, x cannot occur with either 
a fractional or a negative index ; as it would be seen by multipli- 

* In what follows, A,, Bg, &c.} are taken in the sense here explained, 
that is, as merdy denoting quantities independent of or, without regard to 
what, in each particular instance, 'the values of those quantities may be. 

k6 
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cation^ that any power of a quantity such as 1 -|-pii+px7-f &c.^ 
would necessarily contain terms having fractional indices; and 
that, in like manner, a power of 1 +Pi^+p«~^-|- &c., would 
have terms with negative indices. 

208. If in § 206,, in which it will be recollected n is a whole 
positive numher, pj be taken equal to 1, and qi, r^, &c.^ each 
equal to 0, we rfiall have (l-fa:)*«=l-f-na:H-A2ar*4-A3a:^-|-&c., 
where A 2^ A3, &c., are stOl independent of x, whatever change 
iSieir values may have undergone* 

If n be a positive fraction, havkig p for numerator and q for 
denominator, (1 +ar)" will then he the 9th root of (1 + a:) p. But» 
by what we have just seen, (!-!-«)'*= l+|>a:+ A,** 4- A^ar^ 4- 

f It 

&c., and by the last §, we shall have (1 +a:)i'=l +-«+ Ajor*^ 

A3:r^+ &c. ; so that here also the coefficient of the second 
term is the index of the power, and the coefficients of the succeed- 
ing terms are independent of a:. • - 
Lastly, if n be negative, we have 

^ ^ ^ (l+ar)» H-na:+A2x24-A3ar»+ &c. 

or, by actual division (l+x)-^=:l—nx+A2x^-\-A^x^-{' &c 
Hence, we see, that whether the index n is whole or fractional, 
positive or negative, the first term of th6 devdopement of (1 -f-a:)" 
is 1, and the second nx ; and that the remaining terms are or^, x^y 
&c., with coefficients, Aj^ A3, &c., which are independent of x. 

at 

209. If we change x into -, the developement which we have 

Cw 

found will become 

x\* ^ . X . x^ * ar^ « 
l+-j =l+n-+Aj^+A,-i+&cj 

or, (§ 98.) by multiplying by </*, 

(a-}-a7)"=o'»-f-wa""^^'f A2a"-2a72^A3a"-»^ + &c. 

210. All that now remains to be done for establishing the 
binomial theorem, is to determine the coefficients A 2* A3, &c*, 
in the developement just found. To effect this, let a be changed 
in that developement into 1, and x into y-\-% or x-^-y; and, 
again, in the same, let a be changed into 1 + y, and x into z : 
then, since the coefficients are independent of Xy they wiU un- 
dergo no change, and we shall have the two following expres- 
sions: * ' 
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l + «(«+y)+A2(i»+y)2+A3()jf+y)3+&c (1.)/ 

and (1 ty+«)" = (1 +y)" + w(l +y)""*« + A^CI +y)«-2j»2 

+A3(1 +y)--»af3+&c. (2.) 

Now^ the second members of these equations are identical^ as 
they are merely different forms of the same expansion; and 
therefore (§ 204.) the coefficients of like combinations of j^ and z 
contained in them will be equaL The first and second terms 
of the binomials contained in these members can be found by 
means of § 208. and § 209. Thus^ ^n (!•) the first and se-- 
cond terms of (af+y)^, (^+y)^ • • • •> («+y)"^ are st^'^9,«yy 
«^-\-3i9^y, . , ., af^+naf^^y; while, in the second^ the like terms 
of (H-y)», (i+y)»-i, &c., are 1+ny, H-(n-l)y, &c. It 
is only, however, the second terms, those containing y, which 
it is necessary to consider for our present purpose ; and taking 
6nlv those terms, we readily get from (1.) the first, and from 
(2.) the second, of the following lines : 

ny, 2A2«y, SA^z^y, 4fX^z^y, &c. 

«y, n(n— l)«y, AaCn— 2)af2y, A3(n— S)«3y, &c. 
Hence (§ 204.) we have 

n=», 2A2=n(n--l), SA3=A2(i»-2), 4A4=A8(n— 3), &c. 

The second of these gives A2 = ^ ; and substituting 

this value of A 2 in the third, and dividing by 3, we get 

Aa=-^^ — r—x -» In a similar manner, we should find 

1.2.3 

. n(n-l)(n-2 )(7i~3) , 
^^=-^ 1:2:3:4 -> ^^ ^ ^"- 

Substituting, therefore, these values of Aj, A3, &c, in the de- 
velopement in § 209., we get 

^ ^ '1.2 ^ 1.2.3 

4-&C. 

which is the required formula for the developement of any power 
of a binomial.* 

* It is easy to see that the general tenn, T, is 
._^(«-l)(n-2) ... {— (r-2)}^^.),^.. ,^ J^ tl«t T,- 

i*£.3 * • • • \T ^ 1 ^ 
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SIl. By dividing each of the temiB of the foregoing develope- 
Qient after the first by the term immediately preceding it, we get 

•»"> i(»*"-^)-* K'*^2)~> ^^i ^^ therefore, conversdy, if Ae 

first term be multiplied by the first of these quotients, the pro^ 
duct will be the second ; if the second be multiplied by the next 



1 



T^i * ^^. ^^ - « whence it follows that the rth term will be derived fion 

n— fr— 3) X 
the one immediately preeeding it by multiplying by . 

It is farther evident, that when » is a whole positive number, the de- 
velopement, as we should expect from multiplication, will always tennis 
nate, having a finite number of terms ; as in some one of tlie ooefficients, 
the factor n— n will arise, and thus the term in which that fiustor oecurs 
will vanish, as will also all that follow it, and the number of terms will 
be » + !• In every other case, the developement will be an infinite series; 
as when n is either fractional or negative, none of the factors n, n— 1, 
n—2, &c. , can become nothing. Thus, (a ^ x)* will have eight terms and 

no more ; but the developements of (a + x)*, and (a + «)-* will each con- 
sist of an infinite number of terms. 

It is easy to show also, that when n is a whole number, the coefficients 
of terms in the developement of (a + x)* equally distant from the first and 
last are equal ; and therefore, when the coeflScients have been computed 
up to the middle of the developement, the remaining ones will be had by 
taking these in a reversed order ; and it is plain, that when n is even, 
there will be a middle term difieringin its coefficient troia all the others. 

If a and x be taken each si, we shall have (1 + 1)*, or 2*^1 +ii 

. + ~r^— + -^ — V^ "•" *®* ^^ *^^* *^® second member is the 

. sum of the coefficients of the binomial ; and therefore, to find their sum, 
' we have simply to raise 2 to the nth power. Thus, in Exam. 1. the sum 
of the coefficients 1,6, 15, &c., is 2^ or 64 ; and the same would be ob- 
tained by their actual addition. In like manner, in the expansion of 

(a + x)% the sum of the coefficients will be 2^ or 2^/2, the sum of the 
positive coefficients exceeding that of the negative by that amount. 

If, airain, a be taken n 1, and Ar« — 1, we shall have 0*8a 1 ^n + ^*'" . r 

1.2 

"■ "^ — T'^ "*" ^^' » *"*^ ^^^^ *he second member consists of the 

1.2.3 

coefficients of (a—x)*, it follows that the sum of these is 0*, an expression 
which is nothing, when n is positive, and infinite when it is negative. If 
nssO, the value of 0" is indeterminate, unless we know that both the bino- 
mial and the index vanish simultaneously by giving a certain value to 
quantity common to both. Thus, if in the expression (1 ^or)'^"', we takt 
a: SB 1, we get 0®, which can be shown, to be » 1. 
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qnotient^ lihe product will be the third term^ and so on. Hence, 
if the terms be called T^^ T2> T^ &c. the formula majr be written 
thus : 

(«+:r)-=«-+„T,^+'^T,^+^T,^+&C ; 

a form which is convenient in practice. 

212. If a = 1, the two forms become 

/, . \ < . . »(n— 1) o . w(n— l)(n— 2) « ^ 
{l-^xy=l+nx+ ^^^^ ^ x^+ ^ ^£ ^ ^ ^a:3-|-&c.; and 

Exam. 1. Required the sixth power of a+ar. 

Here we have n:=6y and consequently the first term is o^. 
The quantities, n, K^— 1), &c, are 6, f, $, f, f, ^, 0, &c. 
Then, according to § 211., by multiplying the first term by the 
first of these, and by multiplying the product by x aild dividing 
by a, we find the second term to be 6a^x, From this, again,, by 
multiplying by f and x, and by dividing by a, we get 1 5a^x^^ 
which is the diird term. The other terms are obtained similarly ; 
and we find 

Exam. 2. Required the cube root of the fourth power of a+;r^ 

This is the same as to find, in a series, the power of a+x, 
whose index is ^. Now, in cases like the present, in which the 
indices are fractional, the multipliers, ^n~l), ^n— 2), &c., 

will take a more convenient form, if we change n into - , as they 

will then become respectively ^-—9 ^ , — , — ?, A'c. In 

*^ ^ ^q* Sq ' 4iq ' 

the present instance, in which p = 4, and 9 = S, we readily find 

those multipliers to be ^, — |^, —^, "^^f ^c. ; where the law 

of continuation is manifest, the numerators and denominators 

after the second quantity being increased in absolute magnitude 

from term to term by 3. Then, by employing the formula in 

§ 211., we get 

rr.i\^ 1 1 * 4 . *•! *^ 4,.1.2 x^ . 4.1.2.5 ar* . 
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the quantities having n^ative indices heing carried to tlie de- 
nominators. 

Exam. 3. Required the developement of 

The work in this example will perhaps be most easily e£fected 

by expanding (a-hx)~« ; and then, in the result, changing a into 
«*, and X into —a:*, and, finally, by multiplying by a\ Now, 
since n=^f, we shall find^ by taldng, as in the last example, 
jj=— 3, and 9 =4, that die multipliers, K**""^)» K^""^)^ ^^• 
are —J, — ^, —If, — i^, &c.: and hence, by §.211., we shall 

have (a+xH==a-^-|tf-J*+f^a-Va:2-?:I:^ We 

have next to change a into o^, and x into — x*. Now, we saw 
in § 25.f that (a:*»y»=:aB«» ; and hence the first term of the fore- 
going developement will become (a*)~^, or ar\ In like manner, 

a~* in the next term will be changed into (a*)~*, or a~^ ; and 
the other powers of a will be modified in a similar manner. 
Again, by changing x into -:r«, in the second term, we shall 
render that term positive ; while the like change in the next term 
will simply make x^ become a:^. By the same substitution in the 
next term, we shall change the sign, and instead of ar^, we shall 
have x^^. In a similar way, the corresponding changes in the 

other terms will be made witiiout difficulty ; and we shall have . 

> 

Lastly, by multiplying the result^ last obtained by a^, and by 
taking tlie quantities widi negative indices to the denominators, 
we get for the required developement, 

g^ _ Sx^ S^ S^UUx^ 8.7.11 -Igar^g 

(a^-^)i " 4o4+ 4.8a8"^4.8.12ai2'*"4.8.12.l6ai«'^^^ 

Exercises, Expand the following quantities by means of the 
binomial theorem. 

1. (a+ar)«. Am. a^-\'5a^X'\-l0o?x'^'\'\0c?x^-^ 5aX^^x^. 

2. (o2— af2)«. ^»*. oi0-.5o8a?2 + l0o6ar4-10a4ar6H-5a2««— *w» 
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' i 1.x iV «r^ 

o-t'^ a a^ a^ q* 

(a + or^^ a-* o^ o* a* 

,^ fl^ . 2:r8 , 2.5a^ , 2.5.8*9 ^ 

10. s. Ana, a'\'~^r-h 4- Tny-^ + -^rr? — s^ + &C. 
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21 3. Am expression of the fonn Ui^ — 1 where 

* 04+&C., 

a I, 02^ &c.^ are integers^ is called a continued fraction. The nu- 
merators are not necessarily each equal to unity^ as here ; but in 
general it is only fractions such as the one here exhibited^ that 
aire of use. For understanding the nature and origin of such 
expressions^ let us consider^ as a simple numerical example^ the 



210 

fractioD HH- B j dWidiiig the nnmentor bj die denominator, 
tveget 2+-^V' If die nomemtor and denominator of the firae* 

tioDal part of diis be divided bj 481^ there resnlta -^-rjY5» ^ 



aa it may be written 7+l.|^ ; u>d eonseqnently we ha^e the pio- 

poaed ftactioa ssS+i+lXfr- Again, bj dividing die terms of the 

laat fifaction by 115, we find |^=-} -, «i . By a similar pro- 

eem we truiafonn -f^ into l^io and ^ mto ?+^^ - and here 

the proccfli tenninates, aa, the numerator of the Uttt fraction beii^ 
I, no change would be produced by dividing by it. Hence, by 
fttccessive rabetitudons, we get 3^=2+.^*^ =^+iijjf 

214. By considering the first of the for^;oing expressions, we 
find that die given fraction is greater dian 2 and less than 3 : 
and therefore 2 may be considered a first approximation to its 
value. In die next expression, the denominator S+^r ^7^S 
between 8 and 4, the value of fHi ™^^ ^^ between 2+^ aud 
2+^: and therefore 2+i or ^, the second expression without 
the fraction ^^, is a second approximation to the value of the 
proposed fraction. The third expression shows that die deno- 
minator which, in the last approximation, we took as 3, lies be- 
tween 3+^ and 3 -f -J- : and therefore for another approximation, 
we shall have 2+ ^j, or 2 + 7%, or finally ff. By using the 
next fraction ^, and after that ^, we should have a fourth and a 
fifth approximation ; and lasdy, by employing -^, we should get 
\lll, the original fraction. 

215. By reviewing die process in § 213. we shall find it to be 
exacdy the same as tibat which is employed (§81. and Arithmetic, 
p. 81.) in determining the greatest common measure of the nu- 
merator and denominator. Thus, we divide 3597 by 1558, and 
find for remainder 481. We then divide 1558 by 481 ; and 
481 by 115, the next remainder : and dius we proceed till there 
is no remainder. Then die quotients after the first are the de- 
nominators of the several fractions in the continued one. 

This process, by following out the same principles that were 
employed in § 213., may be generalised in the following manner. 
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Here, a^ is put to denote the quotient^ and fj the remainder 
obtained in dividing phy q; and it is plain^ that if p be less than 
4/, a I will be = 0. Tlren a^ is assumed to denote the quotient^ 
and r^ the remainder, obtained by dividing qhy r^l while a^ and 
7*3 are obtained by dividing r j by r^ : and thus we may proceed 
till we have no remainder^ or till we have got a sufficient number 
of terms. This process gives a result exactly of the form men- 
tioned in § 9,IS., and it is evidently the same as that which is 
employed in finding the greatest common measure of p and q, the 
numerator and denominator of the original fraction, each divisor 
being divided by the succeeding remainder. It is plain also, that 
when p and q are integers, there will at length be pbtained a 
quotient without remainder, since each remainder is an integer, 
and is less than the one preceding it 

21 6. From the views which we have had, we can readily find 
the simple fractions approximating to the value of a continued 
one. Thus, let the fraction be 

3^04 H-&C.; 

and let p^ and q^ be the numerator and denominator of the first 
approximate fraction ; p^ and q^ those of the second, &c Then 

^=:ai = rrj so that Oi=ai and 9i:=:l : and 
^1 1 ^1 1 ai 

— -— ui -f — — — • 

?2 ^2 ^2 "2 

To get the next approxiipate value^ we have merely to change 

a^ into 02+~'> ^' ^%'^^z^^ ^ ^'^ l*st : then, 

P3^i <^2'f--t4-«ig8""^ , 

whence, by multiplying the numerator and denominator by a^ 
and then substituting pj, 9^, p^^ and q^ for their equals a^, 1, 
fljOj -f 1, and a^ we get 

Pz _ (glg2+l)« 3 +^l ^ P2H+P \ 
93 «2<'3+l ?2<'3 + 9l* 
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To find the next approximate value, we must change^ in the last, 
03 into 03+04'^. Then by multiplying by a^, and substituting 
/>3 and ^3 for p^^-^-Pi, and 7303 +?i, we get 

Pi^P ^z H-Pi 4- Pa^r^ ^( Paqa -^i>i)g4 -^ P2 ^ P^4 +P9 

In a similar manner^ we should find ^=^i — E^ . imj ^ 
general Elz=.Er=lJLZEr=3^ Hence the law of formation of the 

9t 9r-lf^r'b9r^2 

several approximate fractions is obvious, and may be thus ex- 
hibited : 

^\> Pl02+1> P^Z-^PU P^A-^P^ ;'4«6+PsJ &C. 
1, a^ 9^Z-\'9\y ?3«4 + 92> 94«6 + ?3> &c. 

Here the quotients, aj, Oj^ &c.^ are written in succession^ and 
below them are placed^ in one line^ the values of p^^ p^ &c., and^ 
in another^ those of 91^ q2, &c. Then, by what we have seen^ 
the values under a^ are found by multiplying those under a^ 
(jP2 and 92) hy a^, and to the products adding the corresponding 
values (pi and qi) under a^. In exactly the same manner the 
values under a^ are derived from those under a^ and Og ; and 
universally each pair of values^ except those unda: a^ and u^, are 
•obtained by multiplying those last found by the corresponding 
quotient, and adding severally to the results the two preceding 
values. The values under a^ are a^ and 1 ; and those under a^ 
are found from the last by multiplying by 02, and adding 1 to 
the first products 

To exemplify this, let us resume the continued fraction which 
we obtained in § 213. In it a^^ a^s &c., were 2, S, 4^ 5, 2, and 
10; and the operation for find- 004, « a -trx 
ing the successive approximate > > y » > » 

values, or converging fractions f, J, ^, ^, ^, ff^ 
as they have also been called^ 

will be as in the margin. The first fraction is the first quotient 
with 1 as denominator. To find the second, we multiply the 
terms of the first by the next quotient 3, adding 1 in the nume- 
rator, and the result is ^. We then multiply the 7 and the 3 by 
the next quotient 4, adding to the products 2 and 1, the terms 
of the preceding fraction. The rest of the fractions are found 
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similarly^ and the last of them is HH, the original fraction in 
§ 213. 

217. If the first of two consecutive converging fractions he 
taken «from the second, the numerator of the remainder is 1^ 
or —1. To prove this, letp and p' he the numerators, and q and 
q^ the denominators, of Uie two fractions, and let a, be the 
next quotient. Then, forming the next converging fraction in 
the manner shown in § 216., we shall have the three suc- 
cessive fractions — , ?;, and ^,— — -. Now, if the second of these- 

q q q<ir+q 

be taken from the first, and the third from the second, according^ 

. « pq^ — p^q t p^q — p^ 

to S 87., the remamders are -^ — -. — , and ^/, . : , jthe nume« 

^ qq^ qiq^r-^-q) 

rators being the same, but with contrary signs : and, since the 
fractions that we have employed are any three consecutive ones 
whatever, it follows that in any number of consecutive fractions, 
if the second be taken from the first, the third from the second, 
the fourth from tlie third, &c., the numerators of the differences 
will be the same in magnitude, but alternately positive and 
negative. To find what these numerators are, we have only to 
take the difference of any two successive ones in those found 
in the last §. By subtracting, therefore, the second from the 

first, we fleet — ^-^ = : and the numerator of this dif- 

ference being —1, it follows from what we have seen that the 
next difiRerenoe wUl have 1 as numerator, the next to that —1, 
&c. This may be illustrated in numbers by taking, in the last 
example, ^ from f , ^ from ^^ or, in general, any of the con- 
verging fractions firom the one immediately preceding it. 

1218. It is an important property of the converging fractions, 
that any two consecutive ones, except the last two, when the 
fraction terminates, are one of them greater and the other lest 
than the value of tlie continued fraction from which they 
arise. To prove this, let the value of the continued fraction be 
denoted by a?, and let the successive fractions *be as in the last §. 

Then, if we take a to denote o^ + - , p the part of th^ con- 

tinned fraction commencing with a^, we shall get the exact yalup 
of the whole continued fraction by changing a, into a in theihim 
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fraction : that ii. we shall haye s=i—, — .— . By subtractinir firam 
this, BacoeanTelyy - and ^^ we get, after easy modifications^ x— - 

these have evidently opposite signs ; and therefore^ if a: be greater 
than the one fraction pq"^, it must be less than the other j^V^ 
«nd if it be less than the former, it must be greater than the latter: 
and if we consider the first and second terms a^ and a^ -k-a^^ in 
f 215.y we shall see that » is greater than a^ by what follows that 
fraction ; but that it ia less dian the second^ because the deno> 
minator ag is too small by what follows it^ and the denominator 
being too small the fraction is too great Hence » is greater than 
the first of the converging fractions^ and less than the second ; 
and being less than the second it must, by what we have seen^ be 
greater than the thirds and so on. It thus appears, that, with 
the exception of the last, when the fraction is finite, the con- 
verging fractions occupying the first place^ the third, the fifth, 
&c., are too small in value, and that the others are too great. 
Thus, in the foregoing example^ % ^, and -f^ are too small, 
and ^ and ^^ too great 

219* By considering the differences obtained in the last §, be- 
tween X and two consecutive converging fractions, we find that 
the latter fraction differs less from x than the former one does ; 

since, of the multipliers, - and -^ , in which alone^ exclusive of 

their signs, they differ, the latter is less than the former, botb be« 
cause ^ is greater than q, and 1 less than a, as is plain from eon* 
sidering the nature and formation of the successive fraetions. 
Hence we arrive at the important conclusion, tbat each converg* 
ing fraction is nearer the value of the continued fraction, than liie 
preceding converging one ; and hence it is, that these fractions an 
so called. 

220. We saw in § 217* that the difference of any two consecu* 

tive converging fractions, - and ^9 ^b •-> : and, by the last §, this 

is greater than the difference between either of these fractions and 
tile continued one. Hence, if we take any converging fraction at 
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the value of the continued one^ the error will be less than 1 divided 
by the product of the denominator of that converging fraction into 
the denominator of the one after it : and thus we have a simple 
and convenient mode of estimating the degree of approximation 
attained at any particular step in the process. 

P P^ p'^ 

2S1. Let -, — >» and —7 be three fractions, of which the first 

and second are successive converging ones. Then^ by § 217* and 

- - . , pp'+l * P p^^ pq'^ — P^^Q 

oy subtraction, we have -— ^=:^~ , and - — -?> = < ,, \ 

^ q ? 99 q 9 99 

Now, the numerator of the second of these differences being evi- 
dently a whole number^ cannot be less in absolute value than 1, 
the numerator of the first, and its denominator will be less than 
qxfy the denominator of the other, if q' be less than <{, When- 
ever, therefore, qf^ is less than q\ the last of the three fractions 
will differ more from the first than the second will ; and will con- 
sequently be farther from the value of the continued fraction than 
the second differs from it, since (§ 218.) F lies between the first 
and second. 

^22. The principles that have been established regarding con* 
tinned fractions, enable us to approximate to the ratios of num- ' 
bers that are inconveniently large, and of which in consequence 
the mind feels difficulty in estimating the comparative magnitudes* 
Thus, if the fraction |gg^^ be proposed, its terms are so large, 
that we have a very inadequate idea of its magnitude. Let us, 
therefore, convert it (§ 215.) into a continued fraction ; or, what 
is sufficient, let us determine the several denominators of the frac" 
tions forming the continued one. To do this, we divide the nu-^ 
locator by the denominator, which gives nothing for the first 
quotient. We then divide the denominator by the numerator ;. 
tiie numerator by 16403, the remainder ; this remainder by 7814, 
the nest remainder ; and so on, as in finding the greatest common 
measure. By going through with the full work, we find the quo- 
tientg to be 0, 1, 1, 2, 10, 12, 9, and 7. Then (§ 2l6.) the, 
process for finding the converging fractions will be as follows : . 

1, 1, 2, 10, 12, 9, 7. 

£. i 1 3. 8L 375 3406 24317 

From these, omitting the first three expressions, as being evidently 
far from the truth, we see that the value of the proposed fraction 
is nearly f, more nearly |^ more nearly still fl^ and still much 
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more nearly j|{j ; while^ as it ought to be^ the last firactum is 
the same as die proposed one. 

As to the degree of approximation, ^ must differ (§ 220.) firom 
the truth by less than -g-^, 260 being the product of the denomi- 
nators 5 and 52 ; and ^ must be in error by less than 7777^, 
32708 being the product of 52 and 629. The limit of the error 
with regard to the next two fractions would be found in a simiiir 
way. 

223. As another example^ let it be required to find fractions 
approximating to the ratio of the circumfermoe of a cirde to 
its diameter^ which {Diff. and Int. Calc,, p. 41.) is greater than 

Uiig8i88Sg »nd 1«» ^^^ nnnnm By employing, with 
regard to these two fractions^ the usual process for getting the 
greatest common measure we find^ that they both give the first 
seven quotients, 3, 7^ 15, 1, 292, 1, 1, the same ; while the others 
would be different, and are therefore not to be used. Then the 
converging fractions are found in the following manner : * 

3, 7, 15, 1, 292, 1, 1, 

3 99 333 Sflff 103993 104348 908341 

T» T> Tirff^ Trar» T^mr* 33215 > 9 e 3 1 7 • 

224. As a third example, let it be required to express the 
square root of 13 by a continued fraction^ and to find the or- 
dinary fractions converging its value. 

Here the square root of 13 being between 3 and 4, we get 
equation (1.), where x^ must plainly be greater than 1. From 
this, by transposing 3 and taking the reciprocals, we get the first 
equality in line (2.). The next expression in that line is got by 

* Two of these, f and ^, are more useful in practice than the others. 
The first was discovered by Archimedes ; and, on account of the smallness' 
of its terms, it is convenient in practice. It is deficient in accuracy, how- 
ever, giving the circumference too great by rather more than 1, when the 
diameter is 800. The second was given by Metius, a Dutch mathema- 
tician of the seventeenth century. This is an exceedingly close approx- 
imation, making the circumference too great by very little more than 1, 
when the diameter is 4,000,000 : and it is easily recollected, the numbers 
composing its denominator and numerator (113,355) being the first three 
odd nun^ers each taken twice. 

In the solution of this interesting question, Bonnycastle, Bourdon, and 
some other writers on algebra, have fidlen into error in not having taken 
two limits, and in having carried out the firaction no fiurther than 



In this^ way they obtain the converging fractions, f > ¥? fii> fff* ^Jf* |^« 
&c. ; only the first four of which are correct. Lagrange, ini his Additiout 
to Evler't Alydira, has given the solution with great fullness and accuracy, 
and has determined the first thirty-four converging fractions. 
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Vi3s=3-f -- a i ; :.....% (1.) 



«iW 



«2= 



■ s * ' 



*8=- 



«4= 



^K = 






4 

V13 + 1 
3 

V13+g 
3 

V13 + 1 

4 



=14-.. (3.) 



'3 



=l+-..(4.) 
^ (7.) 



«6= 



:=«i 



Theiefoie, 



"^^^H^ 



+*& 



multiplying the nu- 
merator and deno- 
minator of the pier 
ceding fraction by 
V^S-\-3, according 
to § 108, Then, 
^13^-1-3 being be- 
tween 6 and 7> we 
get the concluding 
expression by divid- 
ing by 4^ and x^ 
must also be greater 
than 1. 'T^e first 
equality in line (3.) 
is found by trans- 
posing 1 in the con- 
cluding part of (2.)^ 
and taking the re • 
eiprocals; and^ af- 
ter this, the urork 
throughout proceeds 
just as in line (2.). 
In line (7.) we get 

for fg the same value that in line (2.) we found for a^ ; and 
therefore it is unnecessary to proceed farther, as x>j, x^, &c. 
would plainly be the same as x^, w^ Sec Hence the continued 
fraction is perwdhy as the numbers 1, 1, 1, 1, 6> commencing 
in equation (2.) and ending in (6.), would evidently recur per- 
petually. The converging fractions are found as foUows, in the 
usual manner. 

3, 1, 1, 1, 1, 6, 1, 1, 1, &c. 

h h h y. V. w. w. w> m^ &c. 

225. In a manner exactly similar to that which was employe^ 
in the last §, the roots of quadratic equations may be expresised 
in continued fractions. Thus, if the equation 3a;3—3x— 1=0 
be proposed, we have (§151.) 

S+V21 . - ^21+8 , V21-.S 
jt=s ""^ ; that 18 a?= — ^ , anddr= — -x • 

The work for obtaining the continued fraction equivalent to 
the positive root is as follows* 

L 
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*l 



The finding of the native root proceeds In exactly the same 
manner^ except that yre have tit first jt = + — . The two 



contmued fractions are 1 +1^4*0., ^^4 "i+tcc, ^ exhihited ahove. 
The converging fractions would be found in the usual waj to 

^ h h h ii> *<?•* »°^ "h —h — 1^» &<^ 

226. Whenever the square root is to be takrai^ as in the last 

two examples^ the continued fraction iS periodic ; but the limits 

of the present publication do not admit the proof of this. It is 

easy to show^ that, conversely, any periodic contmued froctUm u 

one of the roots of a quadratic equation. As an example, let us 

take the fraction, ;ir=2 +7+ A the denominators 3 and 1 being 

continually repeated. By transposing 2, we find that x — 2 is the 
value of sii the periodical part. Annexing this, therefore, at the 
end of the first period, we get 

*-2=J+j^^^ or «-2=J+l.j 

^hen, the converging fractions will be found in the usual man- 
ner, as in the margin ; and as the deno- 
minators are finite in number, the last of 
these converging fractions is exact. Putting 0, 3, ar-r-l ; 
it, therefore, equal to a: — 2, multiplying by 1 ^'^l 
its denominator 3d7— 2., and transposing, we ^' Sar-:-2* 

get 347^ — 9a: + 5 = 0, the equation required. 

The other root of this equation would have for quotients 
0, 1, 2, 1, 3, 1, 3, 1, 3, &c. As the reduction of the continued 
fraction given by these to an equation is a little more difficult 
than that of the* foregoing, we may employ the following iQethod, 
which is applicable in all cases. 

Let ar=0+-}+^^. where y=l +J^l 
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M would be erident by carrying the fraction out for a few terms. 
Then^ by the usual process^ as in the margin^ n i o 

2t/4-l 4fV-j-l O^ 1^ 58, y; 

we find ^=-.^, and y=-^. Lastly, by ^ , , ^y^l 

finding the value of y in terms of a? in the first ^/* 

of these, and substituting it in the second, we- ' ' ±\-\ 

get, after some reductions, Sx^--Qx-\-5^^0, i, ±^ -^"^ . 

as before. 3y+l 

Exercises, Find the successive quotients, and the converging 
fractions, belonging to the following quantities. 

Given. ' Quotients. Converging Fractions. 

1. 11^. Am. a 2, 1, 2, 1, 87. i, i, I, -A- 

».m- ■ «> 22* i» *» 2. f II, ^, m- 

8 «J3T '<t7T9i.'(l9 4S»45 78 3t3 

• TTSTr" "> '» '• *» •» 'j *J ■*• T* T » 7» 7T> T5T> 

183T 19»0 

4. Iff. 1, 1, 1, 1, 1, 1, 2, 2, 2. 1,^, t, |» I, V. ^> 



5. v'2. 1, 2, 2, 2, &c. |, f , {, ^, $^, If, 

<). v'28. 5, 8', 2, S, IC, &«.• f V, V, W» Wr% 

&c. 
T. ^45. «, 1' 2, 2, 2, 1, 12', &c f , i, ^, V. W. W > 

8. v'52. 7. 4', 1. 2, 1, 4, W, &o. {, V, V. W» W. 

9. V5»- 7, 3', 1, 1, S, 14', &c f, V. ^. V. W. 

10. Find ilie fractions converging to the ratio of one day 
(86400 seconds) to 5 hours 48 min. 49 sec. (20929 seconds)^ the 
excess of the solar or civil year above S65 days. 

Am. |, V. ¥> W. W. Vl^> mi. Mf 

11. Find the fractions converging to the ratio of the year, as 
in the last exercise^ to 29 days 12 hoars 44 min. 3 sec, the 

* In this and other instances, accents are put over the first and last 
mimbers of the period* 

L 2 
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meaB synodical lunar month (the time beiweoi one new or ML 
moon and the following). 

An». V, V, V. V. V, W. W> Vift?. VWf . Wft^; 

12. Find the equation which has, for one of its roots, 3 

t(«ether with the continued fraction havmg for denominatozB 

2, 1, 4', 2, 3', &c. ^M. 121*^-845jp+ 14i7S=a 



CHAPTER XIU. 
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227. We saw (§ 142.) that prohlema are milimited, admitting 
of an infinite number of answers^ when there are fewer equations 
given than there are unknown quantities to be determined. In 
many instances, however, the answers are to be whole numbers; 
and this limi^tion, excluding all fracti<Hial results, greatly ^Kmi- 
nishes the number of answers. If, also, the answers are to be 
positive, which is always the case, when they are to agree literally 
with the enunciation of the problem in its plain ordinary meaning, 
their number is still farther limited by this restriction ; and it 
may even happen, in either case, that the question will admit of 
no solution whatever.* 

As an example of a problem of this kmd, let it be requited feo 
find how many five-pound notes and guineas must be taken to 
pay a bill of ^512. Here, the number of shillings in five pounds, 
in a guinea, and m £5\^, being respectively 100, 21, and 10240, 
if we put X and y to denote the number of five-pound notes and 
the number of guineas, we shall have 100»4-21y= 10240; and 
from the nature of the question, according to its meaning in com- 
mon language, x and y are to be whole positive numbers, since no 
fractional parts of either five^pound notes or guineas are adnoJssi- 
ble. In the operation in the margin, equation (2.) is obtained 

♦ No equation of the fonn MX:tbcyr^d^ that is, no equation in which 
the coeflBcients of x andyhave an integral comtnon measure c, will admit 
of a solution in whole numbers, waless d be also divisible by e \ for if the 
equation be put under the form c{ax-k-by)^di it 99 plain that d% being 
the product of c and oo? + 6y, must have c as fkcter. In numerous other 
instences also, when a and h are positive, the equation a^-^-hy^e admits 
of no solution in whole positive numbers. Thus, for example, no whole 
positive values of x and y will satisfy the equation 5x + 7y »s4. 
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from (1.) by resolving it for 100ci? + 21y=10240 (1.) 

y * ; and (3.) is the same as __ 10240—100* 

(2.), the actual division of ^ ~ 21 V^v 

10240 and lOOr by 21 be- lB-^l6x 

ing performed. Now, the y = 4»87 - 4^4 gj — f . . • (3.) 

second member of (3.) be- i3_i5^ 

uig the value of p, must be — ^r — ^Vi (4.) 

an integral number, and 14^01 

its first and second terms ^ = ^ ? • • , (5.) 

lieing mtegers abeady, its ^^ 

Aird must be so likewise. ^--l?n£^— t? (6.) 

We put this term, there- I6 * ^ '^ 

fore, equal to ©j, and thus 13— 5P| , 

<^tain (4.); from which, 16 ""^^ ^^'^ 

by resolving it for ar, we _1S— IStj 

get (5.) : and(5) is changed ''i— 5 (^O 

into (o.) by actually divid- 3— t? 

ing — 21t7i by 16. Now, ©1 = 2-3ir8+-y-? ..•-.. (9.) 

•ince X is to be an integer, tf_-, 

its two terms in (6.) must — ~ =» (l^O 

give an integer; but ^be £^ 

•ccondof thembeingabeady ^^ZXr^ r, •••••• (H.) 

an integer, the first must ^*~:!f ^TJ y^'} 

be so likewise: we there- *=i?r^^L' ' >?^7 

foreputit equal toojj, which y=440+100t).. (14.) 

* The equation should be resolved for the quantity which has the less 
ooefficient, as hy this means the work is eommonly shortened. 

t Though, for the sake of uniformity of process, which is desirable in 
a first eiample* 21 has been taken as 5:r— 8 

contained only 487 times in 10240, yet y=488— 5*+ — — ... (3.) 
it is contained more nearly 488 times^ Kx^r 

there being a defect of only 8, while in a^v^ (4.\ 

(3.) in the text there is an excess of 13. ^^ 

In like manner, 21 is contained in 100 ^^?1^LJL? *.,.,..,. /'5 A 

much more nearly 5 times than 4 times, 3 -••••••••^•^ 

the one difference being only 5, while the a« . o j. ^i^^ /- v 

other is 16, 100 in fact is taken as *-' »Vi + 2+-j— {6.) 

being 105—5. Proceeding on this Vj— 2 

principle, we shall have the remainder ~5 ^^ O-} 

of the operation as in the margin. For ^ 8s5o + 2 CS.) 

tjie same reason, in getting (6.), 5 is ar»21f;+ 10*. ]'//.'///. (9.} 

taken as being contamed twice in 8 with yBs440— lOOo. ...... (10.) 

the defect 2 ; or, what amounts to the 

^me, 8 is taken as being 10-2. The values of « andy m (9.) and 

L 3 
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gives (7^)x By processes exactly similar, we get eqnatioiis (8.)^ 
(9.), (10.), and (1 !•) • ^^^ ^^ ^^^ value of v^ in the last of these 
is int^i;ral/ we proceed no farther on this principle. We have 
now, hy retracing our steps, to find the values of Vj, x, and y in 
terms of ©. Thus, (12.) is found hy suhstituting in (9.), v and 
S{S —5v), for what are shown in (10.) and (11.) to be their equals. 
Then (IS.)is ohtained from (6.) in a similar manner, by means 
of (7.). (11-)' "»^ (12.) : and lastly, (14.) is derived 60m (3.) 
by means of (13.), (4.), and (12.). 

The values of x and y thus found in (13.) and (14.) will 
evidently be whole numbers, whatever integral values are given 
to e. Since, however, x and y must be positive, it is plain that 
V must not be taken positive, as any such value (1, 2, &c) would 
give negative values ( — 11, —32, &c.) for x. Let us, therefore^ 
take V successively equal to 0, —1, —2, &c., and we shall obtain 
the annexed • system of 

values for x and y, which c . . . . 0, — 1, — 2, — S, — 4. 
will all. be ibund to an- iP«... 10, 31, 52, 73, 94. 
swer ; so that the bill may ^ . • « . 440, 340, 240, 140> 4<0. 
be paid with 10, five-pound 

notes and 440 guineas; with 31 of the first and 340 of the 
second; with -52 and 240 ; with 73 and 140; or with 94 and 
40. Thus, lor instance, if we take the third answer, the value 
of 52 five-pound notes is 5^260, and that of 240 guineas ^252 ; 
and jg240 + jg*252 = £51^. Had we taken v equal to —5, — 6> 
or any other negative whole number, except —1, —2, — 3, and 
.—4, the ones which were employed above, we should have got 
negative values for y : and therefore the question admits of five 
solutions, and no more. 

228. By considering the mode of formation of ihe values of 
X and y in the foregoing example, it will be seen that each value 
of Xy after the first, is derived from the one immediately pre- 

(10.) are the same as those in (13.) and (14.) in the text, except that 
the sign of v is. different. Hence, in using (9.) and (10.)» we take v equal 
to 1, 2, 3, &c.,insteadof — 1, —2, — 3,&c. 

In all operations of this nature, the method now pointed out should be 
followed ; that is, each quotient should be taken the nearest poeeible to the 
tru0i, whether it be too great or too tmaU; as by this means the numbers 
are kept smaller than they would otherwise be, and the work is simplified 
and shortened. 

It may be farther remarked, that, in any such case, we are at liberty to 
change v into — « wherever it occurs, if the change will serve any pur^ 
pose : and the same may be done, in similar circumstances, in the next 
Chapter in the D.iophantine Analysis, 
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ceding it^ by adding 21^ the coefficient o£ y; Tvhile the values of 
py after the first are obtained by continual 8ubtraction& of 100^ 
the coefficient of z. That this is universally true will appeal: in 
the following manner. Let ax-\-hy^o be the equation : then^ by 
subtracting caib from the first member, and adding its equal bnu 
to the remainder, we get 

or, aa it mny be written, 

a(x — n6) 4- 5(y + na) =c. 

From this it appears, that if from a value of x we take any 
number of times the coefficient of y, and at the same time add 
the same number of times the coefficient of ar to the correspond- 
ing value oi yi and if the quantities so obtained be substituted 
for ir ttnd'^ ^ the^ proposed equation will be satisfied : and there- 
fore, if n be taken successively equal to 0, 1, 2, 3, &c.^ the values 
of X will form a decreasing arithmetical progression obtained by 
continual subtractions of &, and those of |^ an increasing one, got 
by continuid! additions of a. 

: 229* If in the equation ax+by^zc, we cbange b into —6, it 
becomes ax'^by^^e; and the expression found in the last § is 
changed mU>,a(x'{-'nb)^b(y-\'na)=e. 'From tlus it appears, 
diat when tl^ terms ax and by have opposite signs, and when 
any values of x and y have been found, other values of x will be 
obtained by continual additions of the coefficient of |^ ; and of 
y by like additions of*the coefficient of x. If n be taken negative, 
the additions will be converted into subtractions; so that the 
values of both x and y must go cm. all increasing or all diminish- 
ing, and not, as in the last §, the values of one of them in- 
abasing and those of the other diminishing: and hence it is 
plain, that if the equation ax^bys=c be such as to give any 
whole positive values for a and y, it wiU give an infinite number 
of such values. 

230. The following question will serve as an example in refe- 
rence to indeterminate equations of the kind just mentioned. 

If one person have bank-notes worth £2 each, and another 
have notes worth 25 shillings each, how many must each give to 
the other, so that the former may pay to the latter a debt of 20 
guineas? 

Here, since £2 = 40«.> and 20 guineas := ^21=420«., if 
we put X for the number of notea given by the first, and y for 
the number repaid by the second, ve ahallhave 4007—25^=; 420; 

l4 
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or^ by dividing by 5, &r—5y=84; * . 

and the work wUl stand as in 8«— 5y=84r ^ (1.) 

in the margin. This operation so ^84?— -84 . . 

exactly rMembks those exhibited y^ 5 ^f 

and iUttstrated in § 2S7.> and in 2x— I 

the last note to that §, that it does y=2#— 17 ^ — • ♦ (S.) 

not reqoiie explanation. In the 'g^__| 

values of x and y, as they come — - — =:Uj »••••••• (4i) 

out in (9.) and (10.), «, in the ^ 

algebraic sense, may be taken equal ^— _!iZ_ (5.J 

to any whole number whatever, ^ 

whether positive or negative. In ^^^ j^^V^ (g n 

the plain meaning of the question, x 

however, x and y must be positive ; Pi-f 1 __ /»r ^ 

and it is evident, that this can be 2 -t? .••••••.. ^/-j 

the case only when t^ is positive, t? =21;— 1 (8.) 

and greater than 2. By taking it, ^^^^_^ .!.!!!!!! (9!) 

therefore, successively equal to S, y=:8o_20 ••.•••• (lo!) 

4, 5, &c., we get the following 

systems of answers, whieh, unlike those in § 227*^ vte kifinite in 

number: 

V • • • • 5, 4, 5, 6, 7> 8, &c. 

« .... IS, 18, 23, 28, SS, 88, &o. 

y • . . • 4> 12, 20, 28, S6, 44, &c. 
281. As an example of another kind, let it be required to find 
a number, such that if h be divided succteively by 5, 8> and 
1 1, the respective remamders shall be 5, 6, and 9* To solve this, 
let a; be the required number: then, if we assume jr=5y4-3^ 
vire shall satisiy the first condition, if jf be a whole number ; sinoe^ 
by dividing 5y+8 by 5, we get y for quotient and 3 for re- 
mainder. In like manner, the assumptions, jr=8ir+6, and 
ar=:llf+9, "^^ satisfy the remaining conditions, if z and i be 
whole numbers. To render these assumptions compatible with 
each other, let the first and second values of x be made equal : 
then, by transposition, 5y*~82r=r3. Hence, by a ^ocess in 
every respect sunilar to thote employed m the two preceding 
exercises, we get j2rs=5©— 1 ; and liience «( = 8jjf-|-6)=40« — 2; 
a value which satisfies the first and second conditions. Thus, if 
«=1, we have ar=38, which gives 3 and 6 as remainders, when 
divided by 5 and 8. Now, by taking this expression equal to the 
third of the foregoing, and by transposition, we get 409 — 1 1 t=i 11; 
whence, by the usual process jfor tendering v and t whole numbeF% 
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we get <=40t?2-^l; and therefore *(=IU+9)=440t?2--2; 
which, by taking v^ successively equal to 1^ 2^ 5^ &c.y will be 
found to succeed. Thus^ if Vg = ^> "^^ ^ave or = 438 ; and if 
this be divided successively by 5, 8, and 11, the remainders will 
be S, 6, and 9* This is evidently the least positive number that 
Will answer the conditions of the question ; and it 1% plain' that 
other answers will be found by successive additions of 4M, tbcr 
least common multiple of 5, S, and 11. 

232. By considering the solution given in § 227«> it will be 
seen^ that in equation (3.) the coefficient 100 waa divided by the 
coefficient 21 ; that in (6.) 21 was divided by the remainder 16 ; 
that in (9.) l6 was divided by the remainder 5 ; and so on: 
and^ as this process (the same as that for finding the gr^test 
common measure of 21 and 100) is that which is employed in 
determining ^e fractions converging to the value of a continued 
fraction^ we may naturally consider whether such indeterminate 
problems as those that have been before us may not admit of solu- 
tion by means of the principles that have been established regurd- 
iog continued fractions : and we shall find that they cau be thus 
solved. To show fiow this may be effected^ let us take the gene* 
equation, aar+6^^c. Now^ if we were to find by § 2l6. the 
fractions * converging t& the ratio of a to b, and if we should de- 
note the terms of the last but one hj p and q, the last two would 

be - .and -r : and if the former were taken from the latter^ the 
numerator of the remainder would (§ 217.) be 1 or — 1, accord- 
ing as - should occupy an odd or an even place; that is og— 6p 

= +I. Hence, by multiplying by +c, we get ax Hhgc+ftx 
If j9C=c; an equation which is the same as the original one^ if 
^ be taken equal to +90, and y to If po. These^ therefore, are 
values of x and y ; since, being substituted for them, they satisfy 
th^ assumed equation. Now^ according to what was proved in 
§ 228., the equation will still be satisfied, if we write +qc-\-lm 
instead of Hh^c, Itod Ifpc— «« instead of Ifpc: and hence we: 
have, as general values, a:=+9c+6t?, and y=If|MJ— ar, where 
« is any whole number, positive or negative. Had the equation 
been oa?— 6y=c, we should have got x= +^c+6t?, and y=^±pc 

*' It should be recollected, that if a be less than (, the first quotient i» 
to be taken sO. 

L 5 
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-f HO. In both caaei^ the upper signs are to be naed when 
aq^pb^^l, and the lower when aq^pb^^ — i. 

Aa an example, let ua resume the equation Sx — 5jf =84. Then, 
by dividing Shj 5, 5 by the remainder, &c^ we find the quo- 
tienta 1, 1, 1, 2 ; and, by the process in the mar. 
gin, we get/»=S, and f =2. Then, by using the 1, 1, 1, 2 ; 
last pair of yalues given above for x and y, we get -{^^ t> i> f - • 
jr=2x84+5r=l68+5r, and y=3x84+8© 
=:252+8v. By changing v into v — 34, which is plainly allow- 
able, aince v may be any whole number whatever, we get the sim- 
pler expressions, x=z5v — 2, and y =:8v— 20, the same as in § 230* 
It may be remarked that 34 is the nearest integral quotient ob- 
tained by dividing 168 by 5. By dividing in the value of y, 
252 by 8, we get the quotients 31 and 32, which are equally 
near ibe truth.* If, therefore, we change v into «— 32, we get 
x=5of8, «nd y=8o^4; which expressions are also very 
simple. 

■ 233. If two equations containing three unknown quantities be 
given, one of the quantities may be eliminated, and the resultiBg 
equation treated in the manner that has been explained : or, gene- 
rally, if there be m equations containing m 4- 1 unknown quan. 
titles, tdl these quantities may be eliminated except two, and then 
the work will proceed in the manner already explained. 

If, for example, the two equations, 3«F+5y+2j»=40, and 
4z-h4y+jv.= 33, be proposed, by taking the former from double 
the latter we get 5j?-<-3y=26. Then, by the usual process, 
we find x=l +3o, and y^'7—5vi and by substituting these in 
either of the given equations (the second rather), we get js=: 
1 + 8t7. By taking, then, « = 0, and v = 1, we get jr=l, y=7f 
2r=l; and x = ^ y = 2y »=^9i which are the only positive 
answers to the question. 

234. If there be only one equation given containing three un- 
known quantities, we may assign to one of them any value we 
please, and then, in die usual way, find (he corresponding values 
of the others : after that we may assign another value to tiie first, 
and proceed as before ; and so on : and it is easy to see tiiat the 

* This amplification will be obtained universally, by dividing^ by 5, 
attacbing the quotient to v with the sign opposite to that of bv, and chang- 
ing 9 into the result : and a like amplification would be obtained from 
the expressions in the value of y. Other modifications will readily sug- 
gest themselves in particular cases ; and the general rule to be foUowed 
is to employ as small numbers as possible. 
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same plan may be followed in case of a still greater number of 
unknown quantities. 

To exemplify ithis^ let us take the" equation^ 2x + 3^ + 5jy = 41 . 
Now, if jjf = 1, this gives 2d?-f 3y=36 ; whence the values of x 
and y may be found. If, again, «,z=, 2, we have 2ar + 3iy=31 ; 
whence x and y may be determined : and thus we may proceed 
as far as we please. The following twenty-one answers, however^ 
are the only ones that are all positive^ 



^«.|.f*=15, 12,9,6, S; 
' ly= 2, 4,6,8, 10. 
^«o. f«=14, 11,8,5,2; 
ly= I, 3,5,7,9. 
«-Q. rar=10, 7, 4, 1; 
*-^- \y^ 2,4,6,8. 



ly=l, 3, 5. 
ly=l, 3. 



Exercises,* Find the integral values of « and y in the fol- 
lowing equations. 

1. 2ar + 3y=25. 

.4n* J *^^ • • . . ^-4, —1, 2, 5, 8, 11, 14, 17, • • • 

^"*- ty,= .... 11, 9, 7, 5, 3, I, -1, -3, . . . 

2. 5a:-f7y=52. 

.in* /^= "^^' "^^ ^' 9' ^^' 23, . . . 

• |y= 16, 11, 6, 1, -4, —9, . . . 

3. 4af + 13y=229. 

ra?= .:.. -11, 2,1-5,28,41,54, 67,... 
^^' \y== 21, 17, 13, 9, 5, 1, -3, . . . 

4. S«+5y=7. Ans. \'="- "f' ~J' _ J' _ J * ' * 

^Jf— .... «,, Ai, Jl, *, ... 

5. 7*-9«=5. Jn.. {1= ; : ;; : Jf; :J; f; ^J; fj; ; ; ; 

6. 8x-7y=i. An.. {;= ' ' ; ' rJJ; ij; [; I; JJ; ; ; ; 

*' The student will perceive, that the first of the Ibllowing exercises 
has- four solutions in positive numbers, the second two, the third five, the 
fifth and sixth an infinite number, and the fourth none. The seventh, 
also, has five such solutions, and the ^ghth seven. We may obtain as 
many solutions as we please, containing negative values, by continuing 
the arithmetical progressions backward or forward, or both. 

l6 
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••Ij lf> ij 55^ *i% TP^, d^ « • • • 
^ii#, ^ y = . . . . 10, 8, 6, 4, 2, 0, —2, . . . . 

8, 4, 5, 6, 7, 8, 9, . . . . 
2x+Sy+4iJr=21. 

' '*'-*-^^ly=l,S,5. |«-«- \y=l,8. 
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^drm 9. In how many different ways may £l50 be paid ia 
dollars of 4«. 6tf» each and gumeas.? 

Ans, In forty-eight di£^fent ways.* 

10. A boy, baring gathered a quantity of nuts,, found that 
when he counted them by twos, threes, fours, fives^ or sixes, there 
was always one zemaimBg ;, but when he cotmted them by sevens, 
there was no remainder. How many had he ? 

Aw. 801, or 801-f 420t7. 

11. Divide 200 into two parts, such that if one of them be 
divided by 6, and ike other by i I, the respective remainders may 
be 5 and 4.t Ans. U9 and 81, or 58 and 147. 



CHAPTER XIV. 

niOPHANTINB ANALYSIS* 



28$. Tub object of another branch of the indeterminate analysis 
is to find such values of quantities as shall render functions of 
them exact powers, sudi as sq^uaxes or cubes ; or, what amounts 

* In solving tiiis we geixmiSb + lftaad ^3*662— 14t;. Hence, the 
greatest value of y is 662, and the others will be found by continual sub- 
tractions of 14. Now, by dividing 662 by 14, we get 47, with the re- 
mainder 4 ; and hence it appears, that, in additioa to 662, there may be 
47 other positive answers. 

f To solve this, we may take x and y to denote the quotients ; then 
the parts will be 6x+5 and lly + 4; and by the question, 6x + S+ lip 
+ 4 « 200, whence 6ar + 1 ly « 1 91 . 



to the same^ to find sach values of a quantity, as shall render s 
radical depending on it rational. Thns^ for instance^ it might be 
required to find such values of x (2^ 5, &c.) as would render 6— or 
an exact square, so that ^{6—x) could be exactly determined. 
This is generally termed the Diophantine andlyHs, because the 
inathematicians of modem times derived their knowledge of the 
subject from an able work by Diophantus of Alexandria in £gypt» 
who is believed to have lived about the middle of the fourth cen« 
tury of the Christian era. While this subject, in its full extent^ 
presents great, and in many instances, insuperable difficulties^ yet 
tike most useful inquiries connected with it are conducted with 
much, facility. The most important of these will form the sub- 
ject of the present Chapter. 

236. Let us first consider the method of assigning such values 
to X, that the expression, (ur^+^^+^o which, for brevity, we may 
denote by X, may be an exact square, or, which is the same, that 
the square root of ax^'\-hx'\-c may be exactly taken. Now, the 
mode of solution will depend on the individual or relative values 
of a, &, and c, particularly those of a and c. Thus, we may have 
a^O, 0=0, a a square number (a"^), or c a squsEre number (e"^}. 
tiet us, therefore, consider these cases. 

237* If a = 0, X becomes &:r+c; and if we put thiJs equal 
to ©*, we shall get «= — —y where t; may be taken of any value. 

• 

Exam, 1. If Sx^9, be proposed to be made a square, we shall 
have «=-J(v2 + 2) ; and therefore, if t> = 1, 2, 3, &c.,. we shall 
find a; = I, 2, 3f, &c. ; which will change Sx—2 into 1, 4, 9» 
&c., each of which has an exact square root, the same as the 
value assumed for v. 

238. If c = 0, we have X=rar*+&j?. Put ttis equal to «V: 
then, by dividing by x, we get ar+5=c*,»; whence, by trans* 

position and division, we find ^=-o • 

* ■■ Exam, 2. Let il be required to find values of x, each of which 
wiU make 2^;^— 3^ a square; Here a=2 and b^-^S; and 

5 g 

therefore x=-x — -=- s* In this v may be taken of any value 

tr — 2 2 — V* * '* 

eKoept a/2. If, however, we wish to have x positive, we must 
take V between a/Z and «- ./2. Thus^ if we take v = 1, we get 
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M^SyVad V(2«*— S4p) (=»x) = S ; wid if © = J, we fib. 

239. If a be a square^ putting its root = of, we shall have 
X=a'V+6ar + c. Let this be put =(a'jr-Ht>)«=a^j?*+2a;'wf 

+«*. Then, by rejecting a'^x^ we get 6x+c=2d'fM:+o*; 



whence x=: 



2a'©-6' 



£xam. S. Let it be required to render 4j?^+Sjr— 7 an exact 
square. Here a' = 3, 6 = 3, and c = — 7; and, consequently, 

«=: -r- — — = ' . This will give x positive, when v is less 

than |. Thus, if o = ^, we get x=7i, and VX=15 : also, if 
fj = —1, we have x=|-, and v'Xss^; and if c = —2, we get 
»=:1, and ^X=0. 

240. When is a square, denote it by c^, and we have 
X=<M?« + bx+</^. Assume this = (va:+c0*=»^«*4-2c'«x+c^: 
then, by rejecting </*, there is obtained ax^-j-bx^zv^x^-^-^c^vx; 
ffom which, by dividing by x, and by transposing, &c., we get 

^xam. 4. To find values of x that will make a/( — 2x^ + 5x + 9) 
rational, we have a = —2, & = 5, and c^ = 3 ; and, therefore 

x=-2 — -. Then, if o =: 1, we get x=s— ^ and \/X=f ; and 

w ^ * 

if V = —1, we find dr=y, and VX=J. 

241. "Wlien the values of a and c are neither nothing nor 
squares, the foregoing methods of solution fail. Even then, how- 
ever, the solution can be effected in particular cases. One of these 
is that in which X is the product of rational factors. Now, by 
putting (zx3+5x-f csssO, resolving (§ 151 or 152.) the equation 
so obtained, and (§ l6i.) attaching the roots with their signs 
changed to x, we find that X is = 



4^+^ 



+ 



^/(g^— 4ac) 



2a 



}{ 



*+ 



h V(6g^4ac) 



2a 



2a 



} 



and this expression will evidently be rational throughoujt when 
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h'^^4iac is a squart number. In this case, by denoting the quan- 
tities annexed to x by —a/ and —j?", we get a4r^4-ft«+c= 
a(j7— a/)(ar — x^^i and by putting this equal to «^(a:— x'')^, 
«nd dividing by ar— «'', we obtain a(a;— a:')=t;2(x— «''); whence 

rV — ax 

Exam. 5. If it be required to find values of Xy each of which 
tdll make 5x^— 8x+5 a square^ though none of the former 
principles is applicable^ yet, since 8^— 4 x 3 x 5, is equal to 4> 
a square, the solution can be thus e£fected on the principle just 
established* By resolving the equation, So;^— 8x+5=0, we get 

^;=|-and ar''=l ; and therefore we have «=-2 — ^« Hence, by 

taking v = 1, we get x=2, and VX=1 ; and, by taking o= 5, 
we find a:=^, and >v/X=-^. 

242. If none of the foregoing methods be applicable, still the 
solution can be effected, if X be equal to the square of a simple 
rational factor increased or diminished by the product of two 
others; that is, if Xas(ajar-|-6i)^+(a2X-}-&2)(a3a:+63). In 
this case we are to assume the given quantity equal to {{(i\X-\'h{) 
-^tia^-^-h^Y'. then, by actually squaring, rejecting {p\X-\-hiy, 
dividing by a^-\-h^ &c., we should determine the value of'x. 

Exam, €• Required a number such, that five times its square 
may exceed another square by !• Here, if a? be the number, 
we shall have 5x^—1 equal to a square. We have, therefore, 
ass5, &=0, c=~l, and consequently 6^— 4ac=20. Now, this 
last not being a square, and neither a nor c being nothing or 
a square, we cannot employ any of the former principles. It 
is seen at once, however, that 5x^—1 may be put under the 
form (2j7)^ + (^ — 1 )(^ + 1 )• Assuming this therefore equal -to 

o*H-l 
{2a:+r(a:— 1)}*, we readily find x= ^ . ^ _^ > Henoe,if r = i, 

we get ar=l, and X=:4=22: and, by taking « =1, we find 
;r=i,andX=i=a)2. 

243. When all the foregoing methods fail, we may often find 
by trial a value a/ of a; that will render X a square. Then, if 
y-f x' be substituted in X for x, an expression will be obtained 
from which as many values as we please may be found for y^ and 
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Aence an equal number of conesponding Taloes for jp. Td 
pPDYe this, substitute^ first x' and then y-H J?' for « in X> and 
there will be obtained tu/^+h^^+e, and ^^^-f (28y+&)|r4-aj^ 
4-fta?^+6* Now^ the first of these being a square^ if we denolie 
it by (^'^, and substitute this for it in the second, the Litter will 
become ay^ + (^Zcu/ + &)y + ^^^^ ; which^ since the -last term is a 
square^ may be made a square by means of § 240. 

Exam, 7- Let it be required to find ^p such that 6x^ — lQiV-*S 
may be a square. Here, by trying some of the smaller numberB^ 
1^ — 1^ 2y &c., we find^ that when x = 2^ the proposed quantitf 
beoomea 24—20—3=1^ a square. Let^ therefoie, x =^+2, 
and X will become 6(y-f 2)^— 10(y+2)--3, or, by contraction, 
^2+14y+l. Hence, by putting this equal to (oy-f 1)*, we 

^ - 2«^i4 , . . ^ 2c2— 2f,-f-2 
nndy=-^— ^; and thence a?=y+2=: — "ff^ >• P«w^ 

this we may find as many 

values of ar as we please. *"~ "* *> 2, 3, 4,— '3, &c 

Thus, if we t«l« « = 0, ,= _j, _^, _3, y, g-e, ^, &c 

1, 2, &c., we shall find 

the corresponding values of x to be as in the margin,* 

* When the principles pointed out above fkil in giving a solution, it ii 
very probable that the proposed quantity cannot be made a square. At 
the same time, such an inference ought not to be hastily drawn ; and, to 
complete the theory, it would be necessary to investigate the eBse» in 
which X cannot be made a square-. An Inquiry of this kind, however, 
would be unsuitable to the nature and extent of the present work; but 
those who wish to study this branch of the subject may consult Euler^ 
Algduroy vol. iL chap. v. ; Barlow*s Theory of Numbers, chap, iv., and( 
other works. The following investigations, in which it is proved tbaC 
no rational value whatever, whole or fractional, can be assigned to jr ao a9 
to make 3x^ + 2 a squai^, afford an instance of the kind referred ta 

Sinoe» in dividing any number by S, the remainder must be either €& 
or 1 , or 2, it follows that every number must be of one of the three forms, 
Sn, Si»+1, Sii + 2 ; and therefore, by squaring these, we find that the 
square of every number is of one of the three forms, 

9n% 9nS + 6ii + l, and 9n2+12n + 4. 

Now, it will be seen that, if the second and third of these be divided by 
3, there will be 1 remaining ; and, also, that thfe first is divisible not only 
by 3 but by 9.- Since, also, none of the expressions gives 2 as remainder, 
it follows that no square number can be of the form, Sn + 2, but must be 
of one of the two forms, 9n and 3n + 1. 

It may be shown in the next place, that;> and q being prime to one 
another, there can be no square number of the (ona,j^ >!• 2^, To prove 
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244. We may now proceed to consider how expressions of the 
two forms^ VX=s //(aa:'+ to* -fcjf+rf) and VXss VCo^^+to* 
+cx^'^dx-^e), can be rendered rational ; problems which pre* 
sent much more difficulty than the foregoing, and which admit 
of a much more limited number of solutions. In the solution of 
these, the general principle is, to astome the given expresnon 

this, since, as we have just seen, squares can have only the forms, 9n and 
Sn + 1 , let us suppose />& to have either of the two Values, 9tt and Sit + 1» 
and 9^ dther of the two, 9» and 3m+ 1. Now, the condition, that p 
and q are prime to each other^ precludes our taking, simultaneouslyt 
p^nQMy and q^ss^m, as these have the common &ctor 9. ' The only com- 
binations remaimng, therefore, are p^^9n and ^^3m+l ; p'^s^Sn+t 
and q'i^3m+ 1 ; and p^s»3n + l and ^»9m. The first of these give* 
Sp^ + 2q^^S7n + 6m+Sl; the second 9n + 3 + 6m + 2; and the thiid 
9n+S + l Snu Now, if the first and second of these results be divided by 
3, there is in each case the remainder 2 ; while the third is divisible by 
3, and not by 9 ; and therefore, by what we have seen, 3p^+ 2^ cannot 
be a square. 

It is plain, from $ 98,» that If one square be divided by another, tbtf 
quotient is a square, and that if a quantity which is not a square be 
divided by one which is, the quotient is not a square ; since, in each in- 
stance, the root of the fi^ction so obtuned is eqiud to the root of the nu* 
soerator divided by that of the denominator. Hence^ if we divide 3p^+ 
Sq^ by q'i, and denote the fraction whose terms are p^ and q* by a^ w« 
Shall come to the conclusion, that, universdly, So^+S cannot be a square^ 
whether x, as formerly, be a whole nimiber^ or, as now, a fraction. It is 
scarcely necessary to say that the quantities, !•,»•,/», &c., employed above 
are whole numbers, witii the exception of x, when used at the conclusion 
&X the fraction whose terms are p and q. 

It might be diown in a similar manner, that none of the expressions^ 
%i* + 5q*t S/>« + 89«, . . . „ Sp2 + (3n + 2)g2, can be a square. 

Similar reasonings and investigations would be admissible, were 4» S9 
or any other whole number taken as the divisor of -other numbers. Thus^ 
by taking 4, we find that all numbers are of one or other of the 
four forms 4n, 4»+l»4n + 2, and 4n + 3; and, by squaring these, we 
should find, that all ^e even square nmnbers are of the form, 16k or 
16it + 4 ; and that the odd ones are of the fi^rm, 8» + 1 : and hence it will 
follow, that no number of the form, 8n + 3, 8n + 5, 8n + 7, 1 6n + 2, 1 6n + 69 
16n+-8, 16n+ 10, 16ii+ 12, or 16»+ 14, can be a square number. 

On similar principles, since every number is of one of the forms, 5% 
5n+ 1, 5n + 2, 5i»-l' 3> and 5n + 4, it may be shown, by squaring these, 
that every square number is of the form 25ii, 5n + 1, or 5n + 4, or, what ia 
equivalent, 25n, 5n + 1, and 5it— 1 ; and that, in consequence, no number 
of the form 5» -1- 2 or 5» + 3 can be a square ; and thus we know at once 
that 502, 503, 1002, 1003, &c., are not squares. It follows, also, from 
this property, that all square numbers end in 5, 0, 1 ( «0+ 1 ), 9 ( nlO 
— 1), 4 (»5 — 1), or 6 ( b5 + 1 ). Thus, the squares of the nine digits 
1, 2, S, &c., are 1, 4, 9, 16, 25, 36, 49, 64, and 81. 
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equal to sdch a quantity^ that, afte^ squaring^ all the terms may 
disappear, or may be made to disappear, except those containing 
iwo oonsecutive powers of x ; as the value of this quantity will 
then be obtained in a rational form. The terms to be destroyed 
ibay be at the beginning of the given expression, at its end, or at 
bodi, according to its nature. The following examples will illus- 
trate a number of^the most useful modes of effecting the soludon. 

' Exam, 8. Let it be required to render the expression a/(2:^ 
i»5«r^4- 12x + 4) rationaL Here, since 4 is a square, let us as^ 
tome v^X equal to vx+S* Then, by squaring, and rejecting 4| 
we get 2«*— 5x^-1- 12* =t>^ar*+4t7jr. Now, if in this we take 
4v = 12, or V = 3, the terms 12x and 4vx, wiU destroy one an- 
other, and v^ becoming 9^ we have 2x3-^5ar^=s9<^ ; whence x=7 
which is found to answer, as, by its substitution for x, the given 
quantity ^/X becomes 23, 

This may also be solved by assuming ^/X equal to the trino- 
mial, o'^x^ +0x4-2* On this assumption,, by squaring both mem- 
bers, we get 

.' 2x3-5xHl2x+4=o'»x*+2fw'x»+(©2 + 4«>»-h4w?+4 

Hence, by rejecting 4, taking 4o = 12, and «^+4t/ = — 5, tve 
^nd 0=3, and v^ss— j.; and, by rejecting — 5x^ and 12j?, and 
their equaJs, (t^-|-4f/)x^ and 4ox, we have 

2x»=f>' V + 2w'x»= V^ - 21x3. 

From this, by dividing by x^, &c., we get x=:ff, which also an- 
swers. 

. Exam,Q. What value of J7 will make 4x^4-12x^—3x2-* 2x4-1 
u square ? 

By assuming this equal to (2x^4-0^+0')^ actually squaring, 
and rejecting 4x^, we get 

12x»— 8x8-2x4-1=40x3 4-(oa+4i/>a 4- 2w'x4-«'». 

Then, by equating the coefficients 12 and4o, and also — 8 and 
tj^4-4«', we get v=3, and o'= — 3 ; and the equation is reduced 
to — 2x4-l=2t?»'x4-o'2=:^18x4-9; whence x=i. 

We may also solve this by assuming X equal to (ox* 4- o'x 4- 1 )* ; 
as, by actually squaring, and rejecting 1, we obtain the equation, 

4x< 4- 1 2x» - 3x« - 2x=o V 4- 2ot;'x3 4- (o'2 ^ ^^yi + go x : 
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and by equating the coefficients —2 and Qv^, and also -^S and 
»'* -h 2t;, we find 1/= — 1, and v= — 2. Hence the equation he-^ 
comes simply 

and therefore ^ = 0^ which answers. The result might have been 
obtained at once by inspection ; as when the last term^ as in this 
present case^ is a square, the quantity will evidently be rendered a 
square by taJcing J7 =s 0. 

As a ^ird mode of solution^ we may assume ^/Ji=Zar^ 4- t»r + 1> 
the first and last terms being the square roots of the first and last 
terms of X. Then^ by actually squaring^ and by rejecting tho 
first and last terms, we get 

12a?8— Sa?^— ar=4i7aj3+(«24.4>«+2twp; 

Now, this may be resolved in two ways, either by destroying 
the first term or the last, in each member. The first is effected 
by taking 4v = 12, and a? is then found to be ~^. To take aw:e^ 
the last terms we must have 2v == —2 ; and on this supposition W0 
find 07 to be -^ the same that was found by the first method. 

245. It is plain^ that none of the foregoing methods can be em« 
ployed^ unless^ in an expression of the third degree^ the last term 
be a square ; or^ in one of the fourth, at least one of the two e%^ 
treme terms be such. In that case, if we can find by trial a value 
«^ for a, which answers, we may substitute, as in § 236., y+^ 
fyr 07, and we shall thus obtain an expression having its last term 
a square, and which may therefore be made a square by one of 
the methods employed already. 

Eaam. 10. Let it be required to render 3x^—2 a square. 

Here we see at once, that this will become a square if or = 1. 
By substituting, therefore, y-f-l for x in 3or^— 2, we get Sy* 
-f 12j^ + 13^^+12^+ 1^ ^6 ^^ t^i*™ of which is a square. 
Then, by assuming this equal to (vy^-f ^''y + l)^, we find that 
the last three terms in each member disappear by taking v^= 6, 
and o = — 9 ; and we readily get y=^^, and thence ^=f^> 
which is found to answer, making 3a:^--2 a square.^ Were we 
now to assmne x = ^+-|§> and to follow out a similar process, 
we should obtain another value of a; ; and thus we might pro- 
<;eed as far as we please, finding value after value for o?. These, 
however^ would soon come to be expressed in numbers of ex* 
tremely great and inconvenient magnitude.* 

* We saw in the note to § 243., that innumerable expressions of the 
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246. Quantities of theform^ Xszax^+b^^-^cz+d, can be made 
cubes^ <v, which is the same, their cube roots can be made ra-* 
tional, on principles exactly similar to those that have been em-> 
ployed in rendering quantities squares. Thus, if a be a cube, 
we may destroy the first and second terms : if dhe h cube, the 
third and fourth terms can be destroyed : if a and d be both 
cubes, we can destroy the first and last terms : and, when neither 
a nor </ is a cube, if we can find a value x^, which, being sub- 
stituted for X, will render X a cube, we may substitute y-^-x^ for 
t, and we shall get an expression which can be rendered a cube 
by the second of the principles just mentioned. The processes 
thus indicated will be imderstood from the following examples. 

Exam. 11. Let it be required to find a value of x which will 
vender S^ + 12a;^-h 27^—27 a cube. By assuming the root oi 
this equal to Qx-^-v, cubing, and rejecting the first terms, we get 
12*2 + 27«— 27=12«j?a4.6,^^4.i^. We then destroy the first 
terms of this by taking 12v = 12, and therefore o = l : and the 
equation becomes simply 27'— 27=6«+ 1 ; whence J?=f^ which 
answers, giving Xss ^^j^, the cube root of which is y • 

For a second solution, we may assume the root = vx-^3. Then^ 
by putting the euhe of this equal to X, and taking v =5 1, the 
equation is reduced to 8«' + 12;p*=«*— 9*^ ; whence «=— 3 • 
^ich also answers, giving X=— 2l6=(— 6)^. 

For a third solution, we may assume X= (2:r— 3)^, 2ap and 
-«-3 being the cube roots of the first and last terms. Then, by 
actually cubing, and rejecting the equal terms, we get 12<;r^-f 27x 

second degree eannot be made squares ; and, as may be readily supposed, 
there are numberless expressions oi the same kind belonging to the third 
and fourth degrees. When expressions of these degrees cannot be madv 
squares by some of the methods that have been pointed out, there is at 
least reason to presume that they eannot be made such. It can be 
demonstrated also, though the limits of the present work preclude the 
attempt, that none of the following expressions, besides innumerable 
others, can be made rational, unless either or or y be nothing; ^/{x* + 4ff*\ 
a/(x4-V), ^(4x4 -y4), >/(2ar4 + 2y4), V(2«4-2y4),and V(«4 + Sy4) 
^tee £uler*s Algebra, Part II. chap. 13. 

' It may be fertber remarked, that, by no means at present known, can 
expressions of a higher degree than the fourth be made squares. Thui^ 
if there were an expression of the fifth degree, and if we- assumed aa its 
root either uj?* +»'ar + »", or vx^ + t/x* + 9"x + v'", it would be found that- 
we could not destroy so many terms as to leave an equation containing, 
only two consecutive terms ; and therefore the values of x found from the 
resulting equation would be generally irrational. 
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y^*^$6jf^+6^.; whence ass'^, iirhich is also a ooareot answer^ 
giving X^-«^=(-V)». 

B*fam. ] 2« Let it be Tequired to find a yalue of x vhich will 
make S^r^-f^ a cube. ' Here^ we readily see that w may be — 1^ 
as X then becomes —2+3 or 1^ the cube of 1. We ta^e^ there- 
fore, X = y^ly and by this means X becomes 2^— 6y^4-6y+ U 
Then, by assuming this equal to (t^+1)^ cubing, and taking 
o = 2, so as to make the last two terms of each member disappear,' 
ve get y:ss, ^ $, and consequently a=i ^^4, which answers, giving 
X= — 125=(— 5)', Were we to substitute y— 4 for a in X, 
and proceed as before, we should find another value of 4? ; and 
f^om it Ire mi^t derive another, and so on. 

2^7- ^e may now briefly consider what have been called don^ 
hlCf triple^ or higher equaUties ; that is, problems *h which two, 
tiixee, or more functions of a quantity are to be made squares or 
cubes at the same time. Thus, if it be required to find a value of 
4r, which shall render bolh the expressions, Oj^+^j and a2^4~&2x 
tqiiares, the problem presents a double equality. To solve this,' 
we may put the first expression equal to a/^, and find the value 
of » from the equation so obtained. Then, if this value be sub- 
stituted for x in the second expression, it will only remain to find 
such a value of af^ as shall make the result a square, which will be 
done by some of the methods already explained. This will be 
exemplified in the solution of the following question. 

Exam, IB. Eequired a number, such that if 1 be taken from 
itself, and the same from its double, each .remainder shall be a 
square. Here, putting x for the required number, we have to 
make x-^l and 2^—1 squares. Assuming the first equal to x^f 
We get iB=zx^^+l ; and by substituting this for x in die second, 
we obtain 2a;^^+ 1, which is to be made a square. For the root 
of ibis we assume (§ 240.) t)a/+ 1, and we readily find 

Ihe latter two expressions being identical, since the squares of 
9^«2 nn^ fr2_2 i^jg the same. By taking » = 1, we get x:=5', 
mMnAi answers; since 5— l=s4=2^ and 2x5 — 1=9=82. in 
like manner, by taking 3 and 4, we get ^=|4> and ^ =|^; and} 
by making other assumptions for v, we may get as many values 
loir X as we please. 



I 
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848. In case of the triple equality^ a|4r+&ij Ofm-^bf, and 
a^-k-b^ we may find, aa in the last §« the yalue of a which will 
render the first and second expreasiotia aqnaiea. Then^ by snbati* ' 
tuting this in the thirds we get an expresaion of the fourth degree, 
which wiU he made a aqoare by means of § S44.> if it admit of 
being made such. 

Exam, 14. Required a number^ such that if 1 be taken firam 
it, 2 he added to it, and 1 be added to its quadruple, the zesniti 
aball all he squares. 

In this question the three quantities to he made squares am 
4r--li «+2> JUid 4d;+l» Then, by taking a—l^x^, and pro* 

ceeding as in the last example, we find arss ^^3 — ^ ^ ^ ^ 

▼alue which will render the first and second expressions squares. 
By suhstitutiag this in the thirds 4a? +1 ; rejecting ^, thede^ 
nominator of the result, as it is a square^ and dividing by tha 
square 4* ive get t?^— -v'+Q^ which is to be a square. Now, wa 
readily see that this will be a square, if « = 1 : and, therefore^ 
(Ji 236.) we substitute y+1 for t7. By this means we gel 
y*+4y'-h5y^+2y-|-9: and, if we assume y*+«'y+S as tha 
root of this, and take v'^ss 2, we find |^= —2 ; and consequently 
V^S'^l, and :r=2, which answers. If, iiilstead of takii^ t/= 2, 
we had taken it = ^, we should have got j(=^, 1^=^ and 
^;=L^^, another answer: and by means of these answera w« 
might, as in § 238., find others. 

249* l^ ease,, again, of the double equality, a^^4-2^|d?, and 
a^^-i-b^ap, we assume the first equal to o^jt^. Then, by finding 
from this the value of w, and substituting it in the second, W9 
find a quantity which may be made a square by some of the 
methods already explained. As another method, we may change 
X into j/r^ in both : and then, by multiplying the results by the 
square y^, we get a^ + byy and a^-^b^y; which may be rendered 
squares in the way pointed out in § 247. 

250. If it be required to make squares of a^x^-h 6|X+Ci and 
a^'ib^-^C2, let such a value of « be found (§ 236, &c.) aa 
shall make one of them a square. Then, by substituting that 
value of X in the other, and modifying the result, an expressioii 
will be found, which will be of die fourth d^ree, and whidi 
may be made a square, if possible, by means of § 244.* 

* A considerable outUne of what is known regarding tbe IKaphantina 



Miscellaneous Examples, 

1. To divide a given square number a^ into two squares.* 
To solve thlS; let ss^ be one of the parts: then a^-^x^ win be 
the other. To m^ke this a square^ assume it (§ 240.) ^ 
©2(a— a;)2 f: then, dividing by a— 4r, we get a+ar=t;'(a— ar) j 
and therefore by resolving for Xy we find 

.ar=^2-j-j.a: whence «»==^^;3-p^.a2; and a«-«^:F^j^^ 

the subtraction being performed by multiplying a* by («*+!)'> 
and taking the product as numerator, and {x^ 4: 1)^ && denominator^ 
and then actually squaring and subtracting. As particular in* 
stances, suppose a^ to be 100 : then if ti = 2, we find the parts 
tobe36and64: if o'= 4, they are A||oo gnj ^j^; andsoon; 
•' Hence, if we divide a^ and its two parts by the square cl^, and 
multiply the quotients by the square (v^+l)^ "we find that 
(«2+ 1)2- („2_ 1)2^4^2, If, in this, we change c into j9^i; 

and multiply the results by 7*, we get (p^-h<?^)^=(p^— 9^)^+ 
4;>2^2^ Hence, the square of p^ -f 9^ bemg equal to the sum of 
the squares of f^—^ and ^pq, it follows (JSuo, I. 48.), that If 
jp2^^2 yyQ £he hypotenuse of a right-angled plane triangle, 
p/^—q^ and 2pq will be its legs; and therefore we have the fol* 

analysis ba^g now been given, the following examples and exercises are 
sobjjpined for tiie purpose of illustrating it. In solving such problemsi 
•the student will find that much, with regard to simplicity and elegance, 
depends on address in determining on the plan of the solutions, and in 
particular in making such assumptions as may shorten and simplify the 
work, llie whole subject, though it does not contribute much to the 
advancement of the great and important branches of science, is still of no 
803^. <njiilo(nty and interest ; and accordingly it has attracted the attention 
and exercbed the minds of several of the most distinguished mathematl* 
.cians of modern times, particularly Buler, Lagrange, Legendre, and. 
Gauss ; whose works, as well as those of several other writers, and various 
articles in mathematical periodicals, may be consulted by those who wish 
to become extendvely acquainted with the subject. 

* The solution of this question enables us to divide a ^ven square 
into any assijg^ed number of squares; as we have only to divide it 6rst 
into two squares, and then subdivide one or both of tbese into others^ 

To solve the problem in which it is required to find three or move 
square numbers, whose sum shall be a square, not necessarily a given one. 
assume at pleasure a% b^, e% Sec, to represent them all but one; tbeur 
taking ;r^ to represent that one, we have merely to render x^-^a^ + b^-^ 
&e,, a square ; which will be dope by assuming it equal to (or + o)^. . 

t We might assume the root » a + vx, according to § 239, 



lowing rule, which is often lueful : To find the M99 of a f^JU- 
angkd triangle in whole numbers, take two unequal whole numbers: 
then the sum qf their squares, the Hi^fsrt^Me of their equal^i^ee, 'and 
4m%ce their pradmot wiU be the three eidee. Thus, by aanunii^ 
I and ^, we ^nd the udes to be 5» 3, and 4; while, hj assoming 
^ and ^, we get ^9, 21, and SO. 

2. Required two square numben, whose difference shall be a 
given number a. Let the less number be ir^ : then the greater 
will be x^ + a. To render this a square, assume it equal to (x -f- f )^ 

taxi it will be easily found that x =s -3 — • Thus, suppose a s 

12: then, if © = 2, we get af=2, ^=4, and d;*+a=l6, so 
that 4 and l6 are the numbers. Also, if t^ = 4, we have 
ir=-i, 3:2=1, and ^52^^-12^-- (3^)2^ 

$• To divide a number which is the sum of two known squares, 
a^ and l^, into two other squares. To effect this, let «2 be one of 
the parts : then a^+b!^^x^ is to be a square. Now, one satis- 
factory value of 4: is 6 (or a) ; and, therefore, by substitnting 
(§ 2S6.) y+b for «, we get a^— y^^gjy . by assuming which 
equal to (o— ry)2, we find 

2a»— 26 , . . W+2aw— 6 6(«*— l)+2a© 

y— : — j_ and X = v4-o= » — rr ^ — x-^ ^ 

' As instances, let the given number be 165s=42-hlS^, so that 
a = 4 and h=: iSz *then^ by taking 2 as the value of «, we shall 
iind ar=ll, and «?«=12l ; and also 185— 121=64=8«. If 
t? = 4, we find the corresponding parts to be (W)* *°** (tf)*- 
It is plain that we might have tiken a = 13^ and 6 == 4 ; and 
we should thus have obtained other answers. 

4. Let it be required to find three square numbers in arith- 
metical progression. Since {x^yy, x^-j-y^, and (ar+y)*, aie 
plainly in arithmetical progression, having the common diflferenoe 
2^y, and since the first and third are already squares, it is only 
necessary to find x and y such that «2+S^^ nuiy be a square ; 
and this will be done in the manner pointed out in the condudhig 
part of the solution to Exam. 1. Thus, by employing^ ihe two 
numbers 2 and 1, we get ^ (the difference of their squares) 
= 3, and y (twice their product) = 4 ; and therefore {x-^yy, 
^-k-^* (^+y)^ ftre 1, 25, and 49> which answer. If, agaiuy we 
lake 3 and 2, we get jr=5, uid y=12; and consequently 

(j^-y)\ *Hy^ and {xJtyy are 49, I69, 289, which abo 
answer. 



5. To find any assigned number (») of squares, whose sum 
shall be a square. , 

Here, by assuming as the required aqu^es a^y a^^ a^^ . . . ., 
a,.i^, and x% where Oj, a^ &c., are numbers assumed at pleasure, 
it only remains to find such a value of a? as shall make a^'{-a^ 
4-. . . , +a;2 a square, which (§ 239.) will be effected by assuming 
it equal to (ar-fv)^, and resojying the equation, so founds fw x, 

6. To find a number, such that if 1 be added to its square, 
the double of the result will be a square. 

By taking x as the required number, we have to make ^x^-\-2 
a square, which cannot be effected by any of the methods given 
before § 243. According to that §, however, if we change x into 
y-f 1, we get 2y*-|-4y-|-4: and by assuming this equal to 

(2— t7y)2, and resolving theequation> we obtain y= g o > ^^ 

thence x = ^ • ^ -hl. Hence, if t> = 2, 4: =i 7 ; if v = 1^, 

X s= 41, &c.* 

7* What value of y will make the value of x rational in the 
equation, cu:^ + 6^ -f 03/^=0 ? 

By resolving this equation for Xy we find that its value contains 
the radical /i/(b'^—4>acy'^). To render this rational, assume it 
equal to b—vy. Then, by squaring, and by resolving the result, 

wc get y = -s — -T—. Thus, for example, if a = 1, 6 = 2, and 

c = ^S, and if we assume v = 4, we get ^=s:4, and ar= — 1 + 7. 

4&C 
The general values of a; are readily found to btf — ^ , and 

6 v2 
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8. Find n numbers, such that if jpj be added to the first, p^ to 
the second, JP3 to the third, &c., P19P29 &c., being given numbers, 
positive or negative, the sums may tdl be squares, and such that 
the sum of all the required numbers may be a square. 

Here, by assuming fli^— j»i, a^—p^ «3^— Pa> • • • •> ^""^* 
where a^, a^t &c., are any detertninate numbers assumed at plea- 
sure, we satisfy all the conditions of the question except the last. 

* To generalise this so as to make 2x^+2a^ a square, we have merely 

to change x into a-'x. Then, if we multiply by o, the final result ob- 

4a(v+ 1) 
tained above becomes «« ~ — ?r- + **» 
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To satisfy this, we add all the assumed quantities together, thus 
obtaining 

an expression which will be rendered a square by assuming it 
(§ 239.) equal to (»+«)*• 

9. To find three numbers in arithmetical progression^ saefa 
that the sum of each pair of them may be a square. 

This question may be solved very simply in the following 
manner. Assume the sums of the first and second^ and of the 
first and thirds of the required numbers, respectively equal to the 
squares, a?*— 2jjy+y^ and a:*+2tfy+y*. Then, 4ary, the dif- 
ference of these, is plainly the di£Perenoe of the second and 
third, and consequently of the first and second. Hence (§ 52.) 
we &id the first, second, and third to be 

ix^—Sxy +y^, i^^ +^ + iy^, and ^* -|-5«3r+ilf% respectively ; 
and it now remains only to make ai^'\'6ay+y\ the sum of the 
second and third, a square. To effect this, assume it equal to 
(o^+v)^: then, rejecting a^, and resolving the equation, we get 

«S — tfS 

*^""o7 1~\ * » where v and y may be assumed at plessnre, 

except that v cannot be equal to +y nor to 3y. As~asi example, ' 
let y = 1 and 0= 19* Then, ;r=— '^, and the required num* 
bers wiU be found to be ^^, 1^, and ^, which wiH 
answer. By multiplying these, also, by the square number 64, 
we get the integers, 6242, 3362, and 482, which will be found 
to answer equally. 

Exercises, 

1. Find a number, such that the sum of its square and jcube 
may be a square. 

Ans, v^-^l, where v may be any number whatever. 

2. Find two numbers, such that if to each of them, and to 

* By taking, for simplicity, y » 1 in this value of x, and substituting 
the result in the expressions found above for the required numbers ; and 
then, by multiplying the quantities so obtained by (»— 3)*, we find that 
the three required numbers will be a^ + 3x", jr*— or", and *'— 5«", where 
a:'-i(o«-l)ft+i(f>-S)«, and ar"«J(»-3)(r«-^l); and, if » be an odd 
number, these results w^ be whole numbers; while, if v be 17 or more, they 
will be positive. Thus, if » « 17, the three numbers will be 16514, 8450^ 
and 386 ; and if ^ « 21, they will be 36242, 20402, and 456S. . . 
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their sum and difference, 1 be added^ each of the four sums may 
be a square* An8, l6S and 120. . 

3. Find two numbers, such that the difference of their cubes 

, , ^ 2©+3 , v^-^2v 

may be a square number, Ans. -„— hr ; and - ' ^ . 

v^—S v^ — S 

4. Find two numbers, such tliat the difference of their squares 
may be a cube, and the difference of their cubes a square. 

Ans, 10«^ and 6v^,f 

5. Render 2x^—2 a square.} 

Ans. ^=^1 and 2x^-2= (jTi^g) * 

6. What value of x will make ISx^+lSx-^J a square ? 

g^2 26t)+54 

Ans. xz=. 2 — ; particular values of ^, 3^ ^ &c. 

7. Find two numbers^ such that if each be added to the square 
of the other, the sum shall be a square. 

. 4(«Hl) . «2-8t>, 
Ans. -\ — - — -. and .S 

8. Find two numbers, such that their sum and difference shall 
beaqoarea. 

Ans. 0^+ 1 and 2o || ; particular values 5 and 4^ 
10 and 6, 17 and 8, &c. 



* To solve thb question, assume the numbers equal to ar^ + 2dr and 
jrS— 2x. Then 4ar + 1 and ^afi + 1 must be squares. Assume the former 
equal to «', and in the seoond take x equal to the value of it so obtained* 
The expression thus found will be a square, when o s 1, and the solution 
will be completed by means of §§ 243 and 244. 

t These answers may be obtamed by assuming the numbers equal to 
arS + 2a6 and ar* — 2a8. 

I Here take ar a y + 1, and the solution will be easy. By taking — % 
we get araS ; also, 9 « ) gives xws 17 ; wlule if o s= ^, we get ar«99. 

§ These expressions will be obtained by assuming x-^l and 4ar as the 
required numbers. 

II These values are assumed at once, in accordance with § 53. It 
would be, in appearance at least, more general to take instead of them 
„8 + o'2 and 2oo'. Bonnycastle, in an inelegant solution, assumes as the 
required numbers, x and a;^ + x ; and, after the trouble of a formal investi- 
gation, obtains for the numbers expressions in a considerable degree compU- 
cated. The next question is also from Bonnycastle. In solving it, he 
assumes 4ar, x'^^Ax, and Sor+l, as the required numbers, and he thus 
obtuns very umply the answers here givea 

M 2 
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9. Required three numbers^ such that the sum of all three, 
and the sum of every pair of them^ may be square numbers. 

10. Render Sx^-^-gx^+SOx—S a cube. 

Am. It will be a cube when 4? = 3. 

11. What value of x will make Sx^^lOx^+24tx^'^32x-^l6 
a square ? Ans, 9* 

12. Find two numbers^ such that their sum and fhe sum of 
their cubes may be equal. 

Ans, 1 and 1 ; 7 and -f- ; -f- and ^; ^ and \^, &c ; 

general values, ^-^ and -^^ . 

IS. Find a number, such, that if 1 be added to its double and 
triple, each of the results may be a square. 

Am. 40, 5960, II, &C.; general value 2(^+jr), 

where «=-« — z^- 

14. Resolve S5, which is the sum of 2^ and 9^ into two other 
squares. 

Aru. & and 7^ besides innumerable fractional answers. 

15. Find two numbers, such that their difference may be 
equal to the difference of their squares, and that the sum of their 
squares may be a square. 

2«— 2 . , 2©— 2 ©»— 2©^ 

« 

16. To divide a number which is tlie sum of three square 
numbers in arithmetical progression, into three other squares 
which shall also be in arithmetical progression. 

Ans. The numbers will be found by dividing one third of the 
given number into two squares, a^ and b^, by Exam. 3., 
and taking (a— 6)', a^-f*^ *nd (a +6)^ as the re- 
quired numbers.t 

* This question is taken from Barlow's Theory of Numben, p. 477., 
where it is stated that the answer is *' f* f , or any two fractions tiie sum 
of which is unity." This is erroneous, as, besides having their sum equal 
to unity, the fractions must be of the forms given above, or some eqm- 
valent ones. 

f As a particular example, let us take 1, 25, and 49» which are square 
numbers in arithmetical progression. The sum of these is 75, and one 
third of this, 25« is the sum of the squares of 4 and 3 (half the sum and 
half the difference of a/49 and a/1). Then, by taking a » 4, & s 3, and 
V ss s, in the result obtained in Exam. 3., we find two other squares whose 
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251. Tab series which are treated of in mathematics are suc- 
cessions of quantities^ each of which^ after a certain term^ is 
derived^ acc(»*ding to a determinate law^ from one or more of the 
terms preceding it. Thus^ in the series^ ^, I, -^j -^^ Saz,, each 
term is one third of the one next before it ; while, in the series, 
1, 2, S, 5, 8, \Sy &c, each term after the second is the sum of 
the two immediately preceding ones. Out of the numberless 
kinds of such series, two have already been treated of in Chap- 
ter VII. ; and we may now briefly consider a few others. 

252. A principal problem regarding series is the finding of 
their sums. If an infinite series, that is, a series to the number 
of whose terms there is no limit, be proposed, and if we take as 
its sum the sum of a certain number of its leading terms, the 
first ten or first hundred, for example, the error would evidently 
be the amount of all the remaining terms. Now, if we can show, 
that by taking more and moi:e of the terms, that error, or com- 
plement, admits of being rendered as small as we please, — less, 
in fact, than any number that can be assigned, however small, 
it is plain that there is a limit to which, whether we can find it 
or not, the sum of the series tends as its value. Such a series is 
said to be eonvergenty and all others to be divergent. Thus, we 
saw in page 1 12., lluit die sum of the series ^, ^, -|^, &c., can 
never amount to 1, however far we may carry it ; but that, if we 
take a sufficient number of terms, their sum will difi^er from 1 by 
as smalt a quantity as we please : ibis series therefore is con- 
vergent. On the contrary, the sum of the series, ], 1, 1, &c., 
and 1> 2, 3, 5, 8, &c., will evidently go on perpetually in« 

sum is 25» to be (^)2 and ({)>, and the required numbers will be Qi)% 
5% and (¥)^; or, by multiplying by the square 25, 289, 625, and 961, 
which are found to answer. Innumerable other answers may be found 
by giving difi'erent values to v. 

m3 
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creasing, as more tenns are taken, and will snrpaaa any 
howeyer great : these, therefore, are diyerging series.* 

255. It is impossible to give a general rule for the summation 
of series. Certain classes, however, may be readily summed ; 
and we may now consider some of liiese, commencing with the 
following simple example. 

Exam. 1. Find the sum of the series, 7-5, -^-5, ^-7, r--,&c.t 

l.z Z.O 9.« 4.5 

Here the first term is plainly equal to -{"""^^ ^ second to 
|-— ^, the next to i^i, and the nth or general term, which is 

eridently -7 — —-r , to -—-. Hence, therefore, denoting the 

'' n(n-l-l) n n+l ' ° 

* Such also is the series, 1) ^i }, |» &e.f already referred to in p. 113., 
though the contrary might be supposed firom the continual diminution of 
its terms, which, by carrying it out far enough, may be made as small as 
ve please. To show thu, let the sum of the series be written thus : 

i+a+i)+a+i+*+i)+a+A+ • • • • +*)+&c 

We thus see, that, whUe the first term is }, the sum of the next two, 
being greater than } + }, is greater than \ ; and that the sum of the next 
four, being greater than t + | + t + },is also greater than ^ In a similar 
way it would appear, that the sum of the next eight terms, the sum of 
the sixteen following them, and so on, would be each greater than \ ; and 
it would be shown in a similar manner, that, universally, if 2o be the 
denominator of any term after the first, the sum of the v terms ending 
with that one would exceed \. Hence the sum of the infinite series must 
be infinite, being greater than | repeated an infinite number of times. 

t This series may be generated by diriding, as in the muargin, 1 1^ 1, 
under the form 2— 1 ; the remainder } by 
1 under the form 3 — 2; the next re- / 1 I 

mainder \ by 4—3; and so on. In a 2—1)1 (i7J'*"53'*"^ 
similar manner, the student may evolve as I —1 

many series as he may think proper, by — *- 

subjecting the divisor to a regular change 
of form : and the sum of an infiniU num- 
ber of terms of each will be the exact 
quotient obtained by dividing the original 
dividend by the divisor. Thus, fiw instance, by dividing 1 by 4 under 

11 3 

the successive forms, 5—1, 7—3, 9—5, &o., we should get - + — -- + -—— 

o 0.7 d.7.9 

8 1 

-I- -h&c ; in which &« »2* ^^ ^^ ^^® terms be dirided by 3, 

this will take the form, t-^-j + ^-5-= + =-;r;: +&©• ; and in this we dull 

1.3.5 3.5.7 5.7.9 

plunly have S^ k^ 
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sum of n terms by S«, and writmg the positiye terms ia one line, 
and the negatiye in another, we get 



8.= ^ , : , . l,orS,=l L _. « 



1^ 2 3 *'""n""nH-lJ 



n^l n+1 



Hence the sum of six terms is ^, and the sum of a thousand is 
^^. If n be infinite the fractional part of the first form of 
tiie sum vanishes, and we haye simply S^^ = 1. 

254. To generalise this process^ since 

11 q • , 1 1/1 1 \ 
— ==-7-^--r,wehaye,conyersely,-7-----r==-( --). 

p p+q Pip+q) ^ p(p+q) q\p p+qJ 

By means of this expresuon^ we can find two fractions, whose 
difference shall be eqiml to any giyen fraction ; and thus we can 
determine the sum of any series which admits of being summed 
on this principle. 

Exam, 2. Find the sum of ihe series, rr?. -r?, -r-z* ?Tr> &c. 

' 3.5 4.6' 5.7 0.8* 

Here the general term is evidently 

1 1/ 1 l\ 

(n+2)(»+4y ^' 2U+2 n+4y' 

by what has just been shown, p being equal ton +2, and ^ 
to 2. Hence, by taking n sucoessiyely equal to 1, 2, S> &c., 
we find the first term, the second, the third, &c., to be 

Ui-il Ki-i)> Ki-¥)> &C- ; 

and the term before the last, the term before that, &c will be 
resolved into their parts by changing n into n— 1, n— 2, &c. 
Hence, 



^•-51 1 1 1 

[ "■5""S""*'*'"m=^ 




2 n + 3 

^ ^l/'l . L I 1 \ 7 2n+7 

^ •""2V3'^4 n-i-3 «+V"24 2(n+3)(n+4y 

If n be infinite, the third and fourth terms of the sum in its 
first form will vanish, so that the sum of the infinite series is -^r 
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255, Since 



1 i _ P,— Pi 



« 



PlPlPf*Pm^l PiPzPi'^'Pn P\PiPZ'**P» 

by diyiding byp,— j>p we get 

PlPtPz '"P* Pm^Pl \PlPiPt • • • P—1 PiPzPA • • • P*J 

This very general f onnnla enables ua to sum many aeriesj, in 
which the factors of each of the denominatora are eqoidiSeroit, 
the common difference being the aame in all the denominaton. 
The following examples will iUnstrate this method* 



Exam. S. Find the sum of the series^ 

1 . I 1 



&c 



1.4.7' 4.7.10* 7.10.13' 

Here, die factors of each denominator exceeding those of the 
preceding one by S, it is easy to see that the general term is 

X 

, -^TT- -Tj- -r^, since, if n be taken snccessiyely equal 

(3n— 2)(3n+lXSn + 4y ' ^ ^ 

to I, 2f 3, &c,, that expression will give the several terms of 
the series. Hence, by taking p^ z= 3n—2, J»2 = Sn+1, and 
j>, = 3n4-4, we find by what was ahown above, that the general 

term is equiyalent to l{ ^s^_^l^s^+i>^ - (^i^+i^sn+*) }' 

Ttldng in thii n saccesriTely equal to 1, S, S, ..., and n— 1, 
we find the first, teoond, third, and (n— l)th terms to be 

gfc'i^)' 6\iJi~TMr s(7rio~"Iai3j' •"* 

g{ (3n-5X8»-2) " (8n-2J(3n+l) }- Then, by amaging 
these and the nth term as in the other examples, we get 

1.4'*'4.7''"7.10'^* '"^ (3i^-5)(a»-2) ^^ (3n^2)(8i»+]) 

L * 1 1 

~4.7~Tlo^' •" (a«-8)(a»+l) ■"(a»+lX3n+4) 



* Found by multiplying the numerator and denominator of the first 
fraction by p«, and those of the second by P|» and then subtracting the 
second result from the first. 

t This term would be destroyed by one of the parts of the (n— 2)th 
term. 
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When n is infinite^ the last term vanishes^ and therefore the 
sum of an infinite number of terms is -j^ 

5 6 7 8 

Exanu 4, Sum the series. , . . si. &c». 

' 1.2.3' 2.3.4* 3.4.5' 4^5^' *^ 

n+4 

Here the general term is plainly —, 7^7 ;;t ; and this, by 

® r / n(n + l)(n+2)' ' ' 

the last §, is equivalent to --! -7 — rir\^7 — ttvt — tt^ ?■♦ 
^ ^ 2ln(n+l) (n+l)(n+2)J* 

Then, by taking n successively equal to 1, 2^ 3, , n, and 

arranging the results in the usual way, we get 



• 2 



5 6 7 n+3 . n+4 



1.2 2.S S.4 
'"2.3" 3.4' 



(n— 1)» n(«+l) 
n + 3 



« + 4 



• . ^~ •••••• 



211. 



2+23+3S'^'-- "^ 



»(ii + l) (n+l)(n + 2) 
1 n+4 



n(rH-l) («Hhl)(»+2)j' 

by contraction. Now the first term is the half of 2^ ; so that 
if we omit the 2 and the last term, what remains is one half of 
the series in Exam. 1. Using, therefore, instead of this series, 
the sum there found, we get 

S -^Jso-l 1 n+4 V 3 . n-h3 

"""2 1 "^ n+1 (»+l)(n+2)J ""2 (n+l)(n+2y 

3 

Hence S«=:-. 
2 

Exercieei, Find the sums of the following aeries. 
^•4:5+5:5+8:7+7:8+^'' 



^w»- ^--i"n+4""4(fi+4) 



, and Sa.=7- 
4 



*• 2^.4+3.4.5+4.5.6+**^ 



1 1 1 

M 5 
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, 1.1.1.- 

S 2n+8 3 

.2 3.4 5 ^. 

^- 3:5-5j+7:9-9aT+*'- 

256. Infinite series may be conYerted into continued fractions ; 
and thus their sums may be determined^ either accurately or 
approximately^ in many of the most interesting cases.* The 
method of effecting this will be illustrated by the following ex- 
amplesy in which the series is regarded as the numerator of a 
fraction having unity as its denominator. 

Exam. 5. Express fhe infinite series^ 1— 4«+7^— lOar^-f 
13^:^— &c.^ as a continued fraction. 

Here the operations in division for obtaining the continued 
fraction will stand very conveniendy in the following form^ the 
coefficients only being used^ and^ as in the note in p. 6l., the 
French and the common mode of placing the divisor being em- 
ployed alternately. 

* Much of what follows, regarding this curious and interesting iq>pli- 
cation of continued fractions, is taken in substance fix>iii Burg*s Lehrfmdk 
der hGhem Mathematik (Wien, 1832), vol. i. chap, la See Jso Ettings- 
bausen's Vorlesungen tiher die hlihere Mathematik (Wien, 1827)» p. 69. 
&c. When, by the method here employed, or by any other, an exact 
finite quantity is obtained as the ram of an infinite series, the mean- 
ing is, that, if the quantity so found be developed by the performance 
of the operations indicated, it will become the same as the proposed 
series. 



1 -4 7 -10 13- 

4-7 10 —13 + 

4 -8 12 -16+ 
1 — 2 3^ 
Hence 1— 4d?+7«*— &c, 

=i t 
H 
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1 —4 7—10 IS— 
7 10 IS 16 
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^ -4 


4 


4 


4 


9 


18 


27 


36 


4 


4 


4 


4 


9 


18 


27 


36 


4 


.4 


4 


4 



^"^*(4^)^7;^ 



1 

16 



=98 



9 • 



' T+f t 



(4^j 



257* The yahie of the continued feiction found ahove^ in its 
first form^ will be obtained in the manner pointed out in § 2l6.> 
and the work will stand as follows : 



* In the process gWen above, 1 in the left-hand division of the work 
is divided by 1 —4 7, &c., in the right-hand division; and the quo- 
tient 9| is 1, and the remainder 4 — 7 10» &c Dividing 1—47, &c., by 

this remiunder, we get the next quotient q^ts-—, with the remainder 

4«t 
^fi If -.^, &e. We next divide the last remainder, 4—7, &c^ by this, 
and we get as quotient — }f, and as remainder 1 — 2 S, &c. By this, in 
the last place, we divide — { ^^ &e. ; and we thus obtain the quotient 
q^, with no remainder. 

f The first form of this continued fraction is that which is obtained 
according to the ordinary process in Chap. XII. To obtain the second 
form, we multiply the numerator and denominator of what is annexed to 

1, the first denominator, by the denominator 4tx. In this way, •--, the 

second fraction, is found ; and the numerator of the third becomes 4x in- 
stead of 1. We then multiply this numerator and its denominator by 
the denominator 9 ; and we thus get for numerator 36x, and for denomi- 
nator — 16, while the numerator of the remaining firaction becomes 9 : 
and, by midtiplying the terms of this fraction by the denominator 4x, they 
are changed into 36a? and -^9, and the fraction itself becomes — 4x. 
Then we simplify the last two firactions by dividing by 4 ; and finally by 
changing some signs, the method of doing which is quite obvious, we get 
the fraction in the second form, 

M 6 
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, 1 16 9 

1 VW 9* 4ar 4x^«a l-2x 



1' .,lj 7_T6_i.' l4.i..A4.*4.1 1+2*+'*" 
■^4* 9 9* ^"^41: 4z ■*"«"*■*» 

This it the required nan; and its correctness wonld he verified 
by actually dividing the numerator by the denominator, as the 
quotient would be the given series.* It may be remarked that, 
in the present exanqple and in similar ones, the sum would be 
found rather more simply from the second form of the continued 
fraction, by reducing the last two of its component fractions to 
a simple fraction ; then by attaching the result to the denominator 
of the preceding one, and reducing the complex fraction so ob- 
tained to a simple one, and so on. 

£««,.6. Given l+?+^+j^+j^+&ct; tons 
duce it to a continued fraction. 

Here, by dividing I by the given series, the series by the 

remainder, and so on in Uie usual way, we find the successive 

1 3 5 7 

quotients to be 1, — , —2, -, 2, — , —2, -, &c. ; where 

Of Mf Jf X 

the law of continuation is manifest. Hence the continued frac- 
tion will be of either of the following forms, the second being 

* A aeries, such as the one in this example, which can be expressed by 
a finite continued fraction, and for which, therefore, a sum, or generating 
fraction, can be found, which by division will reproduce the series, is 
called a recurring series. In a series of this kind, each term, after a cer- 
tain number at tiie commencement, is equal to the sum obtained by add^ 
ing together the respective products of a certain number of the terms 
immediately preceding it, by determinate multipliers. Thus, in the pre* 
sent example, each term after tha second is obtained by multiplying the 
two terms immediately preceding it by — .r^ and — 2« respectively, and 
taking the sum of the results; as would appear by dividing the nume- 
rator 1 — 2:r, by the denominator 1 +2ar + xB, of the generating fraction. 
These multipliers (in the present case — «% and — 2:r) have been called 
the seak of relation of the series. In summing series by means of con- 
tinued fractions, it is not necessary to consider this scaler 

f This is the series equivalent to the exponential function ea», e being 
the base of the Neperian logarithms. See DiJferewtUd etnd IntpgrdL CdU 
enluSf p. 33. 
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derived from the first in the manner pointed out in the note to 
the last example : 



1 

1 + 



m*^ 



2+ 



1_ 

2+ 



m ■ 



(ir)*<^' 






1-- ar 

7+&C.* 

Ea;am. 7. Reduce a?— 1«^+^— Ja:* + &ct to a continued 
fraction. 

Here, by dividing 1 by the series^ the series by the remainder^ 
&c., we find the successive quotients to be 

12. 325272^ 

? r ? 2' w' 3' i' i' *^' 

the law of continuation of which is evident. Hence we shall 
have the equivalent continued fraction expressed in either of the 
following forms^ the latter being derived from the former in the 
way pointed out in the note to Exam. 1. : 

* It would be easy to show by the method pursued in $ 216., that, in 
finding the converging firactions, when there is a negative quotient, the 
products by it are to be severally diminUhed, and not increated, by the 
terms of the fraction inunediately preceding them. Hence, if in this 
fraction we take x » 1, we shall find the first twelve of the firactions con* 
verging to the value of e, in the followiklg manner : 

0, 1, -1, 2, -3, 2, -5 2-7 2 -9 2 -11. 

f t fc t !. y. ft w» va»» m> %m 



By performing the actual division in the last of these fractions, we get 
2*718281828445 ; a result which is true in all its figures except the last 
two, which ought to be 59. 

t This (Difereniial and Integral Cakulua, p. S4.) is the Neperian 
logarithm of 1 + x. 
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X 

or, -T .X 

^+2+- 5tx 



^ "^ 9 +&C.* 



Exercises, 



7. Show how 1 + 2x-\'Sx^+^a^'\-kc. may be expressed as a 
contmued fraction ; and thence find the sum of the series. 

Ana, The several quotients are 1, — 5-* —4, and — . In 

the second form of the continued fraction^ the com- 

1 2x 2j: 2a? 

ponent fractions are --, — 7-, -r-y and — — ; and 

114 1 

the sum is yz rs. 

8. Find the sum of the infinite series. 



* I^ in either of these expressions, x be assumed equal to 1, and if 
eleven of the component fracticHis of the continued one be taken, the 
equivalent common fraction will be yUffJ^ or, by division, 0*6931471849, 
which is the Neperian logarithm of 2, true in all its figures except the last 
two. Now, it is worthy of remark, that if x were taken equal to 1 in the 
series given in the example, the resulting series, 1— 3 + |— ^ + |— &c., 
would converge so slowly, that it would be necessary to employ thou> 
sands of millions of its terms to give a result of equal accuracy, and that 
the labour of performing the computation in that way would be almost 
absolutely insuperable. We have thus a striking instance of the advan- 
tage obtained by employing continued fractions in cases of this kind. 
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by means of a continued fraction. 

9. The sine of a circular arc 4; to the radius 1 is 

afi sfi x^ ^ 



1.2.3 1.2....5 I.2....7 
and its cosine 1 —r^ +7-5-5-7— Tq — 2+&c«; and if the former 

be divided by the latter^ the quotient is the tangent of z** 8how^ 
from this^ that the tangent of « is equivalent to the continued 
firaction^ 



* 9 



^ 7 -&c 

10. Prove that (1 +^)" is equivalent to the continued fraction 
in which the numerators of its constituent fractions are 1^ nx, 
4(n+l>r,i(«-l>, i(n+2>, -AK^-SH A(«+S)ar, &c; 
and the denominators each 1 ; the signs of the several fractions 
being + and — alternately. 

11. By employing the first five terms of the continued fraction 
found in £xam. 6.^ show that the series from which it arises is 

12. By means of the first six terms of the continued fraction 
found in Exam. 7*> show that the series from which it was ob- 

tained is nearlv eoual to --^^^^±^^^^±11^ 
tamed, is nearly equal to eo+go^r-fSex^ +3*3* 

13. Required the generating fraction which produces the series, 
5+-0 — iH — s — ^c. Ans. 



X ar^'ar^ z* ' a:^ " *(«-Hl)« 

14. Fmd the sum of the mfinite series, l^x+S^x^+S^x^-^i^x* 

+53*« + &c Ans. ""I^^y 

258. The sums of series may sometimes be readily found by 
* See Diffsrtntiai and Integral Caknbtt, pp. 89 and 40ii 
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tbe method of indetarmiiiate ooeffidenti. Thii will be Olnstnted 
by the foUowing example. 

Exam, 8. Beqnired the sum of I*, 8^ 8', . • . .^ n\ 

Here let the required som be issomed equal to An-f-Bn* -|-CfiM 
Then^ by ehanging n into n+1, we get l*+2*-h .... +»* 
4.(»+l)«=A(n + l) + B(n+l)»+C(n+l)». From this take 
12^2»+ +n*=AiiH-Bn*+Cn», and there will re- 
main (n-hl)^ or n«+2n+l=A+2nB+B-hSCn«-f-SC»+C. 
Hence, by equalling the coefficients of the like powers of n we 
get3C=l, 2B+3C=2, and A+B-hC=l; and, by resolving 
these equations, we find C=J, B=^, and A=|^ The re- 
quired sum, therefore, is ^n+^M^+^n'^ or, what is eqiuTalent, 
«(n+l)(2»+l) + 
r2.S '^ 

Exercises, Find the sums of the following series. 

15. 1», 2*, S», . . . ., n». iiiw. {i»(»+ 1)}*- 1 

16. 1*, 2*, 3*, . . . ., n*. iln*. in»+in* + i-n*^.^^ 

17. 1*, 2^ 3«, . ..., n\ Ans. in«+^*+A»*—A«* 

18. 1«, 3«, 5», . . . ., (2fi— 1)^ iliw. Jn(4n»-.l). 

19. 1 .2, 2.3, 3.4, . . ., n(n -h 1 ). ^n«. K^^ + Sii» + »*)- 

20. 1.22, 2.32, 3.42,... ,n(n + 1)2.^11*. |n+fn«+ Jn^-h^n*. 

21. l.S«, 3.52, 5.72, , (2n-l)(2n + 1)2. 

Ans. n2(2n2+3)+in(l6n2— 4). 

• It is evident, that l« + 25 + 3«+ ... + n« is less than »«+n« + i»«+, 
&c, carried out to n terms, that is, than n^ At tbe same time, as there 
are n terms, and as one of them is nS it is plain that n^ will enter m 
some way into the sum ; and hence the reason of assuming it equal to 
An + Bn% + CnK It would be found, indeed, that if we had assumed it 
equal to A' + An + Bn^ +.Cn.^ + Dn^ + £n^ + &c. , A' would disappear in 
the operation, and each of the coefficients after C would be found to be 
nothing. It is plain, also, that there can be no term A' not containing 
n, from the consideration, that when n is nothing, the sum must be no- 
thing, and not A'. Since, also,, the terms are tdl whole numbers, it b 
evident that the sum can contain no powers of n having fractional or 
negative indices. These remarks are applicable in all similar cases. 

t Much additional and important information regarding series will be 
found in the author's JireattMe on the Differential and Integral dtetdrnt. 
Sect. XXIV. 

t By § 133. the sum of 1, 2, 3, . . . ., n is }n(n+l}. Hence we 
arrive at the curious conclusion, that 

. (1 +2+3+ ..♦. +n)««l3 + 23 + 3S+ .... +n9. 
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CHAPTER JCVL 

APHJOiATION OF ALOEBIU. IN nnTEBTlOATIONB IK GBOMETBY. * 



^^^^^^^^^^^ 



Exam, \, GiYEN the perimeter of a right-angled isosceles 
triangle ^|»; to find its sides, 

* The solutions of two geometrical questions by means of algebra 
have been already given in Chapter TX. In the present section, the 
mode of resolving geometrical problems by this means is taken up briefly 
in a separate form. 

The chief principles necessary fbr the solutions of the following ex- 
amples and exercises are as follows ; and their demonstrations wUl be 
found in the author's other works, and in his edition of Euclid as re- 
ferred to. 

1. The area of a parallelogram is computed by multiplying its length 
by its perpendicular breadth ; that of a square by multiplying a side by 
itself; and that of a triangle by multiplying its base by its perpendicular, 
and taking half the product. (£tic. I. 46. Corollaries.) 

2. If we put ir to denote S '14159265, &c. (half the circumference of 
the eirde whose radius is 1 ), the area of the circle whose radius is a is 
ira\ The volume, or solid pontent, of the sphere whose radius is a is 
|va9, and the area of its surfiice is 4ira^. (DifferentieU and Integral Cal- 
aduSf Section XX«) 

S. Hie volume of a cone or pyramid is one third of the product ob- 
tained by multiplying the area of its base by its perpendicular height. 
(Euc XII. 7. Cor. and 10. ; and Diff, and Ini, Calc, Sect XX.) 

4. If a be the radius of the base of a cone^ and b its slant height, the 
area of its curve surfiice will be ^iroft. This is manifest from supposing 
the surface developed into a sector of a circle. 

5. In a right-angled triangle, the square described on the hypotenuse 
(the ride opposite to the right angle) is equal to the squares described on 
the legs (the other sides). (J^tce. I. 47.) 

6. In triangles which are equiangular to one another, the sides which 
«re opposite to equal angles are proportional. (Sue, VI. 4.) 

7. If from a point without a circle two straight lines be drawn cutting 
it, and be continued to meet the remote part of its ciroumforenee, the 
rectangle contained by one of the lines and the part of it without the 
circle, is equal to the rectangle contained by the other and the part of it 
without the circle. (Eue. III. 36. Cor.) 

8. If two chords out one another in a circle, the rectangle contained by 
the segments of one of them is equal to the rectangle contained by the 
segments of the other. {Eue. III. 35.) 

9. In proportionals, the product of the extremes is equid to the product 
of the means. (£tic. V. Supplements* Cor.l.) 
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Let ABC be the xequired triang^, and let the 1^ AC or BC 
=*, Then {Ette. I. 47.) AB = -v/2?=xv^2 ; and 
therefore the perimeter^ the lum of ail the sides, ib 
2«+4rA/2« Putting this =sp*, finding x from the 
equation so obtained, and multiplying the numera- 
tor and denominator of its value by 2~ a/S, we get 

For another solution, put AB ss x. Then {Eue» I. 47.) AG 

or BC=: V^=i^V^2> and the perimeter will be xjy/2-\-x. 
Putting this equal to p, resolving the equation so found for x, and 
multiplying the numerator and denominator of the result by 
V2— 1, we should get x=p( V2— 1), The same would be ob- 
tained by extracting (§ l69*) liie square root of twice the square 
of the value of x found in the former solution. 

By drawing a perpendicular from C to AB, it would be easy 
to show that the solution, in reference to either of the triangles 
so formed, would be identical with that of Exam, 7- p* 142. 

Exam. 2. Given the difference between the perimeter and per- 
pendicular of an equilateral triangle = d ; to determine the sides. 

Here, let ABC be the triangle, and let AD be ^ 

drawn perpendicular to BC ; then {Eue* I. 26.) BD ytv 

= DC. By putting therefore BD or DC = ^r, the / \ 

perimeter will be 6ar, and {Euo. I. 47.) AD = b d o 
>/(ABa - BD2)= >/(4»2-^2)-. V8a:»=^ v^S. 

Hence 6x^x^/3=^d; whence x=s^ — ^ ; or (§ 108.) 
^6 + ^3)cf, the double of which is the side. 

• If we were here to transpoee 2Xf square the members so obtained, 
and resolve the result as a quadratic, we should get jr«B||)(2 ± ^2)^ the 
same as the result in the text, if the double sign were used before V2. 
By using the lower sign in this we get the solution in the text, which is 
the solution to the question in its literal meaning. By taking the upper 
sign we get j;»^2 + s/2)y which is the leg of the triangle in the ques- 
tion in which p is the excess of the sum of the legs above the hypo- 
tenuse, as woiud appear by changing the sign of V2 in the equation 
SX'i^x^/Q^p. 

In like manner, in Exam. 2., by transposing xVS and d^ by squaring, 

&e., and resolving the resulting equation, we should get j^6± ^d)d^ a 

result which would also be obtidned by taking AD equal to d: VS : and» 

^by using the lower sign, the expression would be tiie value of x, if d 

were the sum of the perimeter apd perpendicular. 
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Eisam, 3, Qiven one leg of a right-angled triangle ss 15 {^a), 
and the sum of the hypoteniue and twice the other leg = 38 
(=ss5) ; to find the three sides. 

Here^ if BC = a, and AC = x, ire haye (Euc 1. 47.) 

AB = V(a«+«^); and therefore 24?+-v/(aH«^)=&. 
Hence, by transposition^ by squaring^ &c.^ we get jt= 

i{2ft± V(6H3a»)} ; and, taking a =15 and 6 = 33, we 
find x=:8 and a=s:S6, the first of which gives AB=17, 
while the second gives it equal to 39* Of these results 
8 and 17 answer the question in its literal meanings since 
2x8 + 17=33. The others are the answers to the 
question in which the ejecess of twice the required leg above the 
hypotenuse is 33, since 2 x 36—39=^33. This will be under- 
stood from the circumstance, that the primary equation might 
have been 2«-r >v/(o*-f«2j=6, as well as 2af+ A/(a^+*2)=6. 

Exam, 4, Through a ^ven point P, to draw a straight line 
PAB cutting a given circle ABBA, so that the part of it, AB, 
within the circle may be equal to a given straight line. 

To solve this, draw PD£ pass- 
ing through the centre C, and 
let PE = a, PD = 6, AB = <?, 
and PA = a?. ThenPB=fl7+c; 
and {Euc. III. 36.) PA . PB 
=PE . PD, or x{x+c)=db. 
Hence (§ 151.) we get x:= 

* The poflitiTe value of x is PA, agreeably to the assumption; while 
the negative value, taken positive, is PB. This would appear from 
taking PB a ar, and consequently PA a x^c, as the equation would then 
become x(:r~c)»a&, which would have the same roots as those found 
above, but with contrary signs. If the given point were within the circle, 
as at P', ( ( aa F'D) would be negative, and the values of a: would become 
|( — <i ± V{e^ — 4a&) }. This becomes imaginary, and the problem impos- 
sible, if e^ be less than 4a6, or, which is the same, if e be less than a chord 
through P' perpendicular to D£. Lastly, if P be on the circumference, 
4ab vanishes, and the value of x becomes or .-c. The negative values 
may be explained by supposing the line PB to revolve about the point 
P, tUl, not that line itself, but its continuation in the opposite direction, 
cuts the circle, so as to make the part of it within the circle equal to c 
(See JHgoitometryf Section I.) 

A very simple solution would be obtuned by bisecting AB in F, and 
putting FFbot. In that case we should have FAcsdr— ^, and FBr« + ^ 
and therefore x^— ^^sa6; whence xm±^(^*+ab). Then the po* 
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Exam, 5. Given the bate of a trung^, its perpendicular^ and 
the ntio of its other sides^ to detennine the truui£^. 

Suppose ABC to be the required triangle, and let its bsae, 
BC, be bisected in £. Let BE or 
£C = a, the perpendicular AD=p, 
and the ratio of AB to AC that of 
n to 1 ; and let ED s x. Then 
BD=a-hxand DC=a-«;and ■ ■ oi> c f ihg/ 

(Sue. I. 47.) we get AB» = 

(a-ha?)^+j»*, and AC*a=s(a— «r)*+p'. Now, by the question, 
BA : AC : : n : 1, whence (Note, p. 257.) BA = nAC ; and, by 
squaring, BA» = n«AC^ or (a+ar)«+|)la=n«(a-«)»-hnV. By 
performing the operations here indicated, and by transposition, we 

get (n»-l)«»— 2(n«+l)<M?=-(«*-l)(o*+i^): andhence,by 
§ I52.I and by some easy reductions, we get 

(n«+l)a± A/{4n«aa-(n»-l)V} • 

9 ^ a • 

n'— 1 

sition of PB would be determined by describing a circle on PC as 

diameter, and inscribing in it chords each equal to x, and terminated 

at P. 

* Here we have two roots, the less of which is ED, and the greater 

£D' ; and either of the triangles, ABC and A'BC, will answer the con- 

(rfi + 1 'Wk 
ditions of the question. Half the sum of these roots is ^—^ — ^, which 

is eyidently EF, F being the point of bisection of DD' : and this being 
independent of />, it is plain that the position of F will be the same 
for all values of p, so long as a and n are unchanged. By taking, 
llgain, half the difference of the two roots, we get DF or D'F 

« -S -~V" — ) P ) . 2Q^ y^y adding together the square of this 

and|>3, and by taking the square root, we get (Ew, L 47.) AF or A'F 

. a: -^ — -, a quantity also independent of p. This remarkable result, in con- 

neiion with the value found above for EF, shows that, as long as the base 
and the ratio of the sides continue the same, the vertex of the triangle will 
be somewhere on the circumference of the circle whose centre is F, and 
whose radius is the value found above for AF. * That circle, in the 
language of the ancient geometers, is the heut of the vertex.^ If the 
perpendicular continually diminish, BA« CA will tend to coincide with 
BG, CG, and BA', CA' with BG', CG'; and therefore the ratio of 
BG and CG, and also that of BG' and CG', will be that of n to 1. 
Hence {Eve, VI. 3. and VI. A.), if AG and AGr' were joined, the former 
of the lines thus drawn would bisect the angle B AC, and the latter the 
exterior angle CAH ; and similar conclusions would be obtained by 
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Emtft^ 6. To divide a given straight line AB (=o) into two 
parts^ AC and CB^ such^ that the square 

of one of them, AC, may he to the rect- ^ c 

angle contained hy the whole line^ and 

the other part CB, in a given ratio (that of 1 to n). 

Let AC = X, then CB a= a— 47 ; and^ hy the question^ 
x^ : a^—ax :: 1 : n. Hence^ hy equalling the products of the 
extremes and means^ transposing^ and resolving the resulting qua- 
dratic equation^ we get a;=--{ — l + >/(l+4»)}* 

Exam, 7* Given the chords of three arcs which make up a 
semicircle ; to find its diameter. 

To solve this^ let AB sa: a, BC = ^ 
CD as c, and AD = x : draw also BE per- 
pendicular to DC produced. Then (Euc, II. 
12.) BD» = BCHCDH2CD.CE. This is 
easily expressed in terms of a, h, c, and x ; 
since (£tic. I. 31.), ABD being a right angle^ 

joining A'G and A'G\ It may be remarked in the last place, that, if 
the perpendicular AD be less than the radius AF, there will be two 
solutions ; that, if it be equal to the perpendicular, there will be only 
one» the points A and A' coinciding ; and that, if the perpendicular be 
greater than AF, the problem will be impossible. In connexion with 
the present investigation, see Euc. VI. G. 

* This question affords a good instance of the nature and interpre- 
tation of negative results. It shows, as is often done by algebraic 
solutions, that the enunciation of the question is not sufficiently general, 
but that it ought to be to the following effiict : In a given straight line 
AB, or in its continuation, to find a point such, that the square of the 
distance of that point from the point A may have a given ratio, that of 
1 to n, to the rectangle of the given line and the distance of the required 
point from B. Now, in the solution given above^ we supposed AC to 
extend from A towards B, and therefore the positive value of « is AC ; 
while, there being a negative root, the ^ 

line corresponding to it must be AC, a g* | t ^ 

line lying in the direction opposite to 

that which was contemplated in the solution. If in the solution we 
had supposed x to denote AC^ we should have obtained the same 
values for ar, but with contrary ogns. 

As a numerical example, let AB » 96 and » » 12. Then x « 9, 
and X »-12; that is, AC a 9, and AC» 12, each of which will 
be found to answer. 

If n » 1, the solution found above will give the section of a line in 
extreme and mean ratio (JE^tte. II. 11. and VL 30.) : and we thus see 
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ve have (^ttc. I. 47.) BD«=:AD«-AB«=«a— a«; and, ^ 
triangles ABD, £CB being (Eucllh 22. and 1. 13.) equiangnbr? 
we have (Euc VI. 4.) AD : AB :: BC : C£, or « : a :: & : C£ 

5SS abx-^. Hence x^ — a^=6* + c* + 2a6cjr"*, or, by multiplying 
by X, and by transpoutiony «*— (a* + 6*-f c^)a? — 2afcc=0; an 
equation, the resolution of which wOi give the value of the di- 
ameter AD.* 

that both Euclid's enunciation and solution of the problem should be 
more general than they are ; as not only one point may be found in the 
given line which will answer the conditions of the problem as it is pro- 
posed by Euclid, but also another in its continuation which will answer 
to its conditions when it is proposed, as it ought to be» in the extended 
manner pointed out above. 

* This equation will have one 'positive root and two negative ones, 
as long as a, 6, and e are positive. The greater of the negative roots, 
taken positive, will be the diameter of a circle such, that if arcs of it be 
cut off by the ^ven chords, the diffitrence between one of them and the 
other two will be a semicircle. In this case, if b be less than a, the point 
C will fall between A and B ; but, if 6 be greater than BD, C will lie 
below AD on the arc of the other semicircle. In solving this, the 
thirteenth proposition of the second book of Eudid is to be employed 
instead of the twelfth ; or, in the solution in the text, b in the one case 
is to be taken negative, and e in the other. The second negative root 
will, of course, satisfy the equation ; but it is inadmissible as a solution 
to the question ; since, as it is less than some or all of the given chords^ 
they cannot be inscribed in a circle of which it is the diameter. It is 
plain that the chords may be taken in any order round the circle, as they 
will always cut off arcs of the same magnitude. Such variations, however, 
will present no difficulty. It may be remarked, also, that the smaller 
of the arcs into which the chords divide the circumference are employed 
throughout. 

Several modes of solving this question are given by Newton in his 
Univenal Arithmetic ; and illustrations will be found in Castillioneus's 
Latin commentaries in his edition of the same work, and also in Wilder^s 
English edition. It is worth remarking, that if the question be solved 
by means of the known principle (Euc VI. £.), that the sum of the 
rectangles of the opposite sides of a quadrilateral inscribed in a circle is 
equal to the rectangle of its diagonals, a root of the final equation will be 
sero, which is, of course, to be rejected. 

It may be proper to remark, that Newton, in connexion with the 
solutions of this question contained in the fine old work above referred to, 
hfus given some directions which are useful, not only in the solution of 
geometrical problems by means of algebra, but also in solving them geo- 
metrically. Of these the following is the substance. When, as is often 
the case, the diagrams require farther construction, this may be effected 
by producing some lines till they meet others, or till they become of an 
assigned length ; by drawing from any remarkable point a line parallel 
or perpendicular to another ; by joining remarkable points ; by (Uviding 
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As a numerical example^ let a= 15^ &= 15, and cis?* Then 
the equation just found becomes 0^3—499^^3150=0; the roots 
of which are easily found (§ 189.) to be 25, -7, and - 18 ; and 
the first of these answers die question in its literal meaning. 

If, again, a = 25, 6 = 33, and c = S9, we find dr to be 65, 
^(^^65+ a/265), or ^-65- V^65); the first of which an- 
swers. 

Exam, 8. Through a given point P between AB and AC, 
two straight lines which form a right angle, to draw a straight 
line D£ of a given length a. 

Since the position of P is given, if we draw PP perpendicular 
to AB, AF and FP must be known ; 
let therefore the first be denoted by h 
and the second by c, and let AD = x. 
Then, in the right-angled triangle 
DAE we have {Eue. I. 47.) AE= 
V(DE3-.AD2)=v^(aa-^); and 
{Euc. VI. 4.) the similar triangles 
DFP and DAE give the analogy, 
DF : FP :: DA : AE; that is a:— 6 

: c :: a? : ^/(cfi-'X^). Hence, by equalling the products of the 
extremes and the means, squaring, and transposing, we get 
ar*— 2&»3+(6«+o»-a«)arH2a2to-a262=o.* 

an oblique-angled triangle into right-angled ones by a perpendicular 
from one of the angles to the opposite side ; or by resolving trapeziums 
or polygons into triangles by means of diagonals : and in such cases, the 
formation of similar triangles ought in general to be effected as much as 
circumstances will permit. 

* If the four roots of this equation be all real, one of the positive ones 
will be AD, and DE will be the required line. Another positive one 
will give a line such as AD,, and the required 'line will be the one 
drawn through D, and P, and continued till it meets AC. The third 
positive root will give a line such as AD,, and, if PD, be drawn, its 
continuation from D, till it meets CA produced will be the line' required. 
Jjastly, the nej^ative root will correspond to a point D^ in BA produced 
through A ; and, if D^P be drawn, the part of it between D^ and AC 
will be the remaining one of the required lines. If two of the roots be 
imaginary, a must have been so great in comparison of b and e, that no 
line equal to it, and passing through P, could lie between the lines form- 
ing the angle BAC. If the two greatest of the positive roots be equal, 
the points D and D, will coincide, and there will be but one line in the 
angle BAC which will answer the question. 

If e » 6, it is obvious that the two lines, each equal to a in the angle 
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Exam* 9* Given the slant height of a cone ^:^a{=^5 feet), and 
ita content equal to icb (=57*6991118 cubic feet = 12v); to find 
ita altitude^ and the radiua of ita base. 

B AC, if there be two, ought to be umilarly situated, the one in referenee 
to AB and AC» and the other to AC and AB ; and that the two re- 
maining lines ahould occupy nitoilar situations in the angles in which 
they lie : and hence we might expect the solution to be simplified ; y«li 
when we take e » b in the equation fi>und above, we get 

««-26«» + (26«-a«)** + 2a«6x-a«6»»0, 

an equation which presents scarcely any more fecilities fi>r its resolution 

than the general one. I^ however, as is shown by Laeroix, in his AppH- 

cerfion dt PAlffibn d la GSomStrie, x be changed into hy-^rh, the equation 

will become 6V + 26y + (2**— o*6*)y' + 2My + ft^«0; and, by dividing 

this by 6^, we obtain a reciprocal equation, which ($ 197.) may be 

resolved as a quadratic The same object is attained in a very simple 

and instructive manner in a solution to the following effect, given for 

this case by Newton in his UnivencH Arithnutie. Bisect 

D£ in H, and draw HK and HL parallel to AC and 

AB. Then, putting £H or HD « a, PF or PG » 6, 

and PHsx, we have DP^a^x and £P»a + d:; 

and, from the equiangular triangles DAE, DFP, and 

PGE, we get (Eue. VI. 4.) DP : PF :; DE : EA, 

andPE: PG::DE : DA;thatis,a-ir :&::2a: EA, 

and a + x lb '.l2a I DA. These two analogies give 

values of AD and AE ; and by putting the sum of 

the squares of these ^ual to 4a*, the square of DE, 

and reducing the equation, we get x* — 2 (a* + h*)x^^ 

2a»6» - a* ; whence or « ± V{a* + b^±b V{4a^ + 6*)} . 

In connexion with this solution, Laeroix, after remarking that it was 
given by Newton for the purpose of showing how a judicious selection of 
the unknown quuitity may simplify the solution of a problem, observes 
that, in determining on the choice of the unknown quantity, we ought 
to assume that one which, in the circumstances of the question, will 
undergo the fewest changes. After the solution also, Newton ^ves a 
useful rule of which the following is the substance. When, as it is 
generally easy to see beforehand, two unknown quantities bear saieh 
relations to the other quantities concerned in a question, that an equation 
in every respect similar would be produced whichever of the two might 
be employed ; or when, if both be employed at once, they will have the 
aame dimensions and exactly the same form in the final equation, except 
perhaps a difference of signs ; it is then better to employ neither, but to 
select some third quantity which bears the same relation to each of than, 
such as their half sum, their half difference, a mean proportional 
between them, or the like. Newton*s solution of this problem exem- 
plifies both these principles. Thus when AF and FP are equal, PH can 
evidently have only two values different in magnitude, one for the lines 
in the angle B AC, and the other for those in the other angles, while AD 
niay have four values ; and therefore, according to Lacroix's principle, 
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Here, if we put AC = x, we have {E%ic, I. 47.) CD^rsa^ - x^ ; 
and hence (Note, p. 257.) liie content of the 
cone is ^x(a^--:g^). Putting this equal to 
vb, we get, hy easy reductions, x^—a^x + Sb 
= 0^ aa equation which^ by Descartes's 
rule (p. 172.), will have one negative root, 
and either two positive or two imaginary 
ones. With the numbers given in the 
question, it becomes ar^ — 25a: -1- S6=0, one 
▼alue of which is readily found, by § I89., 
to be 4, and thence, by § 174., the other roots are easily found 
to be — 2-t-^/13 and —2—^13. Of these three roots, each 
of the first two answers the question in its literal meaning ; but 
the third, though it satisfies the equation, must be rejected as a 
solution to the question, as it gives an imaginary value for CD. 

Exercises, 

1. Given the sum of the . perimeter and diagonal of a square 
= « ; to find its side. 

Ans, ■j^(4--//2). If * were the difference of the peri- 
meter and diagonal, the side would be ■^*(4 + a/^). 

2. Find the dimensions of a rectangular garden containing an 
acre, and having its length and breadth in the ratio of 8 to 5. 

Ans, Length and breadth l6 perches and 10 perches. 

3. Given the area of an equilateral triangle == a ; to find its 
side. Ans, ^^Sa\/^3, 

4. Given the diagonal of a rectangle = 100 (=:(;), and its peri- 
meter = 248 (= p) ; to find its sides. 

Ans, 96 and 28 : general values, J-{pi ^/{StP^p^)}, 

5. Given the two lines drawn from the oblique angles of a 
ri^t-angled triangle to the points of bisection of the opposite 
sides, equal to a and b ; to determine die sides. 

Ans. The legs are 2^ / — — — and 2^ / — r^, and 

the hypotenuse ^^^(5a^+5b^). 

X should be put to denote FH in preference to AD. According to 
Newton*s rule, again, in this case of the problem, the two lines AD aod 
A£ are evidently alike related to the data of the problem, and conse- 
quently neither of them should be denoted by x. This, therefore, accord^ 
ing to his principle, he employs to denote PH, half the difference of the 
segments into which the hypotenuse of the triangle DAE is divided 

N 
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6. Given the hypotenoae of » rigfat-aqgled triAiigle = &, and 
the Bum of the -legs = # ; to find the legs. 

Am. i{9± v'(2A*— #*)}, the upper sign giving one leg, and 
the lower the other.* 

7. If the pezimeter of a right-angled triangle he p, and the n- 
dius of its inserihed circle r, what are its legs ? t 

Am. UiP+r±VHp^-3pr^r^)}. 

8. Given the base of a triangle = 26^ its perpendicular ^ p, 
and the difference of its other sides = d ; to determine its sides. 

Am, The difference of the segments into which the 
base is divided by the perpendicular is eqnsl 



^-^a/O^?^) 



9. Given the base of a triangle =14=26, the perpendicukc 

= 12 = p, and the sum of the sides = 28=< ; to find the aides. 

Aru, The difference of the segments of the base made 

by the perpendicular is 4^ or^ in general terms, 



V (»-?!:«»)• 



10. Given the base of a triangle = 14 = 26, the perpendicular 
= 12 = j9, and the sum of the squares of the sides = 394 = e ; 
to find the sides. 

Am, Half the difference of the segments into which the base 
is divided by the perpendicular is 2, or, in general 
terms, ^a^—b'^—p^) ; whence the sides are easily 
found. 

in P, that triangle having AD and A£ as legs, and its hypoteniise b^ng 
given. 

* Tha following is an outline of perhaps the neatest and simplest 
mode of solving this question. Let the legs be x and y : then x + y^s 
and x^ 4- y^= A>. Take the latter of these from the square of the former, 
and there will remain 2xy^$*—h*, Take this again from x^ + y^^A' ; 
then, by extraction, x—y= ^(2A»-««), and 'the rest is easy. If the 
hypotenuse and the difference of the legs were given, the solution might 
be effected in a similar manner. 

f Since {Euc, IV. 4. cor. 5.) the sum of the legs exceeds the hypote- 
nuse by 2r, we riiall readily find that the hypotenuse is equal to 
4(/>— 2r)=4p— r, and the sum of the legs to l(/*"'"2r)=Jp + r. Hence 
the solution is obtained from that of the last question, by changing h into 
\p^r and t into \p + r. A clumsy and lengthened solution of this 
question is given in the second volume of Bonnycastle's larger AJ^f^ra, 
p.SSS. 
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11. Find the sides of a right-angled triangle having its area 
s= a, and the sides in arithmetical progression.* 

Ans, ^y/Ga, ^y/6a, and ^^6a, 

12. Find the sides of a right-angled triangle having its area 
;^ a, and the sides in geometrical progression. 

Ans, The leg, which is a mean hetween the hypotenuse and 

the other, is ai( a/20 + 2)i 

15. Prore that when the sides of a right-angled triangle are in 
geometrical progression, the hypotenuse is divided in extreme and 
3nean ratio hy the perpendicular to it from the right ^ngle, and 
that the greater segment of the hypotenuse is equal to the less leg. 

14. Given the sum of the legs of a right-angled triangle =391 
=«, and the difference of the squares of the hypotenuse and a 
petpendicular to it from the right angle = 69^121=c2; to find 
the hypotenuse and perpendicular. 

Ans, 289 <^nd 120 : general value of the hypotenuse, 

* 15. Given the difference of the legs of a right-angled triangle 
= 5, and the perpendicular from the right angle to the hypote- 
nuse = 12 ; to find the legs. Ans. 15 and 20. 

16. Required the dimensions of a rectangle such, that if its 
length be increased hy a, and its breadth by b, its area will be in- 
creased hj c; and that if its length be diminished by a 2, and its 
]>rea4th by b^, its area will be diminished by c^* 

Ans, The length and breadth are ^2<^^^^2"-Q^2 2) ^^ 

6gC— &C2— 5&2(^H"^2) X 
0^2 — ^2^ 

17. Given the content of a right cone = c (=3141 '593), and 

* By assuming the sides equal to x—y, x, and xA-y, and putting the 
sum of the squares of the first two s the square of the last, we readily 
find that the sides will be Sy, Ay^ and 5y ; and therefore it appears that 
when the sides of a right-angled triangle are in arithmetical progression, 
they are always as the numbers 3, 4, and 5, This would appear also from 
the answer found above, Ip §, and { being as 3* 4, and 5. 

f The data of this question will sometimes be insufficient for its 
solution, and may therefore render it indeterminate or absurd. Thus, if 
a, a^ bf and 6,, be each equal to the same quantity, d, the question will 
be indeterminate, if c—e^^2cP; and, unless this be so, it will in that 
case be impossible. Modifications will arise also, both in the enunciation 
of the question and in the results, from the signs of the data. Compare 
this exercise with Exer, 46. p. 134. 
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the sum of iti aldtnde and tbe radius of its baae = « (=40) ; to 

find its dimensions. 

Aru. To find the radius of the hase^ resoWe the equation, 
X*— far* +6=0, where 6= 3«r~^ With thee num- 
hers given aboye, this equation beeomes ar'— 40a:' 
+3000=0, and the roots are 10, 15 + 5 a/21, and 
15—5 V'^l ; the first and second of whicJi sinsver 
the question as proposed. The thiid with its sigii 
changed answers the question in which a is tibe 
excess of the radius aboye the altitude. 

18. Giyen the radius of a sphere ss a ; to find the dimeBSOBi 
of a right cone inscribed in it, and haying its solid content = c 
Am, If z be the altitude, its value will be found by lest^ving 
the equation, x* — Sim:* + 6=0, where b = Sc»*"*.* 



CHAPTER XVII. 

ELUIINATION, COMPOUND INTEREST, ETO.'}' 



259. Different methods of elimination in the simplest and 
most elementary cases have been ab-eady given in Chapter VIII. 
When, however, the proposed equations are of a more complicated 
kind, such as when products or powers of jfie unknown quantities 
are concerned, these methods often fail altogether ; and, even when 
they may be employed, they generally lead to difficult and labori- 
ous solutions. The following examples will make the learner 

* This equation will have one negative root, which must evidently be 
rejected as a solution to the question. The other roots, with eertaia 
data, will be inaaginary, and the problem wiU then be in^iossible, the 
given content being greater than that of the greatest cone that can be 
inscribed in the given sphere. If they be real and unequal, they will 
be both positive, and there will be two distinct and dissimilar cones that 
will answer the question ; but if they be equal, there will be but one 
cone, and that will be the maximum one. As an example, let a «i 25 aiMl 
c^T54Q'9648t and consequently &»S401; then tbe values of x will be 
49, ^(1 + »/50), and ^(1 ^ V50), the first and second of which answer. 

t This Chapter consists of several independent parts, which, either 
in their own nature, or from the brief manner in which they are hen 
touched on, are too short to form separate chapters. 
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mcquninted^ in some degree^ witbr the methods that may be em- 
ployed in such cases. 

Eaam. 1. Given Sar^— 3dfy +3^2 _ 5=^9, and Sx^+wy-^y^ 
*— 12=^0; to find X and y. 

We might hefe^ by § 151., find a value of d? or y from one of 
ibe equatioBS, and substitute it^ according to § 144.^ in the other 
equation : or we might find an expression for one of the unknown 
quantities from each of the given equations ; and then^ according 
to § 143.^ put the values so found equal to each other. In both 
oases, however, the reduction of the equations so found would be 
troublesome on account of the radicals which they would con- 
tain. The 



soklion, of 2^-3^y+Sy2-5=0. (U 

is given m 6a^-9xy-^9y^'-l5=0 



which what 3a?2+«y-2y2_i2=0 (2. 



(2.) 

(3.) 

themarginis 6jrH2ary~ V-24=0 (4.) 

an outline, is Uxy-13y^-9=0 (5.) 

considerably _ ^%^-i"9 ^gx 

easier than lly ^ "' 

either. In /13yH9 y 303y^+9) , 3 . .^ ,« . 

it equations \ Uy J Tl ^^ -5-0 . . (J.) 

(3.) and (4.) I36y4-217y^ + 81 = (8.> 

are got from y=±l, and y=±-^V29 (9-) 

(1.) and (2.) ^=- + 2, and a?=±|4>v/29 (10.) 

by trebling 

the first and doubling the second. Then, by subtracting, as in 
§ 140. (3.) from (4.) we obtain (5.), thus not completely elimi- 
nating 07, but destroytng the terms containing its highest power : 
and by resolving (5.) for x, we get (6.). Equation 7. is found 
by. substituting the value of a: in (1.); and^(8.) is derived from 
(70 '^7 performing the actual operations, clearing the result of 
fractions,. &c. We find (90 from (8.) by means of § 154. : and, 
lastly, (10.) is found by substituting the values of y in (6.). It 
appears, therefore, that x and y may be 2 and 1, or |-| ^29 and 
irk "^^9 ; or they may be the same with the opposite signs. 

Another mode of solving such problems may be obtained by ar- 
ranging the terms of the given equations according to the powers of 
<»ie of the quantities, if they be not so arranged already, and then 
applying to the results the process (§ 81. or 82.) for finding the 
greatest common measure, tiU a remainder shall be found which 
will contain only one of the unknown quantities. Then, by 
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putting this remainder equal to nothings an equation will be oW 
tained, the roots of which will he the values of that quantity. 
ThuBj in the present example^ by multiplying the second equation 
by 2, and dividing the result by tiie first, we get 3 as quotient, 
with the remainder llxy—iSt^—Q, Then^ for avoiding frac- 
tions, we multiply the first equation by lly ; and dividing the 
product by the foregoing remainder, we get as quotient 2jc, and 
as remainder — Jxy^ + 1 8 j? -f- SSy^ — 55y. Multiplying this re-. 
mainder by 1 1, and continuing tiie division, we obtain as quotient 
7y— 18, and as remainder — 272y* + 434y2— 162. Lastiy, 
putting this remainder eqiud to 0, and dividing by —2^ we g^ 
lS6y4_2i7y8^ 81=0, as before. 

As to the principle on which this method depends, it is plain, 
that if there be two expressions each equal to nothing, and if one 
of them be divided by the other, the remainder, whatever may be 
its form, must also be equal to notiiing. Thus, if in dividing 
M by N, we get Q as quotient and R as remainder, we have, by 
multiplication, M=NQ + R, which for M=0, and N=0, gives 
also R=0. Hence, therefore, in every such process as the one 
indicated above, each remainder must be equal to nothing ; and 
it thus appears that we are entided to assume in the present in- 
stance, '-272y^'\'^S4fy^ — 162^0, and that a like assumption 
may be made In all similar cases. 

Exam, 2. As an example of a more general kind, let the 
equations, Y^ar^-^Y^s^-^Y^x-^-YQ^zO, and ^Yx^ + ^Yji^-{-^Yx 
4-jjY=0, be proposed, in which Y3, 3Y, &c., are expressions 
formed by the combination of y and given numbers, and let it be 
required to eliminate x. 

To effect this, multiply the first by 3Y and die second by Y, ; 
then, by taking the difference of die products, and by putting 
for brevity, 3Y Y^ - Y3 ^Y = Y^, 3Y Yj - Y3 jY = Y^, and 
3Y Yo - Y3 oY = Yo, we obtain Y^ x^ + Yj af+X^ = 0. Again, 
by multiplying die first of the given equations by qY and the 
second by Yq, by taking die difference of the products, by 
dividing die remainder by x, and by putting qY Y3— Yq 3Y = jY, 
oYYj-Yo2Y=iY. and oYYj - Yo xY = oY, we get at 
lengdi 2Y x^-\- {Tx + o*^ = 0. By multiplying this result by Y, 
and die former one by ^Y, and taking the difference of the results; 
and also by multiplying die former by qY and the latter by Yq, 
and by taking the difference of the products, and dividing it by x ; 
two results will be obtained, each involving only the first power 
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iA X, Eliminating w, therefore^ between these^ we should obtain 
an equation containing only known functions oi y ; and by sub- 
stituting for these their values^ we should get an equation^ the 
resolution of which would give the values of y.* 

Emim^ 3. Required the values of x and y from the equations^ 
8*8— 2j?2y+S^2_27j,3=o, and l6ar4-32a:3y+27y*=:0. 

To solve this and similar questions in which in each of the 
^nations the sums of the indices of a? and y in the several 
terms are equal^ we may assume y = xz, Then^ by substituting 
this in the two equations^ and dividing in the first by x^ and 
in Ihe second by x^, we get 8— 2«+3j!f^— 27«'=0, and 
l6-^S25f+27«*=0. If these equations have one or more 
values of z in common^ any such value will furnish a solution 
of the question ; but if there be no value in common^ the 
original equations cannot co-exist^ and the question is impossible. 
We mighty therefore^ find the values of ;y in the foregoing equa- 
tions^ and select any that might agree* An easier mode^ however, 
ie to find by § 81. or § 82., the greatest common divisor of the 
first members of those equations, and to put it equal to nothing. 
We thus get 2 — 3ar=0, and consequently sf=§v Hence, by the 
original assumption^ we have y=:^x* The question, therefore, 
is unlimited, as x may be taken at pleasure, and y will be two 
thirds of it. 

Eaerciaes, f 

1. Find the values of w and y in the equations, x^^Syx^-^ 
W-y + l>-y3+y2_2y=.o, and ^^-2yx'\-y^-'y=:0, 

Ans. x:sO and y=0; or, 07=2 and y=l. 



* This method labours under the disadvantage of generally giving 
the final equation for determining y of an unnecessarily high order. The 
solution might also be obtained by finding the greatest common measure 
as in the fiiit example, and by that means, with proper management, the 
degree of the equation may be prevented from rising so high as in the 
method followed abova In both methods, however* the multiplications 
that are required frequently introduce roots into the final equations 
which are not admissible as solutions, and which must therefore be- 
rejected. For further information on this subject, see Fourcy, Algibre, 
chap xvii. See also Euler, Bezout, &e. 

t These exercises occur in the Algdyras of Fourcy, Reynaud, and 
others. 
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2. Bewlve tlie eqaatiiom, |^+ d'- lQy=0, and (jr- 1>>-^ 
2*— 5y+S=0. 

Jsu!.dr=l aiidjr=rl; jr=2 and sr=S; r=— 5— V^O 
and y=|<-l+A/10); or jr=-5 4-^/lO ani 
y=K-l-^10). 

3. KaoUe the eqnationa, «*+(8y-lS)x+y»— 73r+I2=0, 
and *»-(4y+l)x+y«+5y=0. 

ulfi#. dr=S and jf=l; «=2 and sr=l; 4r=i and |r=0; 
orxszl andjf= — 1. 



260. As a pracdcally uaefnl aalject of inqniiy, it may be 
proper here farieflj to inteatigate the modes of perlbrming com- 
patationB regarding compoond interest and annmties. The prt«- 
son who lends money is paid by the borrower, for the use of it, a 
certain sum which is called its intereH, and the money lent is 
called the principal, %Vhen the interest is paid as it beeomes 
doe, or does not itself bear interest, the money is said to be lent 
at mmple intenH ; hot when the interest, instead of being paid,, 
is added to the principal, and bears interest along with it, die 
interest which thus acenmnlates is called compound interest. The 
money which is paid for the use of one hundred pounds for the 
interval between two periodical payments, such as a year, half a 
year, or the like, is termed the rate; and the sum due for both, 
principal and interest is called the ammmU Now, if p be put to 
denote the principal, a the amount, and r the rate, the amount 
of 0^100 at the end of one of the intervals of time would be 
100-f- r. The hundredth part of this, which we may denote by 
a„ will evidently be the amount of £\ for the same time; and 
pa^ will plainly be the amount of the principal p for the same 
period. Taking this as a new principal and multiplying it by a^, 
we shall have its amount at the end of the next period equal to 
pa^, which is evidently the amount of p at die end of two 
periods. By pursuing this reasoning, it would appear, that, at 
the end of n years, or other equal periods, we should have the 
amount a-=zpa^. Hence it appears, that, to find the total amount 
of the original principal and of the interest accumulated during 
n equal periods, toe are to raise the amount of £\ for one of the 
periods to the nth power, and to multiply the result by the origincd 
principal. 

261. Hence, conversely, if the amount be given, to find the 
original principal, or, as it is usually called in that case, the 
present worth, we have merely to divide the given amount by a^*. 
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Exam. 4. If a father, at the birth of a child, set apart jglOOO, 
and allow it to accumulate at compound interest, at the rate of 
5 per cent per annum, what will be the amount at the end of 
twenty-one years ? 

Here, dividing 100 + 5 by 100, we get fli = l*05, the twenty- 
first power of which is 2*785963 * ; and multiplying this by 
1000, we get a^2785*9€3, or ^£2785 19«. 3d., the amount re- 
quired. 

Exam. 5. What would the amount have been in the last 
example, had the interest been payable half-yearly, instead of 
yearly? 

In this case we have aj = 1*025; which, as there would be 
forty-two payments, must be raised to the forty-second power. 
This is found to be 2*820996^ the product of which by 1000 

* The method of obtaining such powers by the contracted process fiir 

the multiplication of decimal fractions will be found in the Author^s 

TmxHm on Ariihmetie, 25th edition, p. 209. Tables also for fiusilitating 

otnnputations in compound interest and annuities will be found in the 

tame work, commencing in p. 268. 

When the student has become acquainted with the nature and use of 
logarithms, he will find that those remarkable numbers are employed with 
great a4vantage in such investigations as the present Thus, by taking 
the logarithms of the quantities in the equation found in § 260., we get 
iogaalogj9-i>nlogaj ; an expression which, without change, will solve 
£xam.4. with great facility. By transposition we get logp»loga — iiloga,, 
which will solve £xam« 6. By another transposition, and by dividing by 

logap we get ns -^ ^; an expression which will show in what time 

a given principal at an assigned rate would yield a given amount, a 
problem which does not admit of being solved by ordinary algebraic 
means. 

As an example of the use of this latter expression, let it be required to 
find in what time money lent at compound interest at 4| per cent per 
annum would " double itself; *' that is, in what time the amount would 
be double of the original principal. Here Oj » 1 "045, of which, by the 
tables, the common logarithm is 0*019116. Let alsopes l,andcon- 
tequendy a s 2. Then, logp « 0, and log a x 0*301030. Hence, from 
tl^e expression found above, by dividing 0*301030 by 0*019116, we get 
nss 15*7475, or fifteen years and three quarters nearly. In a similar way 
we might find in what time the principal would be trebled, or increased 
in any assigned degree. 

From the expression found above we should also get log a^ » — § sF- 

an expression, by means of which we might find the rate at which a given 
principal would be increased to a given amount in an assigned timet 

N 5 
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18 ^2820*996, or ^2820 199, 1 Id., the amoant required* We 
thus obtain an amount greater bj £35 (k. Sd, than the former 
one^ in consequence of the greater frequency of the payments, 
as by thifi means certain portions of the interest are sooner farou^t 
themselves to bear interest 

• 

Exam, 6. How much must a person lay out, to accumulate^ 
at 4 per cent per annum^ compound interest^ so that in ten years 
the amount may be 5^1500 ? 

We have here aj = r04, the tenth power of which is found 
to be 1*480244. Dividing^ therefore, ^^1500 by this, we get 
ig'1018-3465, or'^1013 Qs. ll:l</., the answer. 

Ewam, ?• If the population of a town containing 100,000 
inhabitants increase at the average annual rate of 2 per cent, 
what will be its amount at the end of ten years ? * 

Here a^ = 1-02 ; and therefore a 1 10= 1-21899, the product of 
which by 100,000 is 121,899, the amount required 

Exam. 8. The population of Glasgow was 202,426 in the 
year 1881, and 282,134 in 1841. At what average rate per 
cent per annum must the population have increased during the 
interval between these times ? 

Here we have p=202,426, a=282,134, and n=10. Then 
by resolving the equation found in § 260. for a^, we shall find 
that, to get this quantity, we have merely to divide a by /> f, and 
to take the nth root of the quotient By this means we find in 
the present instance ai = 1*03375. Then, by multiplying this 
by 100, and subtracting 100 from the product, we find the re- 
quired rate r to be 3*375. The reason of this is plain from 
the § just referred to. 

262. An annuity is a sum of money which is payable at equal 
intervals of time, such as salaries, rents, or other sources of in- 
come, payable yearly, half-yearly, or quarterly. 

One of the principal problems regarding annuities, and the 

* Questions of this or any similar kind, in which the increase or dimi- 
nution of a quantity is proportional to the quantity itself will evidently 
be solved on the same principle as questions in compound interest 

t This quotient in the present instance is 1 *S9S76 ; the product of 
which by 100 is 139*376. Subtracting 100 from this, we have remaining 
39*376, the rate per cent of the increase of the population during the 
whole ten years. The tenth root of 1*39376 will be easily found by re- 
solving the equation ar^o=. 1*39376 by Homer's method, and more easily 
still by means of logarithms. 
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one whote solution leads to those of all others^ is that in which 
it is required to find the amount or entire sum due for an annuity 
remaining unpaid for a given period, compound interest being 
allowed on all the money thus remaining unpaid. To investigate 
the solution of this, let Oi and n remain as in § 260., and let u be 
the annuity and m its amount at the end of n of the equal in- 
tervals. Then, at the end of the first year or interval, the 
amount unpaid will be simply u ; but, at the end of the second, 
diere will be due another annuity together with tMij, the former 
year's annuity with its interest ; that is, the amount due will be 
u+uai, or t{(l+a|). In like manner, at the end of the third 
period, the whole amount due would be u-\-u{l-\- 0^)01, or 
«(l+aj+ai'); and it would appear similarly, that for n pe- 
riods we should have w = tt(l +ai-f Oj^-f . . .4-aj"~^). Now, 
the series within the vinculum is a geometrical progression, 
having Ci for ratio. Finding its sum, therefore, by § 137., we 

««»«» = —Er*-' 

Exam, 9* If a person could save £^100 a year out of a salary 
payable yearly, and could improve it at the rate of 6 per cent 
per annum, compound interest, what would be the amount of the 
savings and interest at the end of thirty years ? 

Here Oi = l-06, and ai«> = 5743491. Taking 1 from each 
of these, and dividing the second remainder by the first, we get 
79*058183, the amount of an annuity oi £l for thirty years at 
6 per cent per annum, compound interest ; and, multiplying this 
by 100, we get s£7905 l6s. 4»^,.tbe amount required. 

Exam, 10. Suppose every thing to be as in the last example, 
except that both the salary and the interest are payable half- 
yearly : what will be the amount ? 

In solving this, every thing will be as in the last example, 
except that a 1 = 1*03 ; that a^^^ = 5*89 1603 ; that the amount 
of an annuity of ^1 is 163*05343 ; and that the product of this 
by j^50 is £S152 ISs, 5d., the amount required. This amount 
is nearly £250 greater than the former, on account of the fre- 
quency of the payments. 

9,6s, The present worth of an annuity^ to continue for a given 

. * If « ss 1, this formula will afford the means of computing a table 
exhibiting the amount of an annuity of £l for an assigned number of 
years, or other intervals, at a given rate per cent. See Arithmetic, p. 269.' 
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time, will be obtained (§ 26l.) by diTiding its amomit found by 
the Uut §» by ai". Hence, denoting the present worth hy w, we 

^dl h.ve «=^'^«. Con.p«ing thi. r«ult with what 

ii eetablished in § S6I.9 we see that the present worth of an 
annuity of ^1 is found by taking its present worth at compound 
interest from unity^ and dividing the remainder by a| — 1. 

Exam. 11. If a person have an annual profit rent of 9^7 5, 
which is payable yearly, and is to continue 32 years, how much 
ou^t he to get for it at present, allowing the purchaser compoimd 
interest* at 4 per cent per annum on what he pays for it ? 

Here dj = 1 -04, the S2d power of which is 3*508059. Dividing 
1 by this we get 0*S85058 ; the difference between which and 1 
is 0714942 ; and, by dividing this by 0*04, we obtain 17-87855, 
which iE the present value of ^1 of the annuity. Multzplying 
it therefore by 7$> we get ^1340 10«. 4d, the required price. 

Exam. 12. A person who owes ^^1200, wishes to extinguish 
the debt by twelve equal annual payments: what must be the 
amount of each payment, compound interest, payable yearly, 
being allowed at 5 per cent per annum ? 

This question is the converse of the last, as we are here to find 
the annuity of which the present value is ^1200; From the 

equation, therefore, found above, we get tt=^-^ ^ ; and 

as 19 = ^^1200, a^ t= 1*05, and>i» = 12, we readily find u, the 
required annual instalment, to be s^l35 7 9, 9^ 

264w An annuity which is to continue for ever is called a 
perpetuity. In reference to such an annuity n is infinite, and 

(§ 126.) the expression in the last § becomes simply fo:sz — ^—^ 

fli-l 

Exam, 13. If a person have in perpetuity a property worth 
500 guineas a year, for how much should it sell, the purchaser 
being allowed 4^ per cent per annum for his money ? 

Here Oj — 1 =0'045 ; and by dividing ^525 by this, we get 
^11666 I3s, 4if. the required price. 

265. An annuity whi^h does not come to be possessed till the 
end of some assigned time is said to be in revernon. Thus, if 
one person is to eiyoy the benefit of an annuity for n years, and 
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abother for {he next r years, it is said to be an annuity in re- 
version in reference to the latter. The obvious method of finding 
the present value of the reversion is to subtract the present value 
of lie annuity for n years from its present value for n+r years. 
H«nce, if t» be the present value of the reversion, we shall have^ 
by § 263. and by obvious reductions, 

_ri-o,-*i _ r «Lj-ii 

any of which expressions will give the required value. 

Exam. 14. What is the present value of an annuity of 
£\1^ lOtf. Od. to commence at the end of 10 years, and to 
continue 20 years, at 4 per cent per annum ? 

Here n = 10, and n+r = SO ; and by raising 1*04 to the 10th 
and 30th powers, and employing the first, second, or fourth of the 
foregoing expressions for v, we get ^1032 17*. 6j^d., the present 
value of the reversion. 

Exam, 15. A person bequeaths to one charity for 10 years a 
property which produces annually the clear sum of £69,5 ; to 
another he leaves it for the next 17 years ; and to a third he 
bequeaths it for all time coming. What are the present wlues of 
the three bequests at 4 per cent per annum, compound interest ? 

In solving this question we have €i^ = l'04, and we find the 
first answer, by means of § 263., to be £5069 6s, 2^d,, taking 
n = 10. Then, by means of § 265., taking » = 10 and r = 17, 
we get jS5136 13«. 7^* as the value of the first revernon ; and 
by means of the same §, in connexion with § 264., we find the 
value of the second reversion to be £5419 Os, 2^.* 



Exam, l6. R equired the value of the continual product 

V a s/a^a , carried. out without limit. 

To find the value of this, assume it equal to x. Then, by 

* For exercises and other examples, and for various additional details 
regarding compound interest and annuities, the reader is referred to the 
articles on those subjects in the Author's Treatise on ArUhmetie : and 
other exercises will be found in the same work in the " Miscellaneoua 
Questions," commencing in p. 237. 25th edition. 



f78 nuDra of bau* 



•quarii^ both memben, we get 9^-:^aMja^a»,.^ cm-, as is 
evident^ x^^^ax ; whence^ by diTiding by #, we find x=sa. 
The tune icralt might alao be obtidned by expreanng die 

proposed qnsntity vnder the fonn^ apa^t^d^, . . . . , o^, to whidi 
it is eridently equiyslent. Now (§ 105.) the product of diese 
factors is a with an index equal to die sam of their indices, that 
is (§ 137.), 1—^; an expression wMch (§ 126.) becomes 1 
when n is infinite. The product, therefore, of sn infinite number 
of the factors is simply a. 



Exam, 17. Find the value of V a ^b ^a ^^ . . . ., continued 
infinitely. 

Putting this equal to x, and first squaring both members, and' 
then cubing the result^ we get, evidently, afi^^Mx, whence 

This may also be put under the form, a' (> a^' b^ 1^6^. .... 
Now (§ 138.) the sum of the infinite series •}-, -f^, -^^ &c., the 
indices of a, is ^, and the sum of the indices of 6 is eyidently 

one third of this, or ^. Hence, «=a^6% as before. If ^ = a, 

this will become jr=ai 

ExereUei. 

4. Find the value of the continual product of the forgoing 
kind, in which \/aJ/h ^c recurs perpetually. Am, (a^^Mc)^. 

5. Find the value of the continual product of the same kind, 
produced by the repetition without end of the expression, 

^aVhl/^K Am, {c^lA<r^)^, 



^06* When, as is often done, cannon balls of equal size are 
piled up in the form of a pyramid, the number of balls in the pile 
may be determined by some of the methods that have been given 
fbr finding the sums of series. The base of the pyramid may 
be either a square or an equilateral triangle; and when the 
pyramid is made to contain as many balls as possible, it is plain 
that each stratum or layer of balls will be a square in the one 
ease and an equilateral triangle in the other, and that each side of 
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the second layer will contain one ball fewer than a side of the first, 
a side of the third one fewer than a side of the second, and so on ; 
and that the pyramid will terminate in a single balL Hence, if 
we take the layers downward, the number of balls in the square 
pyramid will evidently be 1^+ 224-32+ ... . -{-n^, n being the 
number of the layers, and consequently the number of balls in 
each side of the base. Now (Exam. 8. p. 256.) the sum of this 
series is ■g-n(w-f l)(^n-|- 1). 

267. If the base of each layer be an equilateral triangle, and 
if the number of balls in one of its sides be n, the whole number 
of baUs in the layer will be H-2 + 3-1- .... +n, or (§ 133.) 
^n^-\-n). Taking in this n successively equal to 1, 2, 3, &c., 
we find the number of the balls contained in the several layers to 

he i(lHl)> i(22 + 2), i(32+3), , ^(n^ + n)*; the sum 

of which is ^12-1.22^324. 4.^2)4-^(1+2+34- 

+n), or (Exam. 8. p. 256. and § 133.) -^n(n+l)(2n + l,) 
+ Jn(n + 1), or finally, by easy reductions, ■J^n(»4- l)(n+2). 

Exercises, 

6. How many balls are there in a pile in the form of a square 
pyramid of the kind above described, having S6 balls in each side 
of its base, and in another having 50 in each of its sides } 

Ans. 16206 and 42925. 

7. How many balls are there in a pile having its base an equi- 
lateral triangle, each side of which contains 60 balls, and how 
many in another having 30 balls in each side ? 

Ans, 37820 and 496O. 

8. How many balls are there in the frustum of a square pyra^ 

* The numbers 1, 3, 6, 10, 15, &c., thus obtained aim called triangular 
nttmberst from their being the numbers of balls, dots, &c., disposed at 
equal distances, and forming equilateral triangles having severally 1, 2,3, 
&c., in their sides. The series 1, 3, 6, 10, &c., is the third order of an in- 
teresting class of numbers which have been called jfigurate numbert. 
The first order of these is the series, 1, 1, 1, &c. ; the second, 1,2, 3, 4, 
&c. ; the fourth, 1,4, 10, 20, 35, &c. : and, in general, the nth order ia 

1.2.3 (»-l) 2.3.4 n 8.4.5*y» . ,. (n+l) 

1.2.3 (n-iy 1.2..S. (n-iy 1.2.3 (n-l)'^*'*® 

the section on the Summation of Infinite Series in the Author*s TreaHae 
on the DifferenJtial and Integral Calctdust where it is shown that the sum 

* .1- XL J • *(ar+l)(* + 2) . . . (ar + n-1) _. 
of X terms of the nth order is — ^^ • ) ao ^ -' The 

nuns of all such series may also be obtained by the method already 
pointed out in § 258. 
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mid having 48 baUfl in each tide of ita greater hase^ and 20 ineadi 
iide of ita leia one ? Ans. 35554^ 

268. Besides the two kinds of piles mentioned above^ there 
may be oblong ones^ that is^ piles having their bases rectangles 
which are not squares. In this case the pile will evidently ter- 
minate in a single row of balls, the number of which will be greater 
by one than the difi^rence of the numbers contained in the greater 
and less sides of the base. Hence, if r be the difference of these 
last numbers, r + 1 will be the balls in the top row, 2(r + 2} those 
in the next layer, S(r-h8) those in the third, and in general 
n(r+n), where n will be the number of balls in the less side of 
the base, and r-^n those in the greater. The sum of these is 

r-\-2r-\-3r-\' +nr+l«4- 2^+33+ -f »•, 

or in(n + l)r+iii(n-hl)(2n+l); 
or which is the same, ■^n(n-|-l)(3r-|-2»+l). 

ICxer, Q, Required the number of balls contained in two piles, 
in one of which there are 60 baUs in the greater side of the base, 
and 40 in the less ; while in the other there are 65 in the one 
aide, and $5 in the other ? Am. 38540 and 83810. 

Exam. 18. Find how many balls must be in each side of the 
least square pyramid that will contain 30,000 balls. Determine 
also the upper base of the least frustum of the same pyramid, 
that will contain the 30,000 balls. 

Here, by putting the expression at the end of § 266. equal to 
30,000, by actual multiplication, and by transposition, we get 
2n»+3»*-fn— 180,000=0; where we easfly find, as in pp. 180, 
18 Ij &c,, that the real value of n lies between 44 and 45. Now, 
44 being too small, and fractional values being excluded by the 
nature of the qiiestion, the side of the base must contain 45 balls. 
The pyramid on this base, however, will contidn (§ 266.) 31,395 
balls, exceeding the given number by 1395 : and therefore, to 
find the required frustum, we should have to cut off from the i 

top a pyramid containing 1395 balls. The number of balls in 
each side of the base of this, found as above, would lie between i 

15 and l6. The former of these must be employed, as the latter 
would give too large a pyramid, and would therefore leave too 
small a frustum. Hence, the frustum would have 45 and l6 balls 
in the sides of its bases ; and it would be readily found to con- «< 

tain 30,155 balls. The 30,000 balls, therefore, would leave the 
upper layer incomplete, as 155 balls would be wanting, so that 
instead of 256 (=l6^) balls, it would contain only 101. 

1 



NOTES. 



NoTx A. 
Full Elementary Solution of an easy QuestUm, 

This following is the algebraic solutioii of a simple question with full 
illttstrations. The learner will find it useful to read it with care and 
attention^ before he enters formally on the reading and study of the 
definitions and elemoitary principles. 

Required a number such, that, if 5 be added to its treble ; and i^ again» 
the number itself be subtracted from 13, one eighth of the former result 
shall be equal to the latter. 

In solving this question, to avoid the frequent repetition of the ex-i 
pression, ** the required number,** which must evidently occur very often, 
we denote that number by the simple character x» Now, whatever that 
number may be, we naturally express the trebling of it or the multiply- 
ing of it by 3, by writing the number 3 before it, so that the product w 
expressed by 3x; just as, in common language, the expression three 
(or 3) yards denotes the treble of the single object, one yard. We are 
next, by the question, to add 5 to Sx. Now, as it may be readily anti- 
cipated, that the process of addition will be of very frequent occurrence 
in the solution of questions, and in other algebraic operations, algebraista 
have agreed to adopt the simple arbitrary sign + , instead of the expres- 
sion ** increased by,'* or some other synonymous one ; and this sign they 
have called plus, the Latin word corresponding to the English one, more. 
In the present case, therefore, we have 3x + 5, which is read simply three 
X plus fivcy that is, thrice x more hy five. We are now, by the question, 
to subtract x from 13 : and, as the operation of subtraction may likewise 
be expected to occur very frequently, it has been agreed to denote it by 
prefixing to what is to be subtracted the simple arbitrary sign ~, called 
minus (the Latin word for less') ; so that this sign will be a substitute for 
the expression, " wanting,** " diminished by,'* or the like. In this way we 
get 13 — a:, which is read thirteen minus x, that is, thirteen less hy x. Now, 
by the question, if the former result, 3x + 5, be divided by 8, the quotient 
will be equal to 13— x : and, as division is another elementary operation 
that must often occur, it must be of advantage to devise some simple 
mode of expressing it. The mode that is generally employed is to write 
the divisor below the dividend with a line between them, in the manner 
that has been adopted for expressing arithmetical fractions. In the 

3x+ 5 
present case, therefore, we have — - — , which is read for brevity, three x 

o 

jdus five hy eight, that is, divided hy eight. This, we have seen, is to be 
equal to 1 3 — x ; and, as the relation of equality must be of very frequent 
occurrence, algebraists have agreed to represent it by means of the cha> 
^acter =, placed between the equal quantities. This sign is read equal 
to, or simply equal, for brevity. Hence, we have, in the present question. 
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—- — «ilS— x; an expremon wHidi hM tUe grett advantage of com- 

bining all the conditions of the problem in a very condensed form, and 
by means of a small number of diaracters. We may regard it, therefore, 
aa the trandation, of f Ae eondUionM of the qtieetion into the langnoffe of 
algebra. This expression, from the equality of the parts before and after 
the sign ■■, is called an tquatumi and those two parts are called its 
SMm&ers, or, less appropriately, its ndee. 

Now, as our ultimate object is to fold the required nuiiiber x, it ia 
plain that we must separate it and the other numbers with which it is 
connected in the equation ; or, as it is briefly expressed, we must reaoloa 
the equation. This will be eflfected by deriving from the equation above 
found a succeanon of others, the separation referred to being always kept 
in view. First, then, we derive from that equation another of a simpler 
form by multiplying both its members by the denominator 8, By thia 
means, since, by the nature of multiplication and division, 8 times the 
quotient obtained by dividing Sx + 5 by 8 is Sx + 5, while 8 times IS^x 
IS plainly 104— 8x; and since, if equals be multiplied by the same, the 
products are equal, we get the new equation, 3x + 5 = 104— 8x. Now, 
the second member of this being less than 104 by 8x, if we add 8x to 
that member, we get 104. Hence, that we may still have equality, we 
add 8x to each member ; and since, if the same be added to equals, the 
wholes are equal, we get Sx + 8x + 5 =104, or 1 Ix + 5 = 104, by incor- 
porating 3x and 8x. Then, since, if the same be taken from equals, the 
remainders are equal, if we take 5 from each member of the last equa- 
tion, we get i Ixsa 104—5, or 1 lx=99. Hence, in the last place, since, 
if equals be divided by the same, the quotients are equal, £r we divide 
eadi member by 11, we get x=9, the required number. 

By bringing together the entire work of resolving the equation, it wilt 
atuid as in the margin; and by ex- 
amining the process we shall discover 8x + 5 

some relations that are deserving of g ^^^""^ (*•/ 

notice. Thus we find that, in deriving Sar + 5«104— 8x (2.) 

equation (2.) from (1.), the division Sx + 8x + 5 = 104* or 1 

by 8 is done away by mtdtiplying by iLx + 5«104 J ' ^ ' 

that number. In deriving (3.) from llx = 104— 5, or*) 

(2.), the <u&<rac/ton of 8x is done away iix=99 j • • • • C^*) 

by the aditfton of the same; while, in ^=9 (5') 

finding (4.), the addition of 5 in (3.) • • v v 

is neutralised by subtracting it: and in the last place, in deriving (5.) 
fit>m (4. ), the mulHjJieation by 1 1 is done away by dwiding by that 
number. We thus see that, in the solution of this problem t^ algebra, 
tiie process is anahftical, as we constantly employ operations which are 
the contraries of those indicated in the equations ; and thus, by retracing 
our steps, as it were, we re-ascend to the value of the required number : 
and this wUl be found to be the case in every application of algebra in 
the solution of problems. As algebra was originally employed almost 
exclusively in this way, and as it still continues to be employed most 
extensively as an instrument of investigation or analysis, the term atia- 
ly^co/ has come to be used by mathematicians as almost synonymous with 
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the term aJgebraieai. In strictness, hoirever* the latter has a more exten- 
sive meaning than the former, as algebra may be used in the demonstra- 
tion of theorems, and may therefore be aynthdieal as well as analytical. 

From the illustrations given above, we see the propriety of employing 
signs or symbols to denote quantities, operations, and relations, that are 
of frequent occurrence. Such symbols, however, should be sparingly 
and judiciously employed. The introduction of too many renders the 
subject intricate and forbidding, and tends to produce confusion. Few. 
subjects^ indeed, are of more importance in algebra and its applications, 
than the use of a simple, uniform, and easily recollected notation.* 

The examples in Section I. will afford other illustrations in addition t€» 
those given in this Note. 



Note B. 

Cardan'e Solution of Cubic Equations^ and Eutei^a Solution of ' 

Equations of the Fowrtk Degree^ 

1. Whflx the method of resolving numerical equations given in Chap- 
ter X. is much preferable in practice to any other, it may be proper here 
to point out briefly two modes of resolving equations of the third and 
fourth degrees, which give the roots in terms of the coefficients, as is done 
with regard to equations of the first and second degrees. 

First, then, let it be re- x^-\-ax^-h^O (1.) 

quired to resolve x^ + ax ^^y ^ ^ ^2.) 

+ 6=0t, an equation of y3 + «3 + 3yz(y + «) + a(y + «) + 6-0. . (3.) 

the third degree; and sy^^ + a^o (4.) 

the investigation will be yS + 28 + 6=0 (5.) 

as in the margin. In this ^^^ _L and yS + arS* -6 (6.) 

we assume, in equation y3_a3=s ^(6^ + J^') (7.) 

(2.),5=y + ^,aiidthesub- yS-z3=:2V[(ifc)« + (ia)3] (8.) 

stitution of this in (L) y=:^{-J6+ ^[(i6)a+(Ja)3]} (9.) 

gives (3.) by % 56, We ;,==^{-i6- vr(i&)* + G«y]| OO-) 

then assume Syz + a =«0, as '*^ \ ^ ^^^^ V3 / Jj v / 



.A. 



* As far as circumstances in particular cases will conveniently permit, 
notation ought to be suggestive in one way or other, for the purpose of 
assisting the memory. Thus, as p is the initial letter of the words 
product and principal, it may in some investigations be used to denote one 
of these and in some the other ; while, for a like reason, d may represent 
the difference or the half difference of two quantities. The order also in 
which quantities occur may be conveniently expressed by means of sub- 
scribed numbers. Thus, ty t^, and t^ will very naturally and properly 
denote the first, second, and nth terms of a series ; while, for an analogous 
reason, a„ s^, and s„ may be used to express respectively the sum of the 
first powers of certain quantities, the sum of their second powers, and the 
sum of their nth powers. 

f In both this investigation and the next, the equation is supposed to 
want the second term. Should this not be the case, that term can be 
taken away in the manner shown in p. 173. 
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in (4.); an aasumptioii which, by destroying two terms m (S.)^" 
makes that equation become (5.). The expressions marked (6.) are 
obtained from (4.) and (5.); and, by taking four times the cube of 
the first of these two expressions from the square of the second, and 
eKtraeting the square root, we get (7.), which by a slight modificatioa 
becomes (8.). We then obtain (9.) and (10.) by taking half the stun 
and half the dtfierence of (5.) and (8.), and extracting ^e cube roots of 
tile results ; and by adding these roots we get y + 2^ or 

4r-y{-16+ V[(16)« + (ia)»]} + ^{-J6--v^[(i6)« + (ia)']} . . . (11.) 
Sinoe by (4.), «■> *-•, we should also have 

x«^{-i6+ V[(16)«+(la)']}- J . . . (IS.)*; 

where y is the first term. We saw (p. 199. ) that the cube roots of 1 are 

i, i( — 1 + y— s), and J( — 1 — \/— S); and therefore we may have two 
additional values of y ; by employing which, we should get by (12.) for 
the remaining roots of the equation 

*-i(-l±'v/3)x (-y{-lft+V[(ife)« + (ia)3]}-^). 

We might also obtain equivalent expressions from (11.)* 
Exanu Required the roots of the equation j?' — 2* — 4 « 0. 

Here, by (11.), x^y{2+ V(4-^)} + ^{2- a/(4-^)} ; or, by easy 
deductions, x = ^(2 + y» v'S) + -^ (2 - f VS) : and from this, by perform- 
ing the actual op^ations, we find «B 1*577343 + 0*422651 s 1*999994, 
or 2 nearly.f 

2 
By employing (12.) we should get «— -y{2 + (4— ^)} +<-■ ; whence 

we should obtain the same value for x, and rather more easily. 

2. If we assume p + q, p^q* and —2/7 as the roots of a cubic equa- 
tion, that equation (§173.) will be arS — (8p* + ^2)x + 2p(p8-g«)=0. 
Then, if we substitute — (Sp« + 9«) for a, and 2p(/>*— 9*) for b, in 
V{(V*^'^'^(^y]» ^^® radical which occurs in each of the vidues of x, we 

get -/( — Sp*9* + hf^q^ — A9^)» or, by an easy reduction, (p*— J92) a/ — S99. 
Now (§121.) this expression will always be imaginary, when q is real ; 
and when, therefore, all the roots,p + 9, p— 9, and — 2p are real. On 
the other hand, when 9, and, therefore, the two roots p + 9' and p—q are 
imaginary, the same radical in the value of x is real. It thus appears, 



* This method of solution was first published by Cardan, an Italian 
matl^matician, in 1545 ; and hence it is commonly called CardarCs Me 
thod. Mathematicians are agreed, however, that it was not discovered 
by him, but by two of his countrymen, Scipio Ferreus and Nicholas Tar- 
taglia or Tartalea, independently of one another. 

f The exact root is 2, the slight difierence being occasioned by the in- 
accuracy in the last figures of the decimals. 
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that though Cardan's method always gives correct expressions for (be 
roots of a cubic equation, it is useless in practice when thfe roots are all 
real, as we cannot then compute them by means of it, on account of the 
occurrence of the imaginary quantity. It is plain, that this will take, 
place when a is negative, and (^)^ less in absolute magnitude than C^)*! 
or, which comes to the same, when 27&^ is less than 4a3. This has been 
called the irreducibie case ; and it is such, that all the attempts made by 
mathematicians to find any way of computing, by means of it, the roots 
of equations in which it occurs, have been unsuccessful. Cardan's 
method, therefore, is of no practical use, except when an equation has 
only one real root. * 

3. Of the methods that have been devised for the rescdution of an 

equation of the fi>urth degree, so that the roots may be expressed in 

terms of the given coefficients, that of Euler seems to be the simplest and 

most elegant. To investigate this method, let equation (1.) in. the 

.margin be the one to be 

resolved, and, as in (2.), -p4 + ax« + 6x + c=0 (1.) 

let * be assumed equal to ,.^„+ V^+ ^r (2.) 

Vp + VQ + V r, where p. _ ^^- 1 — ; — , — > )« \ 

q^andrnre quantities fo ''=P + 9 + r + 2(V|,g+ V/ir + V^r) .. (3.) 

be determined. Equation V^^!^* o* V/ ^ ^ ^^ 

(3.) is got from (2.) by **-2.*« + .«-4(pg+,w-+9r) 

squaring. Then, by as- + S{Vp + Vq + Vr) ^pqr. (5.) 
suming> + 9 + r««, as in pq+pr + qr^tt andpqr^u (6.) 

(4.), transposing that quan- x*-2w«-8u'x + <«-4««0 (7.) 

tity in (3.), and squaring, i 

we get (5.), which becomes — 2«=tf, — 8«'as6, «*— 4*8ac.... (8.) 

(7.) by means of the as- *, or p + g + r« — Ja (9.) 

sumptions in (6.) and (2.). 1 - — 

Equation (7,) will become * » <>' Vpqr-' -J* ... . . • (la) 

identical with (I.) by the *^ or P9+/w' + 9r«^a«-4c). ...... (H-) 

assumptions made in (8.) ; ^'-f "T ""i^TTB^I '^fL' Y^'} 

and from these assump- />» + !«/>« + T^(a*-4c>-^6««0 ... . (13.) 

tions we get (9.), (10.), 

and (11.), three equations which will enable us to find p, q, and r, and 



* Several expedients have been fallen upon for resolving cubic equa- 
tions which belong to the irreducible case, such as the determination of 
the roots by approximation by means of series, the finding of them (see 
Trigonometry, 4th edition, § 224.) by means of cosines, &c. All such 
methods, however, except as matters of curiosity, are now superseded by 
Homer's method. The student who has a taste for matters of an anti- 
quarian or historical kind will find much that is interesting on the subr 
ject here treated of, as well as on many otliers regarding algebra, in 
Hutton's Mathematical Dictionary^ article Alobbka ; aud in his J^MciMt 
vol. ii. He will find also a method of resolving cubic equations belong- 
ing to the irreducible case, by the late Mr. Barlow, by means of a table, 
in Barlow's Maihematical Dictionary and Rees's C^cio/HV^ikt. articles laas- 
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thence x. For effeeting this, we eliminate q and r, which is done bjr 
multiplying (9.) bjp, and taking (11.) from the product, so as to get 
(12.): then, by multiplying this by p, substituting, according to (lO.), 
— 16 iatpqr, and transposing, we get (13. )» an equation whidi will gi've 
the value of p. 

4. By a similar proeess we should find from (9.), (10.), and (11.) an 
equation with exactly the same coefficients for determining q and r, since 
all the three quantities, p, 9, and r, are invoWed in the same manner in 
those equations. Hence, therefore, the three roots of (13.) must be the 

▼alues of ^, q, and r. Now we have seen (10.), that j9^M= — J&. TImi 
signs, therefore, of ^/p, Vq, and V^r, the components of x» will de- 
pend on the sign of (, the sign of their product being contrary to ita 
sign. Hence, when b is positive, either all the three, ^/p, Vq^ and ^/r, or 
only one of them, must be negative ; while if 6 be negative, either all the 
three, or only one of them must be positive. By employing, therefore, 
jdl the varieties thus indicated, we shall hare tot the required roots, 

For 6 positive. For b negative. 

jr -* — -/?--/ J— -/r, X— ^p+ Vq+ ^r, 

«= — Vp + ^q + -/r, «■» Vp — Vq— Vr, 

XmK ^/p'^ ^q + Vr, j-a. — v'p + -%/}— ^r, 

jtb f/p-^ Vq^ Vr, «a» — V/>— ^q + Vr.* 



DUCIBLK Case, and also in the third volume of Leyboum's Mathematieal 
Repontory^ new series. 

It may be remarked, that in some particular instances, the cube root 
of — ^ ^ ^^(7^' + ^') <^^^ be taken, when the radical part is imaginary. 
Thus, in the equation, x3— 30x— 36sO, we should have, by Cardan's 
formula (11.), x= V( 18 + 26 -v/'^)+ V(18 -26 V^); the radicals in 
which have exact values, being equal to 3 + V — 1 and 3 — ^Z— 1 re> 
q>ectively ; and therefore the corresponding value of x is 6. 

Exercises 1, 2, 3, and 8., p. 192., afford instances of the irreducible 



• Were we to change V> into ^/p', equation (13.), by this substitu- 
tion, and by multiplication by 64, would become />'9 + 2ap'< + (att~4c)p' 
~6*sO; and the roots of this equation would be p\ q\ and /, where 
^q^\Vq',9Sidi Vr as^V^r', Then, by combining these as above, we 
should have x= -A( /p' + ^/q' + V^r'), * = -J( ^p' - V^' - v'O* ^• 

It may be remarked, that, in a practical point of view, this method of 
solution will fail, when equation (13.) or the corresponding one just 
given falls under the irreducible case of cubics ; and there is a like failure 
in the other methods that have been proposed for the solution of equa^ 
tions of the fourth degree, except those by means of approximation, such 
as Homer's and others. "When, indeed, the object in view is merely to 
obtain as near approximations as we please to the numerical values of the 
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NOTB C. 

Sturm 8 Theorem, 

The following is Sturm*s beautiful theorem for determining the number 
and positions of the real roots of equations. 

Let Xs=0 be an equation which has not equal roots*, and in which 
X=x"+;?ia:«-l+ .... +p^. Then (1.), by § 194., find the derived 
function which call Xj. (2.) To X and Xj apply the rule given in 
5 81. for finding the greatest common divisor, merely varying the pro- 
cess by changing the signs of the final remainder obtained in dividing 
X by Xp and calling the result, after this change, X, : then by dividing 
Xj by Xj) and calling the final remainder, with the lilce change of signs, 
Xg ; and so on, till a remainder is found which does not contain x ; the 
sign of which remainder is also to be changed. (3.) In each of the 
quantities X, X^ X,, &c., substitute for x a number a, and count the 
number m, of variations in the successive signs of the results. In the 
same quantities, again, substitute for x a number jS, greater than a, 
and count the number lUj of the variations in the signs as before. (4. ) 
Then m^ — m, will be the number of real roots between a and jS. (5. ) 
If a be taken s — oo , and /3 = go, nij — m, will be the entire number 
of real rqpts belonging to the equation. (6. ) If a be taken » 0, and 
iS as 00, nij — m^ will be the number of the positive roots. The number 
of the nega|ive ones will be found in a similar way by taking a ss — oo , 
and /3 s 0. 

When X is assumed = oo, in any of the quantities X, X,, &c., the sign 
of the result is the same as the sign of the first term of that quantity, 
the other terms vanishing in comparison of that one. The same is the 
case when — oo is employed, except that the signs of the odd powers of 
X are to be changed. When x is taken =» 0, the functions X, X|, &c., 
are reduced to their last terms. 



incommensurable roots of equations of the third and higher orders, Hor- 
ner's method is fiir preferable to any other ; i^nd Cardan's, Euler's, and 
others of a similar kind, are little else than analytical curiosities, possess- 
ing some interest. It may be remarked, in conclusion, that all the efforts 
of algebraists have failed in discovering any other method than that of 
approximation for resolving equations of a higher order than the fourth, 
except in a few particular cases. (See pp. 192—199.) 

By applying the methods established in this Note to some of the 
examples and exercises given in Chapter X., the student will feel, in a 
striking degree, the superiority of Homer's method in computing the 
roots of equations. 

* Should any proposed equation have equal roots, let them b^ deter- 
mined by § I95f Then ($ 174.), by dividing the given equation by the 
proper fiictor, an equation will be obtained such as the one assumed in 
the text 



288 BTOIUC'S THEOBElf. 

« 

The following is an outline of a proof of this theorem : — . 

L In a series of the form, Aa"A + Ba^—^h* + Ca*-*h^ + Sec, or, \irhich 
is the same, A( Aa"+ Ba"— 'A+ Ca"-'A' + &c.), A may be taken ao small 
that the value of the entire series will have the same agn as its first 
term : for the first term within the rinculum is independent of h, while 
each of the others may be reduced to any degree of minuteness whatever 
by the continued diminution of that quantity. 

II. If 9|, qp &c. be the sererBl quotients obtained In operating on X 
and X| according to the rule, we have, by the nature of the process, 

XmX|9|— Xy XiBsX^g, — X,^ . . ., X«)sXa,4.i9.^i— X^^,. 

From these expressions it is plain, that no value whatever of x can re- 
duce to any two consecutive ones of the functions X, X,, &c. : for, if 
two of them, suppose Xj and X,, could vanish simultaneously, it would 
appear from the second of tha foregoing equations, and from those fol- 
lowing it, that all the succeeding fimctions, X^ X^, ...... X., would 

also vanish, which cannot take place, as X» is a number independent 
of X, 

III. If a value be assigned to x which shall make one m more of ihe 
functions after X vanish, the signs of the two fonctions immediately pre^ 
ceding and following the vanishing one are opposite. Thus, if X^sO^ 
the second equation in II. gives Xj sa — X^ Hence, putting O between 
the signs of Xj and X^ we have either +, 0, — , or — , 0, + ; which, 
whether the sign of be taken as + or — , will give one variation of signs, 
and only one, and will not affect, therefore, the entire number of vari- 
ations in the signs of X, Xj, &c. Hence, no change in the value of x 
will affect the number of the variationis in the signs of those frmetions, 
unless X be taken equal to a root of X»0^ a case which is now to be 
considered. 

IV. Let, then, a be a root of X»sar*+/),x"-» + . . . +j>,bsO; and let 
A be a quantity so small, that between a —A and a + A there is no root of 
X«0 except a: then X and Xi( = fMr"-» + (n-l)p|X»-2 + . .. +jo,_,) 
have the same signs when x is taken equal to a + A, but opposite signs 
when it is taken = a— A. To prove this, let qx* + &»0 have a as a root, 
so that qa^ + bssO. Then, if in qx^ + b, and in the derived frinction 
qrt^^, we substitute a + A for x, we get (§ 210.), by rejecting qaT + 6=0, 

g{rd^»A+'"^p~^a''-«A« + &c.}, and 9r{a'-i + (r-l)a'-tA + &c.}. 

Now (I.) A ™*^y ^ taken so small, that, in each of these results, the sign 
of the whole will be the same as the sign of the first term ; and those first 
terms will evidently have the same signs when A is positive, but opposite 
signs when it is negative. It is plain, also, that X is made up of quan- 
tities, such as qx^ + b^O, and of no others; and therefore the property 
proved regarding j*' + 6«0 must hold regarding X =0. 

Y. It follows from III. and IV., that, if a be a number which is nearer 
— oc than any of the roots of the equation X=0, and if successive in- 
creasing values greater than a be substituted for x, one variation, and 
only one, in the signs of X, X|,&c.,is lost, and one permanence gained. 
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whenever any of these values isaroot of the equation XsO; and hence 
the truth of the theorem is manifest. 

Sturm's own proof will be found in the M&noire$ de VlruHhU de Franet 
for 18S5 ; see also Fourcy's Algibre, and Young on Equations, In tbe 
last-mentioned work, various important contractions and simplifications 
in the practical application of the rule are pointed out ; and much ad> 
vantage will be obtained by employing the method of detached coeffi* 
cients. 

As an example, let it be required to find the number and limits of the 
real roots of the equation, x^^4x^^4x+20ssO. (See p. 183.) • 

Here XaxS-4jr2-4x + 20, and therefore (§ 194.) Xj«3d;3-8x~4. 
Then, for avoiding fractions in employing § 81., we multiply X by 3; 
and, after dividing the product by Xj, we divide the remainder by 4 
for a simplification ; and) for avoiding fractions, we multiply the quotient 
by 3. Continuing the division by Xp we get as remainder — 14x + 41 ; 
and therefore X,s:14dr— 41. In dividing Xj by this, to prevent frac- 
tions from arising, we multiply Xj and the first remainder each by 1 4 ; 
and we obtain as final remainder —333. Hence we have X3=333. It 
is plain that the multiplication by 3 above referred to, the division by 4, 
the multiplication again by 3, and the two multiplications by 14, are 
allowable ; as the signs of the quantities here denoted by X, and X, are 
evidently the same as those that would have been obtained by changing 
the signs of the successive remainders, had no such multiplications or 
divisions been employed. 

Now, when x is taken first equal to — oo , and then to oo, in X, Xj, &C.9 
the signs of the results are, respectively, 

— + — + , where there are three variations, and 
+ + + + , where there is no variation. 

Hence mi^m^ssS— 0»3: the equation, therefore, has thre^ real roots. 
By taking, also, xaeO, the signs are found to be 

4- — — + , where there are two variations. 

The equation will have, therefore, one (ss3— 2) negative root, and two 
(82—0) positive ones. 

Now, for ascertaining the positions of the roots within narrow limits, 
if we take a a and jS a 10 in X, Xp &o., we find that there are two 
roots between these limits : and it would appear, in a similar manner, 
that there are two between and 5. By t^ing, however, a s 0, and 
3 a 3, it is found that there is but one root between these limits, so that 
between 3 and 5 there must be another. By other substitutions we 
readily find that the two positive roots lie between 2 and 3, and be- 
tween 3 and 4 : and if we chose to determine still narrower limits, it 
would be easily shown that those roots would lie between 2 '6 and 2*7, 
and between 3 '5 and 3*6. It would appear, in a similar way, by 
taking aa — 10^ iB^O, &&, that the negative root would lie between 
—2 and —3, 
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NOTB D. 

On Inaeeuraeies in Style uihkh frequently occur in Matkematioai 

Composition. 

It may not be improper here to caution learners against sonae in- 
accuracies in style and expression which are often met with in scientific 
works published in this country. * To matters of this kind much at- 
tention is paid by the French mathematicians. By this means, as may 
naturally be expected, accuracy is produced in thought as well as in style ; 
and hence it is, that many of their recent works exhibit a perspicuity and 
simplicity, and a logical clearness of arrangement, which enhance their 
value in a very considerable degree. To put the student on his guard 
against faults of this kind, some instances of the inaccuracies afoove re- 
ferred to are subjoined ; and he will find that, by avoiding the use of 
them and of similar modes of expression, he will soon acquire a com- 
paratively correct style, instead of the careless and random one that is so 
common in this country. Some of these instances will doubtless be 
found in the works of authors of the present day, but they have been 
purposely selected from the writings of authons no longer living. 

*' Place the two quantities tmder each other.'* Ttiis is impossible. 
One of the quantities may be under the other, but each cannot be under 
the other simultaneously. It should be specified which is to be put below 
the other. " Subtract the numerators from each other,*' presents a like 
inaccuracy. — The following contains two or three improprieties, the word 
divide being used in a wrong sense in the second instance : ^ Divide the nu- 
merators, by each other, if ^ey will exactly divide." — ** The square root of 
any quanti^ may be either + or <-.'* This should be tkes^pt cftJu 9quare 
root of any quantity may he either -¥ or •^iOt the eqwfre root of any quantity 
may be either positive or negative, — ** An equation of the third degree or 
power.*' No equation is of the third or any other power. The expression 
** or power,** should be omitted. -^ « To find the root ci the equation, 
a:' — 1 Sx^ + 63x = 50." It should be a root or the roots, and not £/k« root, as 
every cubic equation has three roots ; and Hutton Idmsel^ from whom 

this is taken, computes all the three ** Powers of liie same quantity are 

divided by subtracting the exponent of the divisor from that of the 
dividend ; the remainder is the exponent of the quotient.** This is fiiulty 
in more respects than one. It is not powers oiihe same quantity that are 
divided, but one power o£ it is divided by another ; and, at the conclu- 
sion, it is not stated to what the exponent of the quotient belongs. — 
" TKtf power [it should be a power] of a quantity is its square, cube, 
biquadrate, &e. ; called also its second, third, fourth power, ftc." This 



* " Levia quidem kaec, et parvi fort^ si per se spectentur, momenti. 
Sed ex elementis constant, ex principiis oriuntur, omnia : et ex judicii 
consuetudine in rebus minutis adhibita, pendet saepissim^ etiam in 
maximit vera atque accurate Scientia." — Dr. Samuel Clarke. 
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mls^mbte attempt at a definition is from Bonnyoastle.* — << A term is any 
part or member of a ccMnpoimd quantity which is separated from the rest 
by the signs [it should be sign] + or —/' Here the words, part and 
member are used in no definite or accurate sense. •~- " If the unl^nown 
quantity be in the form of a surd, let it be made to stand alone," &c. 
The unknown quantity may be contained or involved in a surd, but it can 
itself be in no form but that of x, y, or some other symbol assumed to 
represent it.*-**** Neither the first nor the last terms are squares,** ought to 
be, ** neither the first nor the last term is a equate" The like inaccuracies 
occur in the following expression : ** The first or last terms of tb^ ex* 
pression'are cubes,** — *< This value is the greatest of all others." Here others 
ought to be omitted, or it might be, ** this value is greater than any other. " 
** llie greatest of any '* is also fiiulty. It should be ** greater than any," 
or *^ greatest of all," — The expression, « general case," which is used by 
both English and foreign writers, is of very questionable propiiety. A 
particular case of a problem or investigatiou is quite correct and intelli* 
gible, but to speak of a general case seems to involve a contradiction of 
terms* 

In geometry, the expression, ** circumscribing circle," should be laid 
9side, and be replaced by the correct analogical one, ^'circumscribefif circle." 
If we revert to the etymology of the words, " inscribing circle " would be 
no more incorrect than <* circumscribing circle ; " the former of which, 
however, the most negligent writer would never employ. The ** inscribed 
cirde " is the circle described in a figure ; the " circumscribed circle " is 
the one described about it, — . ** To raise a perpendicular," " to erect," 
<* to let fiill," ** to demit," and " to drop " one, are all objectionaUe ex- 
pressions, as none of them can be used with any propriety, except when 
the perpendicular lies above the other line. The expression *' to draw 
a perpendicular " is always correot, and it alone ought to be employed. — 
Tlie expression ** the angle A is equal to the angle B, being right angles," 
should be ** the angle A is equal to the angle B, each of diem being a 
right angle,** or " the angles A and B are equal, being right angles." 

The following instances occur, among many similar ones, in Leslie's 
Geometry of Curve Lines. ** The point shoots into the indefinite distance,* 
** The point vanish^ into extreme r&noteness." " This rectangle meUs into 
the elementary space BMm5, while the ordinate bm migrates into BM, 
and the secant passes into a tangent." ** The cissoid received its name 
fix>m the Greek word for ivy, because it appears to mount along its 
asymptote in the same manner as tibat parasite plant climbs on the taU trunk 
of the pine** These sentences exhibit an aim at puerile ornament, at 
injudicious variety of expression, and at oratorical language, which is 
totally unsuited to a work on abstract science, and altogether inconsistent 



* This author often employs long sentences devoid of imity and 
natural connexion. Thus, in the Introduction to his larger Algdva 
several of his sentences fill more than half an octavo page, and are com- 
posed of ill-assorted subordinate parts, awkwardly tacked together by 
repetitions of who, which, ^u»t, as, whw, since, and other connecting 
words. 
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with good tute. In nuitheiiiatical naMmiiig, all ii kddrfraed to tba 

Judgment, and nolliing to the paaaiofu at feriiugs ; and therefore, in aach 

Kaiaaini. emj eiprenioa of a figuraths or purely onuunental nature 

^fected ; the aialleoce and the true beoutj of mathematical 

Ml coDiiiting in its nmplidt;, in its freedom from ererj thing 

u, and in baling etay word used in iu natond and apgropriala 



uthematical writers are fend of addnsojig tbeir readoa id the 

rsfin: thus, "by multiplying by i— a, yan will get," 4e. TTii* 

iQelennt, eicept in the single case in which the impentife 

aoiit deprived of its impeTBtive character, is uAd for con- 

lUid brevity in such expressions as "jma AB,"* "^ divide by a," 

&C. According to good usage, the writer may employ the Gret person 

plural when be statet the result at wbich he and his readers arrive by 

meaoa of the process which is followed ; thus, " we obtain by tiansposi- 

tioD," Ac. Such phraseology, however, ought not to he uwd when be 

apeaks of himaelf individually. Thus, " we are of opinion " (meaaing 

that it is the opinion of the author) should be " I am of i^inioD," " it 

Many other instances of eaideaa and incorrect modes of expression 
nught be adduced. Those, however, that have been adverted to shove, 
will turn the attention of the intelligent student to the subject, and will 
make bim fbel that, while accuracy in reasoning is the thing mainly to 
be attended to Iu bis investigations, yet correctoeia and elegance of 
expreauon in the - communication of his ideas are matters o^much 
importance. He should recollect also, that, while no person has ever 
acquired a fruitless style, as little has any one succeeded in writing even 
moderately wdl withont studying with care and attention the means to 
be punued for aocompliahing the olyecL •~' 



21 „ 2-7S89a4. 

30 „ 3-107233- 

193. line 3,, for "p-," read "p^,." 

261. line 17., for " (Eac. I. SI.)" re«d "(Em. Ill, 31.)." 
EB4. line 16., for '■ v'3"read" ^/-3." 
286. Une 4., for " -J 6 " read " ^ f," 
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with good taste. In mathematical reasoning, all is addressed to th6 

Judgment, and nothing to the passions or feelings ; and therefore, in such 

reasoning, every expression of -a figurative or purely ornamental nature 

to be rejected; the excellence and the true beauty of mathematical 

ition consisting in i ts simplicity, in its freedom from every thine 
■ — ■ ■ ■ ■ « - . I 
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